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Preface

This book started life as a basic post-graduate course taught at the Institut
Fourier during the academic year 1994–1995. It is intended as an introduction
to the theory of holomorphic functions in several variables on both Cn and
complex analytic manifolds, aimed mainly at advanced Masters students or
beginning thesis students. We assume that the theory of holomorphic func-
tions in one complex variable is known, but the basics of differential geometry
and current theory needed in multivariable complex analysis are summarised
in Appendix A and Chapter II.

We use integral representations together with Grauert’s bumping method.
The advantage of this point of view is that it offers a natural extension of
single variable techniques to several variables analysis and leads rapidly to
important global results whilst avoiding the excessive introduction of new
tools. Once these techniques (presented here in the pseudoconvex setting) are
mastered, it will be fairly easy for the reader to tackle Andreotti–Grauert the-
ory for both complex analytic manifolds and CR manifolds (cf. [He/Le2] and
[L-T/Le]). Our choice of applications focuses on global extension problems
for CR functions, such as the Hartogs–Bochner phenomenon and removable
singularities for CR functions.

Most of the subjects discussed in this book are classical, since they are part
of the foundations of Complex Analysis, so it is difficult to be original. This
book is therefore heavily influenced by previous work: the source material
is quoted at the end of each chapter, along with some historical notes. The
bibliography does not claim to be in any way encyclopædic, so many important
works on the subject are not included. The reader looking for precise historical
notes and a more exhaustive bibliography might do well to consult the end of
chapter notes and the bibliography in R.M. Range’s book [Ra].

Parts of this book (Sections 5 and 6 of Chapter IV, Section 5 of Chapter V
and Chapter VIII) owe a great deal to the work of Guido Lupacciolu, who
died before his time in December 1996.

And finally, I would like to thank all those who helped writing this book,
particularly Alain Dufresnoy and Jürgen Leiterer. If this book has reached its
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final form, it is largely thanks to their comments on both the form and the
content.

Many thanks also to Myriam Charles for having typed a text which is
particularly rich in mathematical formulae and Arlette Guttin-Lombard for
her TEX-nical advice.

X



Introduction

At the start of this century, F. Hartogs discovered special extension properties
of holomorphic functions of several variables by finding a domain in C2 which
is not the domain of definition of a holomorphic function. (No such open set
exists in C.) Understanding this phenomenon then became one of the main
problems in multivariable complex analysis, the objective being that of find-
ing good characterisations of domains of definition of holomorphic functions,
called domains of holomorphy.

The first work on this subject by F. Hartogs [Har] in 1906 and E.E. Levi
[Lev] in 1910 showed that domains of holomorphy have certain convexity prop-
erties, which we will generically call pseudoconvexity. The equivalence of the
various definitions of pseudoconvexity which appeared as time went on was
proved by K. Oka [Ok] in the 1940s. The appropriate tools for studying pseu-
doconvexity are the plurisubharmonic functions introduced independently by
P. Lelong [Lel1] and K. Oka [Ok]. In the 1930s, H. Cartan and P. Thullen
[Ca/Th] found an intrinsic global characterisation of domains of holomorphy
in terms of convexity with respect to the algebra of holomorphic functions
on the domain: this notion of “holomorphic convexity” is a fundamental con-
cept in complex analysis. The characterisation of domains of holomorphy in
terms of pseudoconvexity (also called the solution to the Levi problem) for do-
mains in Cn was given independently at the start of the 1950s by K. Oka [Ok],
H. Bremermann [Br1] and F. Norguet [No]: the problem was solved for com-
plex analytic manifolds by H. Grauert [Gr] in 1958. This work relied heavily
on the theory of coherent analytic sheaves, which has proved to be a power-
ful tool for the study of analytic spaces. The solution of the Levi problem
presented here follows Grauert’s ideas, but relies on integral representation
methods to solve certain technical problems.

The theory of integral representations in complex analysis originates in
the work of H. Grauert, G.M. Henkin, I. Lieb and E. Ramirez [Gr/Li, He1,
He2, Ram] at the beginning of the 1970s, and has not stopped developing
since. It has enabled us to solve previously inaccessible problems and can
be used to reprove more precise versions of fundamental results in several
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variable holomorphic function theory initially obtained using other methods.
The main aim is to construct good integral operators for solving the Cauchy–
Riemann equation. Solving this equation is at the heart of most problems in
complex analysis, and this is how we construct the non-extending holomorphic
function in the solution to the Levi problem.

Hartogs’ result naturally leads us to consider the extension problem for
holomorphic functions defined in a neighbourhood of all or part of the bound-
ary of a domain. More generally, it leads us to consider the extension problem
for CR functions (i.e. restrictions of holomorphic functions) defined on all or
part of the boundary of a domain in a complex analytic manifold. A rigor-
ous proof of Hartogs’ result was given around 1940 by S. Bochner [Bo] and
E. Martinelli [Ma2] independently using an integral formula, known today
as the “Bochner–Martinelli formula”. This formula has since played an im-
portant role in the study of the extension problem for CR functions in Cn,
but unfortunately cannot be used to solve global extension problems in com-
plex analytic manifolds. In 1961, L. Ehrenpreis [Eh] noted the link between
Hartogs–Bochner extensions and solving the Cauchy–Riemann equation with
support conditions. This is a crucial element in the study of extensions of CR
functions in manifolds. In the mid-1980s, G. Lupacciolu and G. Tomassini
[Lu/To] studied a special case of the extension problem for CR functions
defined on part of the boundary of a domain. Many mathematicians have
contributed to the solution of this extension problem over the last ten years.
The results presented here are mostly due to G. Lupacciolu [Lu1, Lu2].

These global extension problems are of course linked to the problem of
finding an envelope of holomorphy, but they are also linked to a more geo-
metric problem, namely the problem of constructing holomorphic chains with
prescribed boundary. If we consider the Hartogs phenomenon in terms of
graphs then the graph of the holomorphic extension is a holomorphic chain
whose boundary is the maximally complex CR manifold defined by the graph
of the given CR function.

The book is organised as follows.
In Chapter I we discuss the elementary local properties of multivariable

holomorphic functions which can be deduced from single-variable holomorphic
function theory.

The first part of Chapter II deals with currents. The introduction of the
Kronecker index of two currents enables us to obtain a Stokes-type formula
in a fairly general setting. In the second part we discuss complex analytic
manifolds and define various objects linked to their complex structure, such
as (p, q) differential forms, the operator ∂ and Dolbeault cohomology.

In Chapter III we prove our first integral representation formula, the
Bochner–Martinelli–Koppelman formula. The proof given here is based on
Stokes’ formula for the Kronecker index. We begin studying the Cauchy–
Riemann equation using this Bochner–Martinelli–Koppelman formula.

In Chapter IV we consider the extension problem for CR functions defined
on the boundary of a bounded domain in Cn. Bochner’s extension theorem

XII



Introduction

is proved and we also study a special case of extensions where the function is
only defined on part of the boundary.

Chapter V deals with the extension problem for CR functions defined on all
or part of the boundary of a relatively compact domain in a complex analytic
manifold. We study the relationship between these extension phenomena and
the vanishing of certain Dolbeault cohomology groups.

In Chapter VI we define domains of holomorphy, holomorphic convexity
and pseudoconvexity for open sets in Cn. We prove that domains of holomor-
phy and holomorphically convex domains are the same thing and we show
that every domain of holomorphy is pseudoconvex. The converse, known as
the Levi problem, is considered in Chapter VII.

Chapter VII deals with the solution of the Levi problem. Our method
is based on local resolutions of ∂ with Hölder estimates and results on the
invariance of Dolbeault cohomology using Grauert’s bumping method. There
is one novelty in the proof presented here: it uses a result of Laufer’s [Lau]
which enables us to deduce the vanishing of Dolbeault cohomology groups
from finiteness theorems obtained via local resolutions of ∂. We end the
chapter by solving the Levi problem for complex analytic manifolds and stat-
ing several vanishing theorems for Dolbeault cohomology which enable us to
give sufficient geometric conditions for the extension of CR functions studied
in Chapter V.

Chapter VIII gives necessary and sufficient conditions for the extension
of CR functions defined on part of the boundary of a strictly pseudoconvex
domain.

Here are some remarks on the organisation of the book which should be
helpful to the reader:

• All the theory needed to solve the Levi problem – namely, the facts that
a domain of holomorphy and a pseudoconvex open set in Cn are the same
thing and that a Stein manifold and a manifold with a strictly plurisub-
harmonic exhaustion function are the same thing – is worked out in Chap-
ter III, Sections 3 and 4 of Chapter V and Chapters VI and VII.

• Chapter IV, Sections 1, 2 and 5 of Chapter V, Section 8.3 of Chapter VII
and Chapter VIII deal with global extension phenomena for CR functions.

XIII



I

Elementary local properties of holomorphic
functions of several complex variables

In this chapter we study the local properties of holomorphic functions of sev-
eral complex variables which can be deduced directly from the classical theory
of holomorphic functions in one complex variable. The basis for our work is
a Cauchy formula for polydiscs which generalises the classical Cauchy formula.
Most of the theorems proved in this chapter extend well-known theorems for
holomorphic functions in dimension 1 (such as the open mapping theorem, the
maximum principle, Montel’s theorem and the local inversion theorem) to multi-
variable analysis. However, when we try to extend holomorphic function a phe-
nomenon which is specific to n-dimensional space with n > 2 appears, namely
Hartog’s phenomenon. A special case of this phenomenon, which is studied in
detail in Chapter III, is discussed at the end of this chapter.

1 Notation and definitions

We write N for the set of natural numbers, R for the field of real numbers
and C for the field of complex numbers. For any positive integer n ∈ N
the set Cn is equipped with the usual vector space structure and for any
z = (z1, . . . , zn) ∈ Cn the norm of z is given by |z| = (|z1|2 + · · · + |zn|2)1/2.
We define an isomorphism of R-vector spaces between Cn and R2n by setting
zj = xj + iyj for any z = (z1, . . . , zn) ∈ Cn and j = 1, . . . , n.

The holomorphic and anti-holomorphic differential operations are given by

(1.1)


∂

∂zj
=

1
2

( ∂

∂xj
+

1
i

∂

∂yj

)
=

1
2

( ∂

∂xj
− i ∂

∂yj

)
, j = 1, . . . , n

∂

∂zj
=

1
2

( ∂

∂xj
− 1
i

∂

∂yj

)
=

1
2

( ∂

∂xj
+ i

∂

∂yj

)
, j = 1, . . . , n.
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2 I Elementary local properties of holomorphic functions

If α = (α1, . . . , αn) ∈ Nn and β = (β1, . . . , βn) ∈ Nn are multi-indices and
x = (x1, . . . , xn) is a point in Rn then we set

|α| = α1 + · · ·+ αn, α! = α1! · · ·αn!, xα = xα1
1 · · ·xαnn ,

Dα =
∂|α|

∂xα1
1 · · · ∂x

αn
n

and Dαβ =
∂|α|+|β|

∂zα1
1 · · · ∂z

αn
n ∂zβ1

1 · · · ∂zβnn
.(1.2)

We write Dα instead of Dα0 and Dβ instead of D0β whenever there is no
risk of confusion.

If D is an open set in Rn then we denote by C0(D) or C(D) the vector
space of complex-valued continuous functions on D and we denote by Ck(D)
the set of k times continuously differentiable functions for any k ∈ N, k > 0.
The intersection of the spaces Ck(D) for all k ∈ N is the space C∞(D) of
functions on D which are differentiable to all orders. It is easy to check that
f ∈ Ck(D) if and only if Dαβf ∈ C(D) for any pair (α, β) ∈ Nn × Nn such
that |α| + |β| 6 k. If k ∈ N then the vector space of functions f contained
in Ck(D) whose derivatives Dαf , |α| 6 k, are continuous on D is denoted
by Ck(D) and we denote by C∞(D) space of infinitely differentiable functions
on D all of whose derivatives are continuous on D.

If D b Rn and f ∈ Ck(D), k ∈ N, then we define the Ck norm of f on D
by

‖f‖k,D =
∑
α∈Nn
|α|6k

sup
x∈D
|Dαf(x)|;

we write ‖f‖D for ‖f‖0,D.

Definition 1.1. Let D be an open set in Cn. A complex-valued function f
defined on D is said to be holomorphic on D if f ∈ C1(D) and

(1.3)
∂f

∂zj
(z) = 0 for every z ∈ D and j = 1, . . . , n.

The system of partial differential equations (1.3) is called the homogeneous
Cauchy–Riemann system.

Remark. It is clear that if f is holomorphic then f is holomorphic with respect
to each variable individually. More precisely, for any z = (z1, . . . , zn) ∈ D it
is the case that on setting

Dj = {t ∈ C | (z1, . . . , zj−1, t, zj+1, . . . , zn) ∈ D},

the function fj : Dj → C defined by t 7→ f(z1, . . . , zj−1, t, zj+1, . . . , zn) is
holomorphic. We denote by O(D) the set of holomorphic functions on the
open set D in Cn.

The following theorem follows directly from Definition 1.1.



2 The Cauchy formula for polydiscs 3

Theorem 1.2. Let D be an open set in Cn. The set O(D) is then a C-algebra
and if f ∈ O(D) has the property that f(z) 6= 0 for every z ∈ D then
1/f ∈ O(D).

If D is an open set in Cn = R2n and f is a C1 function on D, then we
denote its differential at a ∈ D by df(a): this is the unique R-linear map
R2n → R2 such that f(z + a) = f(a) + df(a)(z) + o(|z|) when z tends to 0
in Cn.

A simple calculation shows that

(1.4) df(a) =
n∑
j=1

∂f

∂zj
(a)dzj(a) +

∂f

∂zj
(a)dzj(a).

A function f ∈ C1(D) is therefore holomorphic on D if and only if

df(a) =
n∑
j=1

∂f

∂zj
(a)dzj(a)

for every a ∈ D.

Theorem 1.3. A function f ∈ C1(D) satisfies the homogeneous Cauchy–
Riemann system at a point a ∈ D if and only if its differential df(a) at a is
C-linear. In particular, f ∈ O(D) if and only if its differential is C-linear at
every point in D.

Proof. Consider f ∈ C1(D) and a ∈ D. By (1.4), we can decompose the R-
linear map df(a) from Cn to C as

df(a) = Sa + T a,

where

Sa =
n∑
j=1

∂f

∂zj
(a)dzj(a) and T a =

n∑
j=1

∂f

∂zj
(a)dzj(a).

The map Sa is clearly C-linear and T a is the conjugate of the C-linear map Ta
defined by Ta =

∑n
j=1

∂f
∂zj

(a)dzj(a). As every R-linear map from Cn to C has
a unique decomposition of this form, df(a) is C-linear if and only if Ta ≡ 0,
which is another way of saying that f satisfies the homogeneous Cauchy–
Riemann system. �

2 The Cauchy formula for polydiscs

A subset P in Cn is an open (respectively closed) polydisc if there are open
(respectively closed) discs P1, . . . , Pn in C such that P = P1 × · · · × Pn. If ξj
is the centre of Pj then the point ξ = (ξ1, . . . , ξn) is called the centre of P and



4 I Elementary local properties of holomorphic functions

if rj is the radius of Pj then r = (r1, . . . , rn) is called the multiradius of P .
The set ∂0P = ∂P1 × · · · × ∂Pn is the distinguished boundary of P . We note
that ∂0P is not the boundary of P for n > 1. We denote by P = P (ξ, r) the
polydisc of centre ξ and multiradius r.

Let P = P (ξ, r) be a polydisc in Cn and let g ∈ C(∂0P ) be a continuous
function on the distinguished boundary of P . The integral of g on ∂0P =
∂P1 × · · · × ∂Pn is defined by∫

∂0P

g(ζ)dζ1 · · · dζn = inr1 · · · rn
∫

[0,2π]n
g(ζ(θ))eiθ1 · · · eiθndθ1 · · · dθn,

where ζ(θ) = (ζ1(θ), ..., ζn(θ)) and ζj(θ) = ξj + rje
iθj for j = 1, . . . , n.

If r and r′ ∈ Rn then we say that r < r′ if and only if rj < r′j for all
j = 1, . . . , n.

The following theorem gives us a Cauchy formula for holomorphic func-
tions in several complex variables which generalises the classical Cauchy for-
mula. It is a fundamental tool allowing us to generalise the elementary local
properties of holomorphic functions of a single complex variable to the multi-
variable case.

Theorem 2.1. Let P = P (a, r) be a polydisc in Cn and let f ∈ C(P ) be a
function which is holomorphic with respect to each variable separately in P .
Then

(2.1) f(z) =
1

(2iπ)n

∫
∂0P

f(ζ)dζ1 · · · dζn
(ζ1 − z1) · · · (ζn − zn)

for every z ∈ P.

Proof. We start by proving that formula (2.1) holds for any polydisc P̃ =
P (a, r̃), 0 < r̃ < r contained in P . We proceed by induction on the number
of variables. Consider the statement

(Cn) Let P be a polydisc in Cn and let f be a continuous function which is
holomorphic with respect to each of the variables separately in a neigh-
bourhood of P . Then formula (2.1) holds.

The proposition (C1) is the classical Cauchy formula, which we assume
known. Suppose that (Cn−1) holds for some n > 1. Fix z = (z1, . . . , zn) ∈ P
and apply (Cn−1) relative to the (n − 1) last variables on the polydisc P ′ =
P2 × · · · × Pn in Cn−1. We then get

(2.2) f(z1, . . . , zn) =
1

(2iπ)n−1

∫
∂0P ′

f(z1, ζ2, . . . , ζn)
(ζ2 − z2) · · · (ζn − zn)

dζ2 · · · dζn.

For given (ζ2, . . . ,ζn) in ∂0P
′, the function g defined by g(ξ) =

f(ξ, ζ2, . . . , ζn) is holomorphic in a neighbourhood of P 1, so we can ap-
ply Cauchy’s formula. We get

(2.3) f(z1, ζ2, . . . , ζn) = g(z1) =
1

2iπ

∫
∂P1

f(ζ1, . . . , ζn)
ζ1 − z1

dζ1.
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Proposition (Cn) can now be proved by substituting (2.3) in (2.2) and
applying Fubini’s theorem to some choice of parameterisations of ∂P1 and
∂0P

′.
If f satisfies the hypotheses of Theorem 2.1 for the polydisc P = P (a, r),

then it satisfies the hypotheses of proposition (Cn) for any polydisc P̃ =
P (a, r̃) such that 0 < r̃ < r and formula (2.1) then holds for P̃ . In other
words

f(z) =
1

(2iπ)n

∫
∂0 eP

f(ζ)dζ1 · · · dζn
(ζ1 − z1) · · · (ζn − zn)

.

As the function ζ 7→ f(ζ)/(ζ1 − z1) · · · (ζn − zn) is continuous on P r {z}
we can apply Lebesgue’s Theorem to some choice of parameterisation of ∂0P̃
and letting r̃ tend to r to obtain (2.1). �

Corollary 2.2. Let D be an open set in Cn and let f ∈ C(D) be a func-
tion which is holomorphic with respect to each variable separately. The func-
tion f is then C∞ on D and hence f ∈ O(D). Moreover, for every α ∈ Nn,
Dα0f ∈ O(D) and Dαβf ≡ 0 whenever |β| 6= 0.

Proof. For any a ∈ D, let Pa be a polydisc such that Pa b D. We can
then apply Theorem 2.1 to f and the polydisc Pa. As the function (ζ, z) 7→
f(ζ)/(ζ1 − z1) · · · (ζn − zn) is continuous on ∂0Pa×Pa and is C∞ with respect
to z, we can simply differentiate under the integral sign in formula (2.1) (which
is possible) as often as necessary to obtain the corollary. �

Theorem 2.3 (Cauchy’s inequalities). Let P = P (a, r) be a polydisc
in Cn and let f ∈ O(P (a, r)) be a holomorphic function on P . Then for
every α ∈ Nn,

|Dαf(a)| 6 α!
rα

sup
z∈P (a,r)

|f(z)|(2.4)

|Dαf(a)| 6 α!(α1 + 2) · · · (αn + 2)
(2π)nrα+2

‖f‖L1(P (a,r)),(2.5)

where 2 denotes the multi-index (2, 2, . . . , 2) ∈ Nn.

Proof. Fix ρ such that 0 < ρ < r and apply Cauchy’s formula (2.1) to f and
the polydisc P (a, ρ). Differentiating under the integral sign we get

(2.6) Dαf(a) =
α!

(2iπ)n

∫
∂0P (a,ρ)

f(ζ)dζ1 · · · dζn
(ζ − a)α+1

,

where 1 denotes the multi-index (1, 1, . . . , 1) ∈ Nn. We then have the upper
bound

|Dαf(a)| 6 α!
ρα

(
sup

ζ∈P (a,r)

|f(ζ)|
)( 1

(2π)n

∫
[0,2π]n

dθ1 · · · dθn
)

and we deduce formula (2.4) by letting ρ tend to r.
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Multiplying the two sides of (2.6) by ρα+1 and integrating with respect
to ρ, we get

|Dαf(a)|
∫

[0,r1]×···×[0,rn]

ρα+1dρ1 · · · dρn

6
α!

(2π)n

∫
[0,r1]×···×[0,rn]

dρ1 · · · dρn
∫

[0,2π]n
|f(ζ(θ))|ρ1 · · · ρndθ1 · · · dθn

so that

|Dαf(a)| rα+2

(α1 + 2) · · · (αn + 2)
6

α!
(2π)n

∫
P (a,r)

|f(ζ)|dV

using Fubini’s theorem and passing to polar coordinates. �

Corollary 2.4. For any α ∈ Nn, p such that 1 6 p 6 ∞ and open subset
Ω b D, there is a constant C = C(α, p,Ω,D) such that

‖Dαf‖Ω 6 C‖f‖Lp(D) for all f ∈ O(D) ∩ Lp(D).

Proof. Fix δ such that 0 < δ < dist(Ω, bD). Set r = δ/
√
n. For any a ∈ Ω,

we have P (a, r) b D and the inequality (2.5) holds. As we also know that

‖f‖L1(P (a,r)) 6 Cp‖f‖Lp(P (a,r)) 6 Cp‖f‖Lp(D)

the corollary follows. �

One of the main applications of Cauchy’s formula (2.1) is the fact that
holomorphic functions in several variables are analytic. To prove this result
we need to be able to define convergence for series indexed by Nn.

Let (aα)α∈Nn be a family of complex numbers. We will say that the series∑
α∈Nn aα is absolutely convergent if∑

α∈Nn
|aα| = sup

{∑
α∈F |aα| | F ⊂ Nn finite

}
< +∞.

If this is the case, then there is a unique complex number A such that

(∀ ε > 0)(∃F0 ⊂ Nn, finite)(∀F ⊂ Nn, finite)
(
F ⊃ F0 ⇒

∣∣A−∑α∈F aα
∣∣ < ε

)
.

We then write A =
∑
α∈Nn aα and we say that A is the sum of the series∑

α∈Nn aα. Moreover, if σ is a permutation of Nn, then the series
∑
α∈Nn aσ(α)

is convergent and its sum is independent of the permutation σ. We also
have

∑
α∈Nn aα =

∑
k∈N

(∑
|α|=k aα

)
. If (fα)α∈Nn is a family of continuous

functions on an open set D in Cn and K is a compact subset of D then
we will say that the series

∑
α∈Nn fα converges uniformly on K if the series∑

α∈Nn supz∈K |fα(z)| converges.
We now consider the special case where fα(z) is a monomial, i.e. fα(z) =

aαz
α = aαz

α1
1 · · · zαnn . As for single-variable analysis, we have Abel’s Lemma:
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Lemma 2.5. Suppose there is a ξ ∈ Cn such that ξj 6= 0 for all j and the
series

∑
α∈Nn aαξ

α is absolutely convergent. Then the series
∑
α∈Nn aαz

α

converges uniformly on the polydisc {z ∈ Cn | |zj | 6 |ξj |}.

Theorem 2.6. Let D ⊂ Cn be an open set and let f ∈ O(D) be a holomor-
phic function on D. The function f then has a Taylor series expansion in a
neighbourhood of any point in D. In other words, for any ξ ∈ D there is a
neighbourhood V of ξ in Cn such that for any z ∈ V

f(z) =
∑
α∈Nn

Dαf(ξ)
α!

(z − ξ)α.

Moreover, the series on the right-hand side converges uniformly to f on every
closed polydisc P ⊂ D with centre ξ.

Proof. Consider ξ ∈ D and let P b D be a polydisc with centre ξ. For any
z ∈ P and ζ ∈ ∂0P

1
(ζ1 − z1) · · · (ζn − zn)

=
∑
α∈Nn

(z − ξ)α

(ζ − ξ)α+1
, where 1 = (1, . . . , 1).

The right-hand side converges uniformly with respect to ζ on ∂0P . We can
therefore integrate termwise in Cauchy’s formula (2.1) applied to f and the
polydisc P . If z ∈ P this gives us that

f(z) =
∑
α∈Nn

[ 1
(2iπ)n

∫
∂0P

f(ζ)
(ζ − ξ)α+1

dζ1 · · · dζn
]
(z − ξ)α.

Moreover, on differentiating under the integral sign in formula (2.1) we get

Dαf(ξ) = α!
[ 1

(2iπ)n

∫
∂0P

f(ζ)
(ζ − ξ)α+1

dζ1 · · · dζn
]
.

The second statement of the theorem follows from Lemma 2.5. �

Corollary 2.7 (The analytic continuation principle). Let D ⊂ Cn be a
connected open set. If f ∈ O(D) and there is an a ∈ D such that Dαf(a) = 0
for all α ∈ Nn, then f(z) = 0 for all z ∈ D. In particular, if there is a
non-empty open set U ⊂ D such that f(z) = 0 for all z ∈ U then f ≡ 0 on D.

Proof. By Theorem 2.6, the set

Ω = {z ∈ D | Dαf(z) = 0 for all α ∈ Nn}

is open. Ω is also closed, by the continuity of the functions Dαf . Since the
open set D is connected and Ω 6= ∅, we see that Ω = D. �

It is easy to deduce the following characterisation of holomorphic functions
from Definition 1.1 and Theorems 2.1 and 2.6.
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Corollary 2.8. Let D be an open set in Cn and let f be a complex-valued
function on D. The following are equivalent.

1) f ∈ O(D),
2) f ∈ C(D) and f is holomorphic with respect to each of the variables

z1, . . . , zn separately.
3) f satisfies the Cauchy formula (2.1) for every polydisc P b D.
4) f has a Taylor series expansion in a neighbourhood of z for every z ∈ D.

The hypothesis f ∈ C(D) is not necessary in 2). In fact, Hartogs’ theo-
rem tells us that the equivalence of 1) and 2) does not need any regularity
hypothesis with respect to the whole variable set [Har].

Theorem 2.9. Let D be an open set in Cn. Then f ∈ O(D) if and only if f
is holomorphic with respect to each variable separately.

The following counter-example shows that no analogous result holds for
functions of several real variables.

Let f : R2 → R be defined byf(0) = 0

f(x, y) =
xy

x4 + y4
if (x, y) 6= (0, 0).

The function f is real analytic with respect to each variable separately, but
it is not bounded in a neighbourhood of 0.

3 The open mapping theorem

The open mapping theorem and the maximum principle that follows from it
can be easily extended to holomorphic functions of several variables.

Theorem 3.1. Let D be a connected open set in Cn and let f be a holomor-
phic function on D. If f is not a constant function then the map f : D → C
is an open map (i.e. the image of an open set in D is an open set in C).

Proof. Consider a ∈ D and let U be a convex neighbourhood of a contained
in D. By the analytic continuation principle f |U 6≡ f(a) since f is not constant
and D is connected. Consider b ∈ U such that f(b) 6= f(a), consider the set
Ω = {z ∈ C | a+ z(b− a) ∈ U} and set g(z) = f(a+ z(b− a)) for all z ∈ Ω.
The open set Ω is convex and contains 0 and 1; moreover, g(0) = f(a) 6=
f(b) = g(1). By the classical one-dimensional open mapping theorem, g(Ω)
is a neighbourhood of f(a). Since f(U) ⊃ g(Ω) the theorem follows. �
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Corollary 3.2 (Maximum principle). Let D be a bounded open set in Cn
and let f be a function which is holomorphic on D and continuous on D.
If f is non-constant then for every z ∈ D

|f(z)| < sup
ζ∈∂D

|f(ζ)|.

Proof. The continuity of f on D and the open mapping theorem imply that
f(D) = U is a bounded open set. Consider w ∈ ∂U : we then have w =
limν→∞ f(zν), where (zν)ν∈N is a sequence of points in D from which we can
choose a sub-sequence which converges to a point in ∂D, since f is an open
mapping. It follows that ∂U ⊂ {w ∈ C | |w| 6 supζ∈∂D |f(ζ)|} and since U is
a bounded open set U ⊂ {w ∈ C | |w| < supζ∈∂D |f(ζ)|}. �

Corollary 3.3. Let f be a holomorphic function on a connected open set D
in Cn. If |f | has a local maximum at z0 ∈ D then f is constant on D.

Proof. Let V be a connected open neighbourhood of z0 in D such that |f(z)| 6
|f(z0)| for any z ∈ V . If f is non-constant on V then by Theorem 3.1 f(V )
is an open set contained in the closed disc of centre 0 and radius |f(z0)|
and is therefore contained in the open disc, which is impossible. It follows
that f is constant on V and as D is connected f is constant on D by analytic
continuation. �

Let us finish this section with a version of Schwarz’s Lemma for holomor-
phic functions in several variables.

Theorem 3.4. Let f be a holomorphic function on the open ball B(0, R) =
{z ∈ Cn | |z| < R}. Assume that f has a zero of order k at the origin, i.e. the
Taylor expansion of f at 0 has no terms of order strictly less than k, and |f |
is bounded by a constant M on B(0, R). Then

|f(z)| 6M
∣∣∣ z
R

∣∣∣k if z ∈ B(0, R).

Proof. For any z 6= 0 in B(0, R) and u ∈ C such that |u| < R we set ϕ(u) =
f(uz/|z|). The function ϕ thus defined is holomorphic on the disc D(0, R) in C
and |ϕ| is bounded by M on this disc. Moreover, ϕ vanishes to order k at 0.
We can therefore consider the function Ψ(u) = ϕ(u)/uk, which is holomorphic
on D(0, R) and if 0 < r < R then |Ψ(u)| 6M/rk if |u| = r. By the maximum
principle applied to Ψ we have |Ψ(u)| 6 M/rk if |u| 6 r. In particular,
|Ψ(|z|)| 6 M/rk or in other words |f(z)| 6 M |z/r|k for any r > |z| and
u = |z|. This inequality holds for any r such that |z| 6 r < R, and passing to
the limit we see that |f(z)| 6M |z/R|k. �
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4 Series of holomorphic functions

Let D be an open set in Cn. We say that a series (fj)j∈N ⊂ C(D) converges
uniformly on the compact subsets of D if there is a function f ∈ C(D) such
that the series (fj)j∈N converges uniformly to f on any compact set K in D.

We will now define a metrisable topological vector space structure on C(D)
such that convergence with respect to this topology is simply uniform con-
vergence on all compact sets. A fundamental system of neighbourhoods of 0
for this topology is given by the sets VK,ε = {f ∈ C(D) | supz∈K |f(z)| < ε},
where K runs over the set of compact subsets of D and ε runs over R∗+.
As D is a countable union of compact sets, the topology thus defined is metris-
able. More precisely, let (Kj)j∈N be a exhaustion of D by compact sets, i.e.

D =
⋃∞
j=1Kj and Kj ⊂

◦
Kj+1 (where Kj = {z ∈ D | d(z, ∂D) > 1/j, |z| 6 j},

for example). For any f, g ∈ C(D), we set

δ(f, g) =
∞∑
j=1

2−j
‖f − g‖Kj

1 + ‖f − g‖Kj
.

Then δ is a distance defining the above topology.
With this topology the space C(D) is complete and is therefore a Fréchet

space. We equip the subspace O(D) in C(D) with the topology induced by
the topology on C(D).

Theorem 4.1. O(D) is a closed sub-space of C(D) and for every α ∈ Nn
the operators Dα are continuous maps from O(D) to itself. More precisely, if
(fj)j∈N ⊂ O(D) converges uniformly on all compact sets in D to a function
f ∈ C(D), then f ∈ O(D) and for every α ∈ Nn, the sequence (Dαfj)j∈N
converges uniformly on every compact set in D to Dαf .

Proof. The proof of this result simply repeats the one-dimensional proof. The
only change we have to make is replacing the classical Cauchy formula by the
polydisc Cauchy formula. �

Definition 4.2. A subset S inO(D) is bounded if and only if, for any compact
set K ⊂ D,

sup
f∈S
‖f‖K < +∞.

We now give a characterisation of compact subsets of O(D) similar to the
characterisation of compact subsets of finite-dimensional topological vector
spaces.

Theorem 4.3 (Montel’s theorem). A subset S in O(D) is compact if and
only if it is both closed and bounded.
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Proof.

1) Sufficiency. Assume that S is closed and bounded. Since O(D) is metris-
able it will be enough to show that we can extract a convergent sub-
sequence from any sequence in S. Let (fν)ν∈N be a sequence of elements
in S. Since fν ∈ O(D) for any ν ∈ N, it follows from the Cauchy inequali-
ties that the first derivatives of the elements fν are uniformly bounded on
any compact subset of D. Ascoli’s theorem then implies that the condition
given is sufficient.

2) Necessity. Let K be a compact set in D. The map ‖ · ‖K from C(D)
to R which sends f to supz∈K |f(z)| is then continuous. Since S is
compact, the set {‖f‖K | f ∈ S} is a compact set in R and hence
sup{‖f‖K | f ∈ S} < +∞, which proves that S is bounded. Moreover,
since S is compact it is automatically closed. �

5 Holomorphic maps

The study of holomorphic maps will lead us to define complex analytic sub-
manifolds of Cn. We will see in Chapter II that a complex analytic submani-
fold of Cn is also an abstract complex analytic manifold.

Definition 5.1. Let D be an open set in Cn. A map f = (f1, . . . , fm) :
D → Cm is holomorphic in D if f1, . . . , fm ∈ O(D). We denote by O(D,Cm)
the space of holomorphic maps from D to Cm. If f ∈ O(D,Cm) and a ∈ D
then the matrix

Jf (a) =


∂f1
∂z1

(a) · · · ∂f1
∂zn

(a)

...
...

∂fm
∂z1

(a) · · · ∂fm
∂zn

(a)


is called the Jacobian matrix of f at the point a.

Proposition 5.2. Let D ⊂ Cn be an open set and f = (f1, . . . , fm) ∈
O(D,Cm). Then, for any a ∈ D,

(5.1) f(a+ z) = f(a) + Jf (a)z + o(|z|)

when z tends to 0 in Cn.

Proof. By Theorem 1.3, if f ∈ O(D,Cm) then the differential of f at a, df(a),
is a C-linear map from Cn to Cm whose matrix in the canonical bases of Cn
and Cm is simply Jf (a). Formula (5.1) then follows from the definition of
df(a). �
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Theorem 5.3. Let f : D ⊂ Cn → Ω ⊂ Cm and g : Ω ⊂ Cm → C` be two
holomorphic maps. The map g ◦ f : D → C` is then a holomorphic map and,
for all a ∈ D,

(5.2) Jg◦f (a) = Jg(f(a))Jf (a).

Proof. The differential of g ◦ f at the point a is given by

(5.3) d(g ◦ f)(a) = dg(f(a)) ◦ df(a)

by classical results of differential calculus But now, since f and g are holo-
morphic maps their differentials df(a) and dg(f(a)) are C-linear maps whose
matrices in the canonical bases are Jf (a) and Jg(f(a)) respectively. It follows
that d(g ◦ f)(a) is C-linear for any a ∈ D, which implies that g ◦ f is a holo-
morphic map, and formula (5.2) then follows from (5.3). �

Definition 5.4. Let D be an open set in Cn, let f be a holomorphic map
from D to Cn and let a be a point of D. We say that f is biholomorphic in
a neighbourhood of a if there is a neighbourhood U of a such that f

∣∣
U

is a
bijection from U to f(U) and (f

∣∣
U

)−1 is a holomorphic map from f(U) to U .

Theorem 5.5 (Local inverse theorem). Let U be a neighbourhood of
a ∈ Cn and consider f ∈ O(U,Cn). Then f is biholomorphic in a neigh-
bourhood of a if and only if det(Jf (a)) 6= 0.

Proof. The hypothesis that det(Jf (a)) 6= 0 implies that df(a) is invertible.
By the classical local inversion theorem f is a local C1-diffeomorphism in a
neighbourhood of a and df−1(f(y)) = (df(y))−1 for any y sufficiently close
to a. As df(y) is C-linear since f is holomorphic its inverse (df(y))−1 is also
C-linear which implies that f−1 is holomorphic in a neighbourhood of f(a)
since df−1(f(y)) = (df(y))−1. �

Corollary 5.6. If X is a subset of Cn then for any k ∈ {1, 2, . . . , n− 1} the
following conditions are equivalent:

i) For any point ξ ∈ X there is a biholomorphic map f = (f1, . . . , fn) defined
on a neighbourhood U of ξ such that

X ∩ U = {z ∈ U | fk+1(z) = · · · = fn(z) = 0}.

ii) For any point ξ ∈ X there is a neighbourhood V of ξ in Cn and a holo-
morphic map g : V → Cn−k such that

rk Jg(ξ) = n− k and X ∩ V = {z ∈ V | g(z) = 0}.

iii) For any point ξ ∈ X there is a neighbourhood W of ξ in Cn, an open
set Ω in Ck and a holomorphic map h : Ω → Cn such that

rk Jh(ξ) = k and X ∩W = h(Ω).
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Proof. It is obvious that i) ⇒ ii) and iii).
We now prove that ii) ⇒ i). Consider V and g as in ii), and denote

by G the linear map Cn → Cn−k defined by Jg(ξ). Since rk Jg(ξ) = n − k,
the map G is surjective and there is a map A : Cn → Ck such that the
map A ⊕ G : Cn → Cn defined by A ⊕ G(z) = (A(z), G(z)) is bijective
(we can define A to be the projection from Cn to kerG after identifying kerG
and Ck by a choice of basis). Set f(z) = (A(z), g(z)) for any z ∈ V . Then
detJf (ξ) = det(A ⊕ G) 6= 0, so by Theorem 5.5 f is biholomorphic in an
neighbourhood U of ξ contained in V . Moreover, by definition of f we know
that

X ∩ U = {z ∈ U | fk+1(z) = · · · = fn(z) = 0}.

To complete the proof of the corollary, we show that iii)⇒ ii). Consider W
and h as in iii), and denote by H the linear map Ck → Cn defined by Jh(ξ).
Since rkJh(ξ) = k, the map H is injective. If z ∈ Cn = Ck × Cn−k we
set z = (z′, z′′), and the map Φ defined by Φ(z) = H(z′) + (0, z′′) is then a
bijection from Cn to Cn. Set ϕ(z) = h(z′)+(0, z′′) for z ∈ Ω×Cn−k. The map
Jϕ(h−1(ξ), 0) = Φ is then invertible, so by Theorem 5.5 ϕ is biholomorphic
in a neighbourhood of (h−1(ξ), 0). Set f = ϕ−1: the function f is defined
and biholomorphic in a neighbourhood V of ξ contained in W and satisfies
f(h(z′)) = (z′, 0). We then simply set g = p ◦ f , where p is the projection
from Cn to Cn−k sending z to z′′. �

Definition 5.7. Let D be an open set in Cn. A subset X of D is a complex
analytic submanifold of Cn if the equivalent conditions i), ii) and iii) of Corol-
lary 5.6 are satisfied for X. If moreover X is closed in D, then X is a closed
submanifold of D.

6 Some holomorphic extension theorems

A. Riemann’s extension theorem

We want to generalise the result on the holomorphic extension of bounded
holomorphic functions of a complex variable over a punctured disc to the
several variable case. A point of C can be considered as the set of zeros of
a holomorphic function. We consider the extension of holomorphic bounded
functions defined on an open set in Cn minus the set of zeros of a finite number
of holomorphic functions.

Definition 6.1. Let D be an open subset in Cn and consider A ⊂ D. We
say that A is an analytic set if for every a ∈ D, there is a neighbourhood U
of a and a finite number of holomorphic functions f1, . . . , fp on U such that
A ∩ U = {z ∈ U | f1(z) = · · · = fp(z) = 0}.

Proposition 6.2. Let D be a connected open set in Cn and let A ⊂ D be an
analytic set. The following then hold.
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i) A is closed in D,
ii) if A 6= D then D rA is dense in D,
iii) D rA is connected.

Proof.

i) By definition, any point a ∈ D has a neighbourhood U such that A ∩ U
is closed since the functions fj , j = 1, . . . , p, are continuous. It follows
that A is closed in D.

ii) We argue by contradiction. Suppose that B =
◦
A is not empty. We will

prove that B is closed in D and since B is open and non-empty and D is
connected this will imply A = D.
Consider a point a ∈ B, an open connected neighbourhood U of a in D
and elements f1, . . . , fp of O(U) such that

A ∩ U = {z ∈ U | f1(z) = · · · = fp(z) = 0}.

Each function fj , j = 1, . . . , p, vanishes on the open set B∩U ; and since U
is connected, analytic continuation says that, for any j = 1, . . . , p, fj

vanishes everywhere on U and hence U ⊂ A. Since U is open, U ⊂
◦
A= B,

and since a ∈ U , we have a ∈ B and hence B = B.
iii) Assume that D rA 6= ∅ and let us prove first that:

(∗) every point a ∈ D has a connected neighbourhood U such that U rA
is connected.
Fix a ∈ D. Let U be a convex neighbourhood of a on which there are
holomorphic functions f1, . . . , fp such that

U ∩A = {z ∈ U | f1(z) = · · · = fp(z) = 0}.

Consider x0, x1 ∈ UrA and set V = {λ ∈ C | λx0 +(1−λ)x1 ∈ U}; V is a
convex subset of C because U is convex and there is a j ∈ {1, . . . , p} such
that the function gj(λ) = fj(λx0 + (1− λ)x1) does not vanish identically
on V and in particular gj(0) 6= 0. Since the function gj is holomorphic,
the set of its zeros A′ is discrete in V . It follows that V rA′ is connected.
But A′ contains the set {λ ∈ C | (λx0 + (1 − λ)x1) ∈ A ∩ U}. Suppose
that fj(x1) 6= 0: 0 and 1 are then contained in V rA′, which is connected,
so there is a path γλ : [0, 1] 7→ C linking 0 and 1 in V rA′. If fj(x1) = 0
then 1 ∈ A′, but since A′ is discrete there is a ε > 0 such that the segment
[1, 1 + ε] ∩ A′ = {1}. We then construct a path γ linking 0 to 1 which is
contained in (V r A′) ∪ {1} by linking 0 to 1 + ε via a path γ1 : [0, 1

2 ]→
V rA′ and then linking 1 + ε to 1 by γ2 : [ 12 , 1]→ (V rA′) ∪ {1}, where
γ2(t) = −2εt + 1 + 2ε. The map γ̃ : t 7→ γ(t)x0 + (1 − γ(t))x1 is then a
path joining x0 to x1 in U rA and hence U rA is connected.
Let us now show that (∗) implies iii). We argue by contradiction. Assume
that DrA = U1∪U2, where the Uj , j = 1, 2, are non-empty disjoint open
sets. By ii) D = D rA = U1 ∪ U2. Since D is connected U1 ∩ U2 6= ∅.
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Consider a ∈ U1 ∩ U2 and let U be a neighbourhood of a such that
U rA is connected (such a neighbourhood exists by (∗)). Then U rA =
(U ∩U1)∪ ((U ∩U2). Since the set UrA is connected and A is closed, one
of the sets (U ∩Uj), j = 1, 2 is empty, so may assume that (U ∩U1) = ∅,
which is not possible since U is a neighbourhood of a ∈ U1. �

Corollary 6.3. Let D be an open connected set in Cn and let f and g be
holomorphic functions on D. If f and g are equal on a subset S of D and
there is a connected open set V in D such that V rS is not connected then f
is equal to g on D.

Proof. Let A be the set of zeros of f − g in D. Assume that A is not D. By
Proposition 6.2, V r A is connected and V r A is dense in V and hence in
V r S. It follows that V r S must be connected, which is a contradiction.
Hence A = D. �

Example. If S is a real hypersurface in D, i.e. S = f−1(0) for some f ∈
C1(D,R) such that ∇f 6= 0 on S, then S satisfies the hypotheses of Corollary
6.3. Indeed, D r S = {x ∈ D | f(x) > 0} ∪ {x ∈ D | f(x) < 0}.

Theorem 6.4 (Riemann’s theorem). Let D be an open set in Cn and let A
be an analytic set which is not equal to D. Let f be a holomorphic function
on D r A. Assume that every point a ∈ A has a neighbourhood U in D such
that f |UrA is bounded. There is then a unique function F on D such that
F |DrA = f .

Proof. Uniqueness follows immediately from the analytic continuation princi-
ple.

We consider first the case where n = 1. It is enough to prove that if f
is bounded and holomorphic on the punctured disc {z ∈ C | 0 < |z| < R}
then f has a holomorphic extension to the disc {z ∈ C | |z| < R}, since
analytic sets in dimension 1 are discrete. Consider the Laurent series for f on
the punctured disc {z ∈ C | 0 < |z| < R}

f(z) =
∑
ν∈Z

aνz
ν , aν =

1
2iπ

∫
|z|=r

f(z)z−ν−1dz, for 0 < r < R

If ν < 0 then aν → 0 as r → 0 since f is bounded, and since aν is independent
of r we have aν = 0. The result follows on setting F (z) =

∑
ν>0 aνz

ν .
We now consider the general case. For any a ∈ A, let V be a connected

neighbourhood of a such that f |VrA is bounded and such that there are holo-
morphic functions f1, . . . , fp on V such that A ∩ V = {z ∈ V | f1(z) = · · · =
fp(z) = 0}. We can assume that h = f1 6≡ 0 and (making an affine change of
coordinates if necessary) we can assume that a = 0 and h(0, . . . , 0, zn) 6≡ 0 in a
neighbourhood of zn = 0. There is then a δ > 0 such that h(0, . . . , 0, zn) 6= 0
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whenever 0 < |zn| 6 δ. Set z′ = (z1, . . . , zn−1). Let ε > 0 be such that
h(z′, zn) 6= 0 if |z′| 6 ε and |zn| = δ. We consider the function

g(z) =
1

2iπ

∫
|t|=δ

f(z′, t)
t− zn

dt.

We note that (z′, t) ∈ V rA for |z′| 6 ε and |t| = δ, and that g is holomorphic
for |z′| < ε and |zn| < δ. Moreover, for any z′ such that |z′| < ε, the
function t 7→ f(z′, t) has a holomorphic extension to the disc {t ∈ C | |t| < δ}.
Indeed, since h(z′, zn) 6= 0 if |zn| = δ, the function zn 7→ h(z′, zn) has only
a finite number of zeros in {zn ∈ C | |zn| < δ} and since f is bounded in a
neighbourhood of these zeros we can simply apply the result for n = 1. By the
Cauchy formula in one variable, g(z) = f(z) if z ∈ V r A, |z′| < ε, |zn| < δ.
The function f therefore has a holomorphic extension in a neighbourhood of
each point of A and the theorem follows by uniqueness. �

B. Rado’s theorem

Theorem 6.5 (Rado’s theorem). Let f be a continuous function on an
open set D in Cn. If f is holomorphic on {z ∈ D | f(z) 6= 0} then f is
holomorphic on D.

Proof. Since the function f is continuous it will be enough, by Corollary 2.8,
to show that f is holomorphic in each of the variables separately. Moreover,
as holomorphy is a local property it will be enough to prove the theorem for
a function of one variable on the unit disc ∆ in C.

Suppose that f is a continuous function on ∆ and f is holomorphic on
U = {z ∈ ∆ | f(z) 6= 0}. We shall prove that U is dense in ∆ and that f
is C∞ on ∆: the result follows easily, since ∂f/∂z is then a continuous function
on ∆ which vanishes on a dense subset of ∆ (namely U) and hence vanishes
on ∆, so f is then holomorphic on the whole of ∆.

Lemma 6.6. If g is a continuous function on U which is holomorphic on U
then for all z ∈ U , then |g(z)| 6 supζ∈∂∆∩∂U |g(ζ)|.

Proof. For any given n ∈ N∗ consider the function gn(z)f(z). This is a
holomorphic function on U , so by the maximum principle,

|gn(z)f(z)| 6 sup
ζ∈∂U

|gn(ζ)f(ζ)| 6 sup
ζ∈∂U∩∂∆

|gn(ζ)f(ζ)|

for all z ∈ U , since f vanishes on ∆∩∂U . The result follows on taking the nth
root of both sides of the last inequality and letting n tend to infinity. �

Lemma 6.7. The open set U is dense in ∆.
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Proof. We argue by contradiction. Suppose that U is not dense in ∆: there
is then an a ∈ ∆ ∩ ∂U and a series of points (aν)ν∈N in ∆ r U which tend
to a. Consider the sequence of functions (1/(z − aν))ν∈N. These functions are
holomorphic on U and continuous on U . Moreover, by Lemma 6.6, if z ∈ U
and ν is large enough then∣∣∣ 1

z − aν

∣∣∣ 6 sup
ζ∈∂∆∩∂U

1
|ζ − aν |

6
2

d(a, ∂∆)

But since a ∈ U , the series (1/(z − aν))ν∈N cannot be uniformly bounded
on U , which gives us a contradiction. �

Lemma 6.8. The functions Re f and Im f are harmonic on ∆ and hence f
is C∞ on ∆.

Proof. By the Stone–Weierstraß theorem any continuous function f on ∂∆ is
a uniform limit on ∂∆ of trigonometric polynomials:

f = lim
n→∞

Qn(θ) where Qn =
pn∑

k=−pn

ck,ne
ikθ.

Then ReQn(θ) =
∑pn
k=0 ak,n cos kθ + bk,n sin kθ, where ak,n, bk,n ∈ R, and

setting Pn(z) =
∑pn
k=0(ak,n − ibk,n)zk, we get Re(Pn(z)) = ReQn(θ) for

z = eiθ and Re(f − Pn) converges uniformly to 0 on ∂∆.
For any given ε > 0 there is a k0 such that if k > k0

|ePk−f | 6 eε and |ef−Pk | 6 eε

on ∂∆. The functions ef−Pk and ePk−f are continuous on U and holomorphic
on U , so we can apply Lemma 6.6 and we get, for k > k0,

|ePk−f | 6 eε and |ef−Pk | 6 eε

on U . It follows that |Re(Pk − f)| 6 ε on U and since U is dense in ∆,
|Re(Pk − f)| is bounded above by ε on ∆ because f and the polynomials Pk
are continuous on ∆.

We have therefore proved that Re f is a uniform limit on ∆ of harmonic
functions RePk. Harnack’s theorem then implies that Re f is harmonic on ∆.
Replacing f by if in the above argument it follows that Im f is harmonic
on ∆. The function f is therefore harmonic on ∆ so in particular it is C∞.

�

C. Hartogs’ phenomenon

In this section we will study a special case of Hartogs’ phenomenon in Cn,
n > 2. Hartogs’ phenomenon in a general open set in Cn, n > 2, will be
studied in detail in Chapter IV.
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Theorem 6.9. Let D be a connected open set in Cn, and set Q =
{w ∈ C | r < |w| < R}, 0 6 r < R. Let f be a holomorphic function
on D ×Q. We assume there is a point a ∈ D such that f has a holomorphic
extension to a neighbourhood of {a} × ∆, ∆ = {w ∈ C | |w| < R}. Then f
can be extended holomorphically to D ×∆.

Proof. We denote the points of D×Q by (z, w). Note that if the extension F
of f to D ×∆ exists then for any z ∈ D and ρ ∈ ]r,R[

F (z, w) =
1

2iπ

∫
|ζ|=ρ

f(z, ζ)
ζ − w

dζ if |w| < ρ

by the one-variable Cauchy formula.
For any ρ such that r < ρ < R, we consider the function

f̂ρ(z, w) =
1

2iπ

∫
|ζ|=ρ

f(z, ζ)
ζ − w

dζ.

This function is continuous on D×{w ∈ C | |w| < ρ} and holomorphic in each
variable, and is hence holomorphic on the whole domain by Corollary 2.8. As f
has a holomorphic extension to a neighbourhood of {a}×∆, if r<r0<R then
there is an ε > 0 such that f(z, w) can be extended to a holomorphic function,
again denoted f(z, w), on the open set {|z − a| < ε, |w| < r0}. Choose ρ such
that r < ρ < r0: then f(z, w) = f̂ρ(z, w) if |z − a| < ε and |w| < ρ by the
one-variable Cauchy formula. The open set D × {w ∈ C | r < |w| < ρ} is
connected so we can apply the analytic continuation principle to f and f̂ρ
so f and f̂ρ are equal on D × {w ∈ C | r < |w| < ρ}. It follows that the
function F defined by F (z, w) = f(z, w) on D×Q and F (z, w) = f̂ρ(z, w) on
D × {w ∈ C | |w| < ρ} is the extension we seek. �

Examples.

1) Let D be an open set in Cn, n > 2, and let a be a point of D. Any
holomorphic function on Dr {a} can then be extended to a holomorphic
function on D.

2) Let K be a compact set in Cn, n > 2, and let f be a holomorphic function
on Cn r K. Then f can be extended to a holomorphic function on the
whole of Cn.

3) Let P be the polydisc {(z1, . . . , zn) ∈ Cn | |zi| < r, 1 6 i 6 n} and set
Q = {(z1, . . . , zn) ∈ P | |zi| < r/2, 1 6 i 6 n − 1 or |zn| > r/2}, n > 2.
Then any holomorphic function on Q can be extended to a holomorphic
function on P .

These results are false if n = 1: consider the function f(z) = 1/z, for
example.
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Corollary 6.10.

a) Let f be a holomorphic function on an open set D in Cn, n > 2. The zero
set of f has no isolated points.

b) If f is a holomorphic function on Cn, n > 2, then the zero set of f is not
bounded.

Proof. Argue by contradiction, applying 1) and 2) above to the function 1/f .
�

Remarks

The local theory of holomorphic functions in several variables originates in
the work of K. Weierstraß, H. Poincaré and P. Cousin, who studied functions
in product domains of Cn at the end of the last century. In 1906, Hartogs
[Har] discovered domains in C2 for which every holomorphic function could be
extended holomorphically to a larger domain, which never happens in single
variable analysis.

The results presented in this chapter are very classical. They can be found
in most books on the theory of holomorphic functions in several variables. The
interested reader may wish to consult the following books: [Ho2], [Kr], [Na1],
[Ra]. Hartogs’ separate holomorphy theorem is proved in [Ho2] (Th. 2.2.8)





II

Currents and complex structures

In this chapter we introduce two new ideas, one coming from differential geom-
etry (currents) and the other coming from analysis (complex analytic manifolds
and their associated complex structures), which we will use frequently through-
out the rest of this book. We start by defining currents, which for differential
forms play the role that distributions play for functions, and then consider the
regularisation problem for currents defined on a C∞ differential manifold. Solv-
ing this problem, which is easy in Rn by means of convolution, obliges us to
introduce kernels with similar properties to the convolution kernel. We will also
study the Kronecker index of two currents, which generalises the pairing of a
current and a differential form. This index enables us to prove a fairly general
Stokes’ formula which will be used in Chapters III and IV. We then introduce
the notion of a complex analytic manifold and describe the natural complex
structures which appear on the tangent space of such manifolds, which leads us
to define (p, q) differential forms, the ∂ operator, the Dolbeault complex and the
associated cohomology groups. The holomorphic extension phenomena studied
in Chapter V are linked to the vanishing of certain of these cohomology groups,
and some vanishing theorems will be proved in Chapter VII. We end this chapter
with the definition of the complex tangent space to the boundary of a domain
in a complex analytic manifold which appears later in the definitions of CR
functions (Chapter IV) and pseudoconvexity (Chapter VII).

1 Currents

By X we will always denote a C∞ n-dimensional oriented differentiable man-
ifold. For any p such that 0 6 p 6 n we denote by Dp(X) the vector space
of C∞ degree p compactly supported differentiable forms on X. We will define
a locally convex topology on Dp(X) and study its dual.

A. The topology on Dp(X)

Assume first that X is an open set in Rn and denote by E(X) the vector space
of C∞ functions on X.

C. Laurent-Thiébaut, Holomorphic Function Theory in Several Variables: An Introduction,  21 
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If K is a compact set in X and α is an element of Nn then for any f ∈ E(X)
we set

pK,α(f) = sup
x∈K
|Dαf(x)|.

The functions pK,α are semi-norms on E(X). Consider the topology on E(X)
defined by these semi-norms. The sets

VK,m,ε = {f ∈ E(X) | ∀α, |α| 6 m, pK,α(f) < ε}

form a fundamental system of neighbourhoods of zero for this topology. As X
is an open set in Rn there is an exhaustion of X by compact sets (Kp)p∈N and
the family (VKp,m,1/n)p,m∈N,n∈N∗ is a fundamental basis of the topology in a
neighbourhood of 0. This topology is therefore metrisable. It is easy to check
that a sequence of elements in E(X) converges to 0 in the above topology if
and only if both the sequence and all its derivatives converge uniformly to 0 on
any compact set in X. The vector space E(X) equipped with this topology is
a Fréchet space (i.e. a locally convex, complete, metrisable topological vector
space).

If ϕ is a C∞ differential form of degree p on X then ϕ can be written in
the following form

ϕ =
∑
|I|=p

i1<i2<···<ip

ϕIdxI ,

where ϕI ∈ E(X) and for any I = (i1, . . . , ip) ∈ {1, . . . , n}p, we set dxI =
dxi1 ∧ · · · ∧ dxip . For any compact set K in X and α ∈ Nn we set

p̃K,α(ϕ) = sup{pK,α(ϕI) | I = (i1, . . . , ip) ∈ {1, . . . , n}p, i1 < i2 < · · · < ip}.

The set of semi-norms p̃K,α, where K is a compact set in X and α is an
element of Nn defines a Fréchet space topology on the vector space Ep(X)
of C∞ degree p differential forms on X.

If Y is another open set in Rn and f is a C∞ diffeomorphism from X to Y
then the map

f∗ : Ep(Y ) −→ Ep(X)
ϕ 7−→ f∗ϕ

is a linear homeomorphism.
We now consider the case where X is a manifold. Let A be an atlas on X.

We define a topology on Ep(X) using the semi-norms p̃U,K,α which are defined
by

p̃U,K,α(ϕ) = p̃K,α
(
(h−1)∗ϕ

∣∣
U

)
for any ϕ ∈ E(X)

for any set U which is the domain of a chart (U, h) ∈ A, any compact set K
in U and any α ∈ Nn. This topology is independent of the choice of A:
it is the coarsest topology such that the maps (k−1)∗ : E(X) → E(k(V ))
are continuous for any chart (V, k) on X. As X is countable at infinity we
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can assume that the atlas A contains a countable number of charts and the
topology defined above is therefore metrisable. It is easy to check that Ep(X)
is a Fréchet space with this topology.

If K is a compact set in X then we denote by DpK(X) the subspace of
Ep(X) consisting of C∞ degree p differential forms supported on K. This is a
closed subset in Ep(X) and it follows that if we equip it with the restriction
of the above topology on Ep(X) we get a Fréchet space. We then equip
Dp(X) =

⋃
K D

p
K(X) with the finest locally convex vector space topology for

which all the inclusions

DpK(X) ↪−→ Dp(X), K a compact set in X

are continuous.

Remarks. A sequence of differential forms (ϕj)j∈N ⊂ Dp(X) converges to
ϕ ∈ Dp(X) in the above topology if and only if

1) the forms ϕj are all supported on some fixed compact set K in X.
2) (ϕj)j∈N converges to ϕ in DpK(X).

B. Currents

Definition 1.1. A p-dimensional current on X is a continuous linear form
on Dp(X). We denote by D′p(X) the set of p-dimensional currents on X. It
is a C-vector space, the topological dual of Dp(X).

Consider T ∈ D′p(X): this is a linear form on Dp(X) and hence, for any
pair of forms ϕ1, ϕ2 ∈ Dp(X),

T (ϕ1 + ϕ2) = T (ϕ1) + T (ϕ2)

and for any λ ∈ C and ϕ ∈ Dp(X)

T (λϕ) = λT (ϕ).

The current T is also continuous on Dp(X). In other words, T
∣∣
(DpK)(X)

is
continuous for any compact set K in X. This is equivalent to the following
statement: For any sequence (ϕj)j∈N of elements in Dp(X) which tends to 0,
the sequence T (ϕj) also tends to 0 in C.

Throughout the following we will write 〈T, ϕ〉 for T (ϕ).

Examples of currents.

i) The Dirac delta function δx, x ∈ X, defined by δx(ϕ) = ϕ(x) for any
ϕ ∈ D0(X) is a 0-dimensional current.
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ii) If ω is a locally integrable differential form of degree q on X then we define
an (n− q)-dimensional current Tω by

〈Tω, ϕ〉 =
∫
X

ω ∧ ϕ for any ϕ ∈ Dn−q(X).

This definition is only possible on an oriented manifold X.
iii) If Y is a C∞ closed and oriented p-dimensional submanifold of X then we

define a p-dimensional current [Y ] on X by

〈[Y ], ϕ〉 =
∫
Y

ϕ =
∫
Y

i∗ϕ for any ϕ ∈ Dp(X),

where i is the inclusion Y ↪→ X. The current [Y ] is called the integration
current on Y .

If K is a compact set in X and k ∈ N is an integer then we denote by
(CkK)p(X) the space of Ck degree p differential forms supported on K. We
equip this space with the topology defined by the semi-norms p̃K,α, |α| 6 k.
We define (Ckc )p(X) to be the union of the spaces (CkK)p(X) for all compact
sets K in X: it is the space of Ck degree p compactly supported differential
forms on X. We equip this space with the finest locally convex vector space
topology for which all the inclusions

(CkK)p(X) ↪−→ (Ckc )p(X)

are continuous. Consider the inclusion Dp(X) ↪→ (Ckc )p(X): it is a continu-
ous map with dense image. We denote the topological dual of (Ckc )p(X) by
(Ckc )′p(X): it is a subspace of D′p(X) and its elements are called currents of
order k and dimension p on X.

Example. If Y is a C1 closed oriented submanifold of X then the integration
current on Y is a current of order 0.

C. Support of a current

In this section we will see that it is possible to obtain global information on
a current by gluing local information.

If Ω is an open set in X and T ∈ D′p(X) then we can define T
∣∣
Ω

(or, more
correctly, T

∣∣
Dp(Ω)

) by 〈T
∣∣
Ω
, ϕ〉 = 〈T, ϕ̃〉 for any ϕ ∈ Dp(Ω), where ϕ̃ ∈ Dp(X)

is defined by ϕ̃ = ϕ on Ω and ϕ̃ = 0 on X rΩ.

Proposition 1.2. Let (Ωi)i∈I be a open cover of X, and for every i ∈ I
let Ti be an element of D′p(Ωi). Assume that Ti

∣∣
Ωi∩Ωj

= Tj
∣∣
Ωi∩Ωj

for any

pair (i, j). There is then a unique current T ∈ D′p(X) such that T
∣∣
Ωi

= Ti
for all i ∈ I.
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Proof. Consider a locally finite partition of unity (αi)i∈I subordinate to the
open cover (Ωi)i∈I . If ϕ ∈ Dp(X) then ϕ =

∑
i∈I αiϕ and the right-hand sum

has only a finite number of non-zero terms. If T exists then it must have the
property that, for any ϕ ∈ Dp(X),

(1.1) 〈T, ϕ〉 =
∑
i∈I
〈T, αiϕ〉 =

∑
i∈I
〈Ti, αiϕ〉

since αi is supported on Ωi.
Conversely, this formula defines a continuous linear form on Dp(X). In-

deed, let (ϕj)j∈N be a sequence of elements in Dp(X) converging to 0. There
is then a compact set K such that suppϕj ⊂ K for all j ∈ N and for any
i ∈ I the sequence (αiϕj)j∈N converges to 0 in (C∞K∩suppαi

)p(X). It follows
that Ti(αiϕj) converges to 0 and as only a finite number of the forms αiϕj
are non-zero on K for any j, T (ϕj) =

∑
Ti(αiϕj) tends to zero as j tends to

infinity. Formula (1.1) therefore defines a p-dimensional current T on X and
we now check that T

∣∣
Ωi

= Ti. Consider ϕ ∈ D(Ωi). Then:

〈Ti, ϕ〉 =
∑
k∈I

〈Ti, αkϕ〉

but suppαkϕ ⊂ Ωk ∩ Ωi and it follows that 〈Ti, αkϕ〉 = 〈Tk, αkϕ〉 which
implies that 〈Ti, ϕ〉 =

∑
k∈I〈Tk, αkϕ〉 = 〈T, ϕ〉. �

Corollary 1.3. If T is a p-dimensional current on X then there is a largest
possible open set Ω in X such that T

∣∣
Ω

= 0.

Definition 1.4. If T ∈ D′p(X) then the support of T is the complement of
the largest open set on which T is identically zero.

Example. If Y is a C∞ closed oriented submanifold of X then the support of
the current [Y ] is Y .

Remark. Note that if T ∈ D′p(X) is a current with compact support then
the expression 〈T, ψ〉 is meaningful for any C∞ differential form ψ on X of
degree p. Indeed, let χ be a compactly supported C∞ function on X such
that χ is identically 1 on a neighbourhood of the support of T . We then set
〈T, ψ〉 = 〈T, χΨ〉.

Local expressions of currents. Let (U, h) be a chart of X and let (x1, . . . , xn)
be the associated local coordinates. Consider the expression

(1.2) T =
∑
|I|=p

TIdxI ,

where TI is an n-dimensional current on U and dxI = dxi1 ∧ · · · ∧ dxip for
any I = (i1, . . . , ip) ∈ {1, . . . , n}p. This defines an (n−p)-dimensional current



26 II Currents and complex structures

on U in the following way: if ϕ in Dn−p(U) can be written in the form
ϕ =

∑
|J|=n−p ϕJdxJ then we set

〈T, ϕ〉 =
∑
|I|=p

ε(I, {I)〈TI , ϕ{Idx1 ∧ · · · ∧ dxn〉,

where I = (i1, . . . , ip) and {I = (j1, . . . , jn−p) have the property that
{i1, . . . , ip, j1, . . . , jn−p} = {1, . . . , n} and ε(I, {I) is the sign of the permu-
tation sending (1, . . . , n) to (i1, . . . , ip, j1, . . . , jn−p).

Conversely, if T is any current on X then the current T
∣∣
U

can be written
in the form (1.2). Indeed, if we set

〈TI , ϕdx1 ∧ · · · ∧ dxn〉 = ε(I, {I)〈T, ϕdx{I〉

for any I = (i1, . . . , ip) and any C∞ function with compact support on U ϕ,
then this formula defines a set of n-dimensional currents TI and the current T
can be written in the form (1.2) using these currents TI .

Definition 1.5. If T is a p-dimensional current on a differentiable manifold
of dimension n then the number (n− p) is called the degree of the current T .
We denote the set of degree q currents on X by D′q(X).

We have just proved that a degree q current on X can be locally written
as a degree q differential form whose coefficients are degree 0 currents.

Example. Degree n currents in Rn are simply distributions and can be natu-
rally identified with degree 0 currents.

D. Operations on currents

We now show how to extend the classical operations on differential forms to
currents and define some new operations.

Wedge product with a C∞ differential form. Consider a current T ∈ D′p(X)
and a differential form α ∈ Eq(X) such that 0 6 p + q 6 n. We define the
wedge product T ∧ α by

〈T ∧ α,ϕ〉 = 〈T, α ∧ ϕ〉 for any ϕ ∈ Dn−p−q(X).

This is a degree p+ q current on X. If T = Tω is the current defined by a C∞
differential form of degree p then

Tω ∧ α = Tω∧α = (−1)pqTα∧ω.

For any T ∈ D′p(X) and α ∈ Dq(X) we set

α ∧ T = (−1)pqT ∧ α.

If T is a current of order k then we can define its wedge product with a Ck
differential form in a similar way.
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Boundary and differential of a current. If T ∈ D′p(X), then we define the
boundary bT of the current T by

〈bT, ϕ〉 = 〈T, dϕ〉, for any ϕ ∈ Dn−p−1(X).

This is a p + 1 degree current on X. The differential dT of the current
T ∈ D′p(X) is then defined by the formula

dT = (−1)p−1bT.

Examples.

1) Let D b X be a open set with C1 boundary which is relatively compact
in X. We denote by [D] the degree 0 current defined by

〈[D], ϕ〉 =
∫
D

ϕ for any ϕ ∈ Dn(X).

Stokes’ theorem then says that b[D] = [bD].
2) Let ω be an element of Ep(X) and let us calculate dTω. For any ϕ ∈
Dn−p−1(X),

〈dTω, ϕ〉 = (−1)p−1〈bTω, ϕ〉 = (−1)p−1〈Tω, dϕ〉 = (−1)p−1

∫
X

ω ∧ dϕ;

but now
d(ω ∧ ϕ) = dω ∧ ϕ+ (−1)pω ∧ dϕ,

so that
〈dTω, ϕ〉 =

∫
X

dω ∧ ϕ−
∫
X

d(ω ∧ ϕ).

Since ω∧ϕ is a compactly supported form, Stokes’ formula now says that∫
X
d(ω ∧ ϕ) = 0 and hence dTω = Tdω.

Remark. If T ∈ D′p(X) then d(dT ) = 0.

Direct image of a current under a proper map. Let X and Y be two ori-
ented C∞ differentiable manifolds and let f be a C∞ map from X to Y . We
say that f is proper if and only if for any compact set K in Y f−1(K) is a
compact set in X. If T ∈ D′p(X) then the direct image of T under the proper
map f is the current f∗T defined by

〈f∗T, ϕ〉 = 〈T, f∗ϕ〉, for any ϕ ∈ D′p(Y ).

(This definition is meaningful because supp f∗ϕ ⊂ f−1(suppϕ) is compact for
any proper f). The current f∗T is a p-dimensional current on Y . It follows
from the definition of the operator f∗ and Proposition 5.4 ii) of Appendix A
that if T is contained in D′p(X) then

f∗dT = df∗T.
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Inverse image of a current under projection. Let Y and Z be two oriented C∞
differentiable manifolds and let f be the projection from X = Y ×Z to Z. If
ϕ ∈ D•(Y × Z) then we define the integral

∫
Y
ϕ to be the unique differential

form on Z such that, for any ψ ∈ D•(Z),〈∫
Y

ϕ,ψ
〉
Z

= 〈ϕ, f∗ψ〉Y×Z =
∫
Y×Z

ϕ ∧ f∗ψ.

If T = Tϕ is the current defined by a compactly supported C∞ differential
form ϕ on X then the current f∗Tϕ is the current defined by the C∞ com-
pactly supported differential form ψ(z) =

∫
Y
ϕ on Z. (This follows from the

definition of f∗ and Fubini’s theorem). Consider T ∈ D′p(Z): we define the
inverse image of the current T under the projection f by

〈f∗T, ϕ〉 = 〈T, f∗Tϕ〉, for any ϕ ∈ DdimX−p(X).

This is a degree p current on X. It is clear that if T = Tω is the current
defined by a C∞ differential form on Y then f∗Tω = Tf∗ω, where f∗ω is the
inverse image of the differential form ω.

2 Regularisation

Let X be an n-dimensional oriented C∞ differentiable manifold. We denote by
D′•(X) =

⊕n
p=0D′p(X) the vector space of currents on X – this is the topo-

logical dual of the vector space D•(X) of compactly supported C∞ differential
forms on X. Traditionally, we consider two topologies on D′•(X):

1) The weak topology, or the topology of simple convergence onD•(X). More
precisely, a family (Tε)ε∈R+ ⊂ D′•(X) converges weakly to T ∈ D′•(X)
as ε tends to 0 if for every ϕ ∈ D•(X)

lim
ε→0
〈Tε, ϕ〉 = 〈T, ϕ〉.

2) The strong topology, or the topology of uniform convergence on bounded
sets in D′(X). We recall that a subset B in D•(X) is bounded if the
elements ϕ in B are all supported in some given compact set K and if for
any α ∈ Nn and any chart domain U of an atlas A, supϕ∈B{p̃U,K,α(ϕ)} <
+∞, where the p̃U,K,α are the semi-norms defined in §1.A.

It is easy to see that the strong topology is finer than the weak topology.
The aim of this section is to prove that E•(X) =

⊕n
p=0 Ep(X) is dense

in D′•(X) with respect to either the weak or the strong topology and give
a method for constructing families of C∞ differential forms converging to a
given current in either topology.

A current of degree 0 on X is called a distribution on X.
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A. Regularising distributions on Rn

We consider a positive C∞ function θ which is compactly supported in a
neighbourhood of 0 in Rn and which has the property that

∫
Rn θ(x)dx = 1.

For example, we can take the function defined by

θ(x) =

{
c e−1/(1−‖x‖2) for ‖x‖ 6 1
0 for ‖x‖ > 1,

where the constant c is chosen in such a way that
∫

Rn θ(x)dx = 1. We set
θε(x) = 1

εn θ(x/ε) for any ε > 0 and we set Kε(x, y) = θε(x − y) for any
x, y ∈ Rn. If u is a continuous function on Rn then we define the regularisa-
tions uε of u by

uε(x) =
∫

Rn
Kε(x, y)u(y)dy.

The following classical proposition and corollary will be proved in a more
general form in Section B.

Proposition 2.1. If u ∈ D0(Rn) is a compactly supported C∞ function
on Rn, then the family (uε)ε∈R+ of regularisations of u converges to u in
D0(Rn) as ε tends to 0. Moreover, the convergences of these series to u is
uniform with respect to u over any bounded sets in D0(Rn).

Definition 2.2. Let T ∈ D′0(Rn) be a distribution on Rn. We then define
the family (Tε)ε∈R+ of regularisations of T in the following way: for any
ϕ ∈ D0(Rn) we set

〈Tε, ϕdx1 ∧ · · · ∧ dxn〉 = 〈T, ϕεdx1 ∧ · · · ∧ dxn〉,

where ϕε(x) =
∫

Rn Kε(x, y)ϕ(y)dy.

Corollary 2.3. The family (Tε)ε∈R+ of regularisations of the distribution T
is a family of C∞ functions on Rn which converges both weakly and strongly
to T when ε tends to 0.

The interested reader may consult [Sc, Chap. 6] for more information on
regularisation in Rn.

Let us consider the main properties of the function Kε defined on Rn×Rn:

1) Kε is a C∞ function,
2) Kε is supported in a strip containing the diagonal in Rn×Rn whose width

is of order ε,

3)
∫

Rn
Kε(x, y)dy =

∫
Rn
Kε(x, y)dx = 1,

4)
∫

Rn

( ∂α
∂xα

+ (−1)|α|+1 ∂
α

∂yα

)
Kε(x, y)dy = 0 for any α ∈ Nn.

These properties are central to the proofs of Proposition 2.1 and Corollary 2.3.
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B. Regularising distributions on manifolds

Let X be an n-dimensional oriented C∞ differentiable manifold.
As a manifold does not have a group law in general, we can no longer

use convolution to regularise distributions as in Section A. The idea is to use
kernels (Kε)ε∈R+ which are functions defined on X×X with properties similar
to the four properties mentioned in Section A.

Definition 2.4. Let π1 and π2 be the two projections from X×X to X. We
say that a subset A in X × X is proper if for any compact set K in X the
sets π1(π−1

2 (K) ∩A) and π2(π−1
1 (K) ∩A) are relatively compact in X.

We consider a family of nested neighbourhoods of the diagonal ∆ ⊂ X×X
which we denote by (Uε)ε∈R+ and which we construct in the following way.
Consider a locally finite cover U of ∆ by open sets Ũ = (U × U) such that U
is the domain of a chart (U, h) on X. We then define Uε by

Uε =
⋃

eU∈U
{

(x, y) ∈ Ũ | ‖h(x)− h(y)‖ < ε
}
.

Let ω be a C∞ degree n nowhere vanishing differential form on X defining
the orientation of X.

Definition 2.5. A family of regularising kernels on X × X is a family
(Kε(x, y))ε∈R+ of positive C∞ functions on X×X which has the following two
properties. Firstly, for any ε > 0 the support of Kε must be proper, contained
in Uε and contain the diagonal ∆ ⊂ X ×X. Secondly, as ε tends to 0 in R+

the family of functions (x 7→
∫
X
Kε(x, y)ω(y))ε∈R+ must converge uniformly

on any compact set in X to the constant function 1.

Definition 2.6. Let f be a continuous function on X. The family of regu-
larisations of f is the family of functions (fε)ε∈R+ defined by

fε(x) =
∫
X

Kε(x, y)f(y)ω(y) for any x ∈ X.

Definition 2.7. Let T ∈ D′0(X) be a distribution on the manifold X. We
define the family (Tε)ε∈R+ of regularisations of T in the following way: for
any ϕ in D0(V ) we set

〈Tε, ϕω〉 = 〈T, ϕεω〉, where ϕε(x) =
∫
X

Kε(x, y)ϕ(y)ω(y).

Definition 2.7 is meaningful because Kε is C∞ on X×X so ϕε is C∞ on X
and the support of ϕε is contained in the set π1(π−1

2 (suppϕ)∩suppKε) which
is compact because Kε is assumed to have proper support.
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Proposition 2.8. Let T ∈ D′0(X) be a distribution on X. The regularisa-
tions Tε of T are then C∞ functions on X and for every y ∈ X

Tε(y) = 〈T,Kε(x, y)ω(x)〉.

Proof. Consider ϕ ∈ D0(X). By definition of regularisations,

〈Tε, ϕω〉 = 〈T, ϕεω〉 =
〈
T,
(∫

X

Kε(x, y)ϕ(y)ω(y)
)
ω(x)

〉
.

The function x 7→ Kε(x, y) is a C∞ compactly supported function on X for
any given y and its dependence on y is also C∞. Moreover, as ω is a C∞
differential form on X, 〈T,Kε(x, y)ω(x)〉 is a well-defined C∞ function on X.
Using the density of the vector space generated by functions of the form
u(x)v(y), u, v ∈ C∞(X) in D0(X ×X) we get〈

T,
(∫

X

Kε(x, y)ϕ(y)ω(y)
)
ω(x)

〉
=
〈
〈T,Kε(x, y)ω(x)〉, ϕ(y)ω(y)

〉
and hence it follows by definition of Tε that Tε(y) = 〈T,Kε(x, y)ω(x)〉. �

Let us now study the convergence of the family (Tε)ε∈R+ in the weak and
strong topologies on D′(X). Let ψ ∈ Dn(X) be a C∞ compactly supported
differential form of degree n on X. Since we have assumed that ω does not
vanish on X, there is a ϕ ∈ D0(X) such that ψ = ϕω. Then,

〈T − Tε, ψ〉 = 〈T − Tε, ϕω〉 = 〈T, (ϕ− ϕε)ω〉.

To prove that the family (Tε)ε∈R+ converges weakly to T as ε tends to 0
it will be enough to show that (ϕε)ε∈R+ tends to ϕ in D0(X). To prove that
the family (Tε)ε∈R+ converges strongly to T as ε tends to 0, it will be enough
to prove that the convergence of the family (ϕε)ε∈R+ to ϕ is uniform with
respect to ϕ over any bounded subset of D0(X).

Definition 2.9. A (linear) finite order differential operator with C∞ coeffi-
cients is a linear map P : C∞(X) → C∞(X) such that for any local chart
(U, h) on X there is a differential operator P(U,h) with C∞ coefficients on the
open set h(U) in Rn such that, for any function f ∈ C∞(X),

(Pf) ◦ h−1 = P(U,h)(f ◦ h−1) in h(U).

We denote by P ∗ the formal adjoint of P with respect to the scalar product
on D0(X) defined by (f/g) =

∫
X
f(y)g(y)ω(y).

Throughout the following the term “differential operator” will always de-
note a finite order differential operator with C∞ coefficients.
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Remark 2.10. Let (fε)ε∈R+ and f be functions in D0(X) which are all sup-
ported on some fixed compact subset of X. The family (fε)ε∈R+ converges
to f in D0(X) as ε tends to 0 if and only if for any differential operator
P = P (x,D),

lim
ε→0

sup
x∈X

∣∣P (x,Dx)f(x)− P (x,Dx)fε(x)
∣∣ = 0.

Proposition 2.11. Consider f ∈ D0(X) and set

fε(x) =
∫
X

Kε(x, y)f(y)ω(y).

The following then hold.

1) The family (fε)ε∈R+ converges to f in D0(X) as ε tends to 0 if and only
if for any differential operator P on X

(∗) lim
ε→0

sup
x∈X

∣∣∣ ∫
X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

∣∣∣ = 0.

2) The sequence (fε)ε∈R+ converges to f and this convergence is uniform with
respect to f on any bounded subset of D0(X) if and only if the following
holds:

(∗∗)


For any differential operator P on X

supx∈X
∣∣∣ ∫X ((P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

∣∣∣→ 0

as ε tends to 0. This convergence is uniform with respect to
f in any bounded set in D0(X).

Proof.
a) Necessity. Assume either that (fε)ε∈R+ converges to f in D0(V ) as ε

tends to 0 or that (fε)ε∈R+ converges to f as ε tends to 0 and this convergence
is uniform with respect to f on any bounded subset of D0(X). Then,∫

X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

=
∫
X

(P (x,Dx)Kε(x, y))f(y)ω(y)−
∫
X

Kε(x, y)(P (y,Dy)f(y))ω(y)

= P (x,Dx)fε(x)− (P (y,Dy)f(y))ε(x)
(differentiating the first term under the integral sign in each chart)
= P (x,Dx)(fε(x)− f(x)) + P (x,Dx)f(x)− (P (y,Dy)f(y))ε(x).

Since (fε)ε∈R+ converges to f in D0(X) and P is continuous on D0(X),

lim
ε→0

sup
x∈X
|P (x,Dx)(fε(x)− f(x))| = 0.
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If the convergence of the sequence (fε)ε∈R+ to f is uniform with respect
to f on any bounded subset of D0(X), then the above limit is also uniform
with respect to f on any bounded subset of D0(X).

To complete the proof it will be enough to prove the following lemma
which we will then apply to the function P (x,Dx)f .

Lemma 2.12. Let f be a compactly supported continuous function on X.
We set fε(x) =

∫
X
Kε(x, y)f(y)ω(y). The functions (fε)ε∈R+ then converge

uniformly to f on X as ε tends to 0. If moreover B is an equicontinuous
subset of C(X) consisting of functions which are all supported on some fixed
compact set and B has the property that sup{‖f‖∞ | f ∈ B} is finite then the
families (fε)ε∈R+ converge to f and this convergence is uniform with respect
to f on B.

Proof. By definition of fε,

fε(x)− f(x) =
∫
X

Kε(x, y)f(y)ω(y)− f(x)

=
∫
X

Kε(x, y)(f(y)− f(x))ω(y) + f(x)
(∫

X

Kε(x, y)ω(y)− 1
)
.

‖fε − f‖∞ 6
∥∥∥∫

X

Kε(x, y)(f(y)− f(x))ω(y)
∥∥∥
∞

+‖f‖∞
∥∥∥[ ∫

X

Kε(x, y)ω(y)− 1
]∣∣

supp f

∥∥∥
∞
.

As the function f is continuous and compactly supported it is uniformly con-
tinuous and hence

(∀α > 0)(∃ ε0 > 0)(∀ ε < ε0)((x, y) ∈ Uε =⇒ |f(x)− f(y)| < α).

Note that ε0 is independent of f for f ∈ B since the elements of B are uniformly
equicontinuous. It follows that if ε < ε0 then∥∥∥∫

X

Kε(x, y)(f(x)− f(y))ω(y)
∥∥∥
∞
6 mL,εα,

where mL,ε = supx∈L
( ∫

X
Kε(x, y)ω(y)

)
whenever L is a compact set con-

taining supp f ∪ π1(π−1
2 (supp f)). By our assumptions on Kε, mL,ε can be

bounded independently of ε and if L′ is a compact set in X containing the
support of f then there is a ε′0 > 0 such that, for any ε < ε′0,∥∥∥∫

X

Kε(x, y)ω(y)− 1
∥∥∥
∞,L′

< α.

We note that if f ∈ B then the compact sets L and L′ can be chosen inde-
pendently of f . It follows that if ε < min(ε0, ε′0) then

‖f − fε‖∞ 6Mα+ ‖f‖∞α.

This proves that (fε)ε∈R+ tends to f as ε tends to 0 and this convergence is
uniform with respect to f on B since sup{‖f‖∞ | f ∈ B} is finite. �
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End of the proof of Proposition 2.11.
b) Sufficiency. To prove that the family (fε)ε∈R+ tends to f in D0(X)

as ε tends to 0 it will be enough to prove that, for any differential operator P
on X,

lim
ε→0

sup
x∈X
|P (x,Dx)fε(x)− P (x,Dx)f(x)| = 0

and

P (x,Dx)f(x)− P (x,Dx)fε(x) = P (x,Dx)f(x)− (P (y,Dy)f(y)ε(x)

+ (P (y,Dy)f(y))ε(x)− P (x,Dx)fε(x)

but now by Lemma 2.12 supx∈X |P (x,Dx)f(x) − (P (y,Dy)f(y))ε(x)| tends
to 0 as ε tends to 0 and

sup
x∈X
|(P (y,Dy)f(y))ε(x)− P (x,Dx)fε(x)|

= sup
x∈X

∣∣∣ ∫
X

((P (x,Dx)− P ∗(y,Dy))Kε(x, y))f(y)ω(y)
∣∣∣

tends to 0 as ε tends to 0 by assumption. The theorem follows. If (∗∗) holds
then it is easy to prove that the convergence is uniform with respect to f on
any closed set by repeating the proof given above mutatis mutandis. �

Consider a local chart (U, h) onX and let ξ = (ξ1, . . . , ξn) be the associated
local coordinates. Let P be a differential operator on X. There is then an
operator P(U,h) on h(U) such that, for any f ∈ D0(V ),

P (f) ◦ h−1 = P(U,h)(f ◦ h−1) =
∑
α

aα(ξ)Dα
ξ (f ◦ h−1),

where α ∈ Nn, the functions aα are C∞ on h(U) all except a finite number of
which are zero, and Dα

ξ = ∂|α|/∂ξα1
1 · · · ∂ξ

αn
1 .

Proposition 2.13. Let (Kε(x, y))ε∈R+ be a family of regularising kernels on
X ×X. The following are then equivalent.

(∗)

For any differential operator P on X and any function f ∈ D0(X)

lim
ε→0

sup
x∈X

∣∣∣ ∫
X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

∣∣∣ = 0.

(∗′)


For any function f ∈ D0(X) which is supported in the domain
of some chart and any multi-index α ∈ Nn

lim
ε→0

sup
x∈X

∣∣∣ ∫
X

(
(Dα

x + (−1)|α|+1Dα
y )Kε(x, y)

)
f(y)ω(y)

∣∣∣ = 0.
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Proof. It is obvious that (∗) implies (∗′). Conversely, let (Ui)i∈I be a locally
finite cover of X by chart domains and let (χi)i∈I be a partition of unity
subordinate to this cover. Consider an element f ∈ D0(X) and let P be a
differential operator on V ; as the support of f meets only a finite number of
the open sets Ui, (Uik)k=1,...,`,∫

X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

=
∑̀
k=1

∫
X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
χik(y)f(y)ω(y).

Since χikf is supported on the domain of the chart Uik it will therefore be
enough to prove (∗) for any function g ∈ D0(X) which is supported in the
domain of a chart of X. Moreover, by linearity, it will be enough to show
that (∗) holds for any chart (U, h), function g ∈ D0(X) supported on U and
differential operator P on X such that P(U,h) = a(ξ)Dα

ξ . In the following
calculations we identify U and the open set h(U) in Rn in order to simplify
the notation. The differential operator P can then be written in the form
P (x,Dx) = a(x)Dα

x and∫
X

(
(P (x,Dx)− P ∗(y,Dy)

)
Kε(x, y))g(y)dy

is the sum of the three following terms

(I) = a(x)
∫
X

[(Dα
x + (−1)|α|+1Dα

y )Kε(x, y)]g(y)dy

(II) = (−1)|α|a(x)
∫
X

(Dα
yKε(x, y))g(y)dy

(III) = −
∫
X

Kε(x, y)(P (y,Dy)g(y))dy (by definition of P ∗).

By (∗′), (I) converges uniformly to 0 when ε converges to 0 since the
continuous function a is bounded on the support of the integral in (I). (The
support of this integral is compact because the support of Kε is proper.)

Integrating by parts we see that (II) = a(x)(Dα
y g(y))ε(x) and by Lemma

2.12 this quantity converges uniformly to a(x)Dα
x g(x) on X.

And finally, (III) = −(a(y)Dα
y g(y))ε(x) which converges uniformly to

−a(x)Dα
x g(x) by Lemma 9.2.9. This completes the proof of the proposition.

�
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Proposition 2.14. Let (Kε(x, y))ε∈R+ be a family of regularising kernels on
X ×X. The following are then equivalent.

(∗∗)



For any differential operator P on X

sup
x∈X

∣∣∣ ∫
X

(
(P (x,Dx)− P ∗(y,Dy))Kε(x, y)

)
f(y)ω(y)

∣∣∣ −→ 0

as ε tends to 0. This convergence is uniform with respect to f
on any bounded set in D0(X).

(∗∗′)



For any chart domain and any multi-index α

sup
x∈X

∣∣∣ ∫
X

(
(Dα

x + (−1)|α|+1Dα
y )Kε(x, y)

)
f(y)ω(y)

∣∣∣ −→ 0

as ε tends to 0. This convergence is uniform with respect to f
on any bounded set in D0(X) whose functions are supported
on the domain of a local chart.

Proof. Repeat the proof of Proposition 2.13, noting that it is still possible
to use a partition of unity because the functions in a bounded set are all
supported on some fixed compact set, and use the results of Lemma 2.12 on
the uniformity of the convergence. �

We have therefore proved the following result.

Theorem 2.15. Let (Kε(x, y))ε∈R+ be a family of regularising kernels on
X ×X.

• If the equivalent conditions (∗) and (∗′) hold then the family (Tε)ε∈R+ of
regularisations of T converges weakly to T in D′0(X).

• If the equivalent conditions (∗∗) and (∗∗′) hold then the family (Tε)ε∈R+

of regularisations of T converges strongly to T in D′0(X).

We will finish this section by constructing regularising operators whose
kernels are regularising kernels as in Definition 2.5 which satisfy conditions
(∗) and (∗∗). This construction is due to de Rham ([Rh], §15).

Consider a locally finite countable cover of X by chart domains (Ui)i∈N
which are homeomorphic to Rn. Let hi be a homeomorphism from Ui to Rn.
We can then find an open cover of X by open sets Vi b Ui and C∞ functions fi
with compact support contained in Ui such that fi ≡ 1 on V i (cf. Appendix A,
Lemmas 2.1 and 2.2). If T is a distribution on X then set Ri,εT = Ri,εfiT +
(1 − fi)T , where Ri,ε = h∗i rεhi∗ and rε is the convolution on Rn by the
function θε of Section 2.A. In a neighbourhood of any compact set of X
the sequence of operators Ri(ε) = Ri,ε ◦ · · · ◦ R1,ε is stationary. We set
Rε = limi→∞Ri(ε).

The regularising operators constructed by this method are called the
de Rham regularising operators.
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As an example, consider a manifold with an atlas consisting of two charts.
Then,

RεT = R1,εR2,εT = R1,εf1R2,εf2T +R1,εf1(1− f2)T

+ (1− f1)R2,εf2T + (1− f1)(1− f2)T,

where the last term in the sum vanishes. The kernel associated to the opera-
tor Rε can be written as

Kε(x, z) =
∫
X

K1,ε(x, y)f1(y)K2,ε(y, z)f2(z)dy

+K1,ε(x, z)f1(z)(1− f2(z)) + (1− f1(x))K2,ε(x, z)f2(z),

where Ki,εi is the kernel associated to the image under hi of convolution
with θεi .

The following theorem was proved by de Rham (Theorem 12, [Rh], §15).

Theorem 2.16. Let (Rε)ε>0 be a family of de Rham regularising operators
and let T ∈ D′0(X) be a distribution on X. Then:

1) RεT is a C∞ function on X,
2) The support of RεT is contained in any given neighbourhood of the support

of T for small enough ε,
3) RεT converges both weakly and strongly to T as ε tends to 0.

We leave it to the reader to check that the kernelsKε, ε ∈ R+, associated to
the operators Rε form a regularising family of operators satisfying conditions
(∗) and (∗∗).

C. Regularising currents

To regularise currents on X we simply replace the kernels in Section B by C∞
differential forms on X×X supported on a fundamental system of neighbour-
hoods (Uε)ε>0 of the diagonal ∆ ⊂ X × X. Let (ψε)ε∈R+ be such a family.
If ϕ ∈ Dp(X) is a compactly supported C∞ differential form on X and π1

and π2 are the two projections X ×X → X then we set

ϕε = (−1)np(π1)∗(ψε ∧ π∗2ϕ).

If, moreover, the support of ϕ is contained in a chart domain U and ε is chosen
small enough that π−1

2 (U)∩Uε is contained in a chart domain of X ×X then

ϕ(x) =
∑
|I|=p

ϕI(x)dxI for any x ∈ U

ψε(x, y) =
∑
I,J

Kε,I,J(x, y)dxI ∧ dyJ on π−1
2 (U) ∩ Uε,
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and hence

ϕε(x) =
∑

|I|=p,I∩J=∅
I∪J={1,...,n}

σ(τ)
(∫

U

Kε,I,J(x, y)ϕI(y)dy
)
dxI ,

where σ(τ) is the signature of the permutation (I, J) 7→ (1, . . . , n) and dy is
the differential form dy1 ∧ · · · ∧ dyn.

Reasoning as in Section B we get the following theorem.

Theorem 2.17. Let (ψε)ε>0 be a family of C∞ differential forms on X ×X
with proper support in a fundamental system of neighbourhoods of the diagonal
∆ ⊂ X ×X such that, for every chart on X ×X,

ψε(x, y) =
∑

I∪J={1,...,n}
I∩J=∅

Kε,I,J(x, y)dxI ∧ dyJ ,

where the functions Kε,I,J have the two following properties: firstly, con-
dition (∗∗′) of Proposition 2.13 holds and secondly, the functions (x 7→∫
X
Kε,I,J(x, y)dy) converge uniformly on any compact subset of the chart of

definition to the constant function 1 as ε tends to 0 in R+. If T ∈ D′p(X)
is a degree p current on the manifold X then consider the family (Tε)ε∈R+ of
regularisations of T defined by 〈Tε, ϕ〉 = 〈T, ϕε〉 for any ϕ ∈ Dn−p(X), where
ϕε is the regularisation of ϕ by ψε. This family then converges to T in both
the weak and strong topologies on D′p(X) as ε tends to 0 in R+.

Proof. By definition of the strong topology on D′p(X) it will be enough to
prove that the family (ϕε)ε∈R+ of regularisations of ϕ converges to ϕ and this
convergence is uniform with respect to ϕ over any bounded set in Dn−p(X).
Let (Ui)i∈I be a cover of X by chart domains in X and let (χi)i∈I be a
partition of unity subordinate to this cover. If B is a bounded set in Dn−p(X)
and ϕ ∈ B then we set ϕi = χiϕ. As the functions ϕ are all supported on
the same compact subset of X we can write ϕ =

∑
i∈I′ ϕi, where I ′ is a finite

subset of I which is independent of ϕ ∈ B. We obtain the desired result by
linearity on applying Proposition 2.11 to each of the functions ϕi. �

Definition 2.18. If (ψε)ε∈R+ is a family of double differential forms satisfying
the hypotheses of Theorem 2.17 then the operators Rε mapping D′•(X) to
itself defined by 〈RεT, ϕ〉 = 〈T, ϕε〉 for any T ∈ D′•(X) and ϕ ∈ D•(X) are
called regularising operators. Here, the functions ϕε are the regularisations
of ϕ obtained using the kernels ψε.

3 Kronecker index of two currents

Throughout the following, X is an n-dimensional C∞ differentiable manifold.
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Definition 3.1. If T and S are two currents on X such that d◦T + d◦S = n,
we will say that the Kronecker index of T and S, K(T, S), is defined in de
Rham’s sense if for any choice of families of regularising operators (Rε)ε>0

and (R′ε′)ε′>0 commuting with the operator d the quantity 〈RεT ∧ R′ε′S, 1〉
has a limit as ε and ε′ tend to 0 which is independent of the choice of (Rε)ε>0

and (R′ε′)ε′>0. If this is the case then we denote this limit by K(T, S).

If X = Cn then we can choose our regularising operators to be the oper-
ators associated to the convolution kernels defined in Section 2.A. If X is a
manifold then the de Rham regularising operators commute with the opera-
tor d (cf. [Rh], §15, Prop. 1).

Remarks.

1) The map (T, S) 7→ K(T, S) is bilinear.
2) If one of the two currents T or S is a C∞ differential form and either the

support of T or the support of S is compact then the Kronecker index
K(T, S) of T and S exists and is equal to 〈T ∧ S, 1〉. (This follows from
the convergence properties of regularisations in D•(X) and D′•(X) for the
strong topology.)

3) If the supports of T and S do not meet and T or S has compact support
then K(T, S) is well defined and is equal to 0. Indeed, if ε and ε′ are small
enough then RεT and R′ε′S will have disjoint support and it follows that
RεT ∧R′ε′S = 0.

We will now give some sufficient conditions for the Kronecker index of two
currents to exist.

Definition 3.2. The singular support of a current is the complement of the
set of points which have a neighbourhood in which the current is defined by
a C∞ differential form. We denote by SS(T ) the singular support of the
current T .

If T ∈ D′•(X) is a current on X and U is a neighbourhood of the singular
support of T then we can write T = T ′+T ′′, where T ′ is a current supported
on U and T ′′ is a C∞ differential form on X – simply set T ′ = ρT and
T ′′ = (1− ρ)T , where ρ is a positive C∞ function supported on U and equal
to 1 in a neighbourhood of the singular support of T .

Proposition 3.3. If T and S are two currents on X such that d◦T+d◦S = n,
at least one of which is of compact support and whose singular supports do
not meet, then the Kronecker index K(T, S) of T and S is well defined.

Proof. Under the hypotheses of the proposition there are decompositions T =
T ′ + T ′′ and S = S′ + S′′ such that T ′′ and S′′ are C∞ differential forms and
the supports of T ′ and S′ do not meet. We can then apply 1), 2) and 3) of
the above remark to get K(T, S) = K(T ′, S′′) +K(T ′′, S′) +K(T ′′, S′′). �
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Proposition 3.4. Let T and S be two currents on X such that d◦T + d◦S =
n − 1, at least one of which has compact support. If K(bT, S) or K(T, dS)
exists then then other also exists and they are equal, i.e.

K(bT, S) = K(T, dS).

Proof. Since the regularising operators Rε and R′ε′ commute with d and there-
fore with b,

〈RεbT,R′ε′S〉 = 〈bRεT,R′ε′S〉 = 〈RεT, dR′ε′S〉 = 〈RεT,R′εdS〉

and the result follows. �

Application. Proposition 3.4 enables us to extend Stokes’ theorem to a domain
D b X with C1 boundary and a differential form ω ∈ Cn−1(D) such that dω,
calculated as a current, is continuous on D. Indeed, setting T = [D] and
S = ω we see that K(bT, S) exists and is equal to

∫
bD
ω and it follows that∫

bD
ω =

∫
D
dω.

Theorem 3.5. Let T and S be two currents on X such that d◦T + d◦S = n,
at least one of which has compact support. The Kronecker index K(T, S) of
the currents T and S exists if

SS(T ) ∩ SS(bS) = ∅ and SS(bT ) ∩ SS(S) = ∅.

Remark. We deduce from Theorem 3.5 that the Kronecker index of T and S
exists whenever T is closed with compact support and S is closed.

To prove Theorem 3.5, we need a parametrix of the operator d which does
not increase the singular support. The parametrix presented below is due to
J.B. Poly.

Proposition 3.6. If T is a current on X then there are operators A and R
such that

1) T −RT = dAT +AdT
2) A does not increase the singular support and R is regularising.

Proof. We start with the case X = Rn. Denote by δ the operator on D′(Rn)
defined as follows: if the current T ∈ D′(Rn), considered as a differential form
with distribution coefficients can be written as T =

∑′
I TIdxI , where

∑′
I

denotes
∑
I=(i1,...,ik)
i1<···<ik

then we set

δT = −
∑
J

′∑
i

∂

∂xi
TiJdxJ .
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Note that dδ + δd = −∆, where ∆ is the usual Laplacian ∆ =
∑n
i=1 ∂

2/∂x2
i .

Let E be the elementary solution to the Laplacian ∆:

E =


1

(n− 2)snrn−2
if n > 3,

1
2π log r if n = 2,
r/2 if n = 1,

where r = (x2
1 + · · ·+ x2

n)1/2 and sn is the area of the unit sphere in Rn.
For any compactly supported current S on Rn we set GS = −E ∗ S

and KS = δGS. If S (considered as a differential form with distribution
coefficients) can be written as S =

∑′
I SIdxI then the convolution product

GS = E ∗ S can be written as GS = −
∑′
I E ∗ SIdxI whence we get the

following expression for KS

KS =
∑
J

′∑
i

∂E

∂xi
∗ SiJdxJ .

The operator K : E ′(Rn)→ D′(Rn) thus defined has the following properties.

a) S = dKS +KdS since S = −∆GS = dδGS + δdGS = dδGS + δGdS.
b) K does not increase the singular support. Indeed, ∆ is elliptic and it

follows that GS is C∞ outside of the singular support of S.

Let us return to the case where X is a manifold. Since X is a countable
union of compact sets, there is a countable locally finite cover of X by chart
domains Wi b X. By Lemmas 2.3 and 2.1 of Appendix A, we can therefore
find a cover of X by open sets Vi such that Vi bWi and C∞ functions ηi with
compact support in Wi such that ηi = 1 in a neighbourhood of Vi. For any
current T on X, we set

AiT = ηiK(ηiT )

(where by abuse of notation we consider Wi as an open set in Rn), and

RiT = T − dAiT −AidT
= T − (ηi)2T + ηiK(dηi ∧ T )− dηi ∧K(ηiT ).

(To be completely rigorous we should consider the chart (Wi, hi) in X and
define the operator Ai by AiT = ηi(h−1

i )∗
(
K(hi)∗(ηiT )

)
. The reader can

easily check that the identification of Wi and its image under hi in Rn does
not change any of the properties of Ai but greatly simplifies the notation.)

The operators Ai and Ri have the following properties

a) T = dAiT + AidT + RiT by construction, from which it follows that
dRiT = RidT .

b) Ai and Ri do not increase the singular support. Moreover, RiT is C∞ on
Vi – indeed RiT and K(dηi ∧ T ) are equal on Vi, and since K does not
increase the singular support, K(dηi ∧ T ) is C∞ on Vi because dηi ∧ T
vanishes on Vi.
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We set Ak = AkRk−1 · · ·R1 and Rk = RkRk−1 · · ·R1. Since the cover
(Wi) is locally finite, it is easy to show that

RT = lim
k→∞

RkT and AT = lim
k→∞

AkT

exist since RkT is stationary on any open set U b X and AkT vanishes as
soon as k is large enough. The operators A and R have the desired properties:

a) We have
Rk−1T −RkT = (1−Rk)Rk−1T

= (dAk +Akd)Rk−1T

= dAkT +AkdT

since Ri and d commute, and summing it follows that

T −RT = dAT +AdT.

b) A does not increase the singular support since Ak does not increase the
singular support. The operator R is regularising since RkT is C∞ on Vi
whenever k > i.

Proof of Theorem 3.5. By Proposition 3.6, T and S have the following de-
compositions:

T = RT + dAT +AdT

S = RS + dAS +AdS.

We set
T1 = RT, T2 = dAT, T3 = AdT

S1 = RS, S2 = dAS, S3 = AdS.

By linearity, K(T, S) exists if each of the K(Ti, Sk) for i, k = 1, 2, 3 exists. We
note that Ti is a compactly supported current for i = 1, 2, 3. The current T1

is a C∞ form because R is regularising. It follows that K(T1, Sk) is defined
for k = 1, 2, 3. As the current S1 is a C∞ form, K(Ti, S1) exists for i = 1, 2, 3.
For i = k = 2, we apply Proposition 3.4 and we get K(T2, S2) = 0. The cases
i = 2 and k = 3, i = 3 and k = 2 and i = k = 3 follow from Proposition 3.3
because the operators d and A do not increase the singular support. �

Corollary 3.7 (Stokes’ formula for the Kronecker index). Let T and S
be two currents on X such that d0T + d0S = n− 1, at least one of which has
compact support. If

SS(bT ) ∩ SS(bS) = ∅

then the Kronecker indices K(bT, S) and K(T, bS) exist and

K(bT, S) = (−1)d
0S−1K(T, bS).

Proof. This follows immediately from Theorem 3.5 and Proposition 3.4. �
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Example of an application: the Cauchy–Green formula in C. Let D be a
bounded open set in C with C1 boundary containing the origin. Let ψ be
a C∞ function on C. Identifying C with R2 we define degree 1 differential
forms dz and dz by dz = dx+ idy and dz = dx− idy.

For any C∞ function ψ on C we set T = ψ[D] where [D] is the integration
current on D. Then SS(T ) = bD.

If S = 1
2iπdz/z then dS = [0], where [0] is the integration current on the

point manifold 0. Indeed, if ϕ ∈ D0(C) then, by definition of d,

〈dS, ϕ〉 = 〈S, dϕ〉 =
1

2iπ

∫
C

∂ϕ

∂z
(z)

dz ∧ dz
z

since S is defined by the locally integrable differential form 1
2iπdz/z. For any

ε > 0, we set Bε = {z ∈ C | |z| < ε} and then

〈dS, ϕ〉 = lim
ε→0

1
2iπ

∫
CrBε

∂ϕ

∂z
(z)

dz ∧ dz
z

= − lim
ε→0

1
2iπ

∫
CrBε

d
(ϕ(z)
z

dz
)
.

Applying Stokes’ theorem, we get∫
CrBε

d
(ϕ(z)
z

dz
)

= −
∫
∂Bε

ϕ(z)
z

dz

since ϕ has compact support. Moreover,∫
∂Bε

ϕ(z)
z

dz =
∫
∂Bε

ϕ(z)− ϕ(0)
z

dz + ϕ(0)
∫
∂Bε

dz

z
.

As the function ϕ is C∞ and in particular C1 the first integral on the right-
hand side tends to 0 as ε tends to 0. Moreover, we know by Cauchy’s formula
that 1

2iπ

∫
∂Bε

dz/z = 1 for any ε > 0. It follows that

〈dS, ϕ〉 = ϕ(0) = 〈[0], ϕ〉.

Moreover, bT = −dψ ∧ [D] + ψ ∧ [bD] and hence SS(bT ) = SS(T ) = bD:
as we also have SS(bS) = {0} it follows that SS(bT ) ∩ SS(bS) = ∅ since
0 ∈ D.

We can therefore apply Corollary 3.7 and we get

K(bT, S) = K
(
− dψ ∧ [D] + ψ ∧ [bD],

1
2iπ

dz

z

)
= − 1

2iπ

∫
D

dψ ∧ dz
z

+
1

2iπ

∫
bD

ψ(z)
dz

z

=
1

2iπ

(∫
bD

ψ(z)
dz

z
+
∫
D

∂ψ

∂z
(z)

dz ∧ dz
z

)
.

K(T, dS) = K(ψ[D], [0]) = 〈ψ, [0]〉 = ψ(0).

Finally, it follows that

ψ(0) =
1

2iπ

(∫
bD

ψ(z)
z

dz +
∫
D

∂ψ

∂z
(z)

dz ∧ dz
z

)
.
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Geometric interpretation of the Kronecker index. We state the following result
without proof: the interested reader will find more details and better sufficient
conditions for the existence of the Kronecker index of two currents in [Rh, §20]
and [L-T1].

If Y and Z are two p- and (n − p)-dimensional closed oriented subman-
ifolds of X which meet transversally such that either Y or Z is a compact
submanifold of X, then the integration currents [Y ] and [Z] on Y and Z are
closed and therefore satisfy the hypotheses of Theorem 3.5. Then

K([Y ], [Z]) = 〈[Y ∩ Z], 1〉.

Here Y ∩Z contains a finite number of points and 〈[Y ∩Z], 1〉 is equal to the
number of points of Y ∩Z where the orientations of Y and Z coincide minus
the number of points where they differ. More generally, if Y and Z are two
closed oriented submanifolds of X of dimensions p and q respectively which
meet transversally in such a way that Y ∩ Z is a submanifold of X and ϕ is
a C∞ differential form of degree p+ q − n with compact support on X, then

K([Z], [Y ] ∧ ϕ) = 〈[Z ∩ Y ], ϕ〉.

4 Complex analytic manifolds

When studying holomorphic functions, it is natural to try to introduce objects
which play the role in the holomorphic setting which is played by differentiable
manifolds in the differential setting, that is, objects which locally inherit the
analytic properties of open sets in Cn.

Definition 4.1. Let X be a topological space. A complex atlas on X is a
set of charts (U,ϕ) such that the domains U form an open cover of X and
the maps ϕ are homeomorphisms from U to an open set in Cn satisfying the
holomorphic compatibility condition: if U ∩ U ′ 6= ∅ then the map

ϕ′ ◦ ϕ−1 : ϕ(U ∩ U ′) −→ ϕ′(U ∩ U ′)

is a biholomorphic map between two open sets in Cn. We say that two complex
atlases are compatible if their union is also a complex atlas. Compatibility is
an equivalence relation.

Definition 4.2. A complex analytic manifold is a Hausdorff topological space
which is a countable union of compact sets equipped with an equivalence class
of complex atlases.

For any complex analytic manifold X, any point of x ∈ X and any chart
(U,ϕ) in a neighbourhood of x the map ϕ is a homeomorphism from U to
an open set in some Cn and the number n is called the complex dimension
of X at x. (Of course, exactly as for differentiable manifolds, the number n
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is independent of the choice of chart (U,ϕ) in a neighbourhood of x.) We
say that X is a complex analytic manifold of dimension n if for any x ∈ X
the complex dimension of X at x is n. If X and Y are two complex analytic
manifolds then a map f : X → Y is said to be holomorphic if it is continuous
and for any pair of charts (U,ϕ) and (V, Ψ) of X and Y such that f(U) ⊂ V ,
the map ψ ◦ (f

∣∣
U

) ◦ ϕ−1 : ϕ(U) → ψ(V ) is holomorphic. When Y = C such
a map will be called a holomorphic function. Of course, exactly as for Cq
maps, holomorphy can be checked on all the charts of some given atlas only.
We denote the vector space of complex-valued holomorphic functions on X
by O(X).

Definition 4.3. Let (U,ϕ) be a chart of a complex analytic manifold. The
function ϕ is then a holomorphic map from U to Cn and we can write ϕ(x) =
(z1(x), . . . , zn(x)) where the zj : U → C (j = 1, . . . , n) are holomorphic
functions on U . The functions (z1, . . . , zn) are then called the holomorphic
coordinates of X on U defined by the chart (U,ϕ).

Remark. It is clear that any n-dimensional complex analytic manifold X has
a natural 2n-dimensional C∞ differentiable manifold structure. The tan-
gent and cotangent spaces TxX and T ∗xX of X at x are therefore well de-
fined. In particular, we have a space CT ∗xX of complex-valued differen-
tial 1-forms at x ∈ X which is the dual of the complexified space CTxX
of TxX (cf. Appendix A, §4). Let us look at what happens in a chart
(U,ϕ) in a neighbourhood of x whose local coordinates are (z1, . . . , zn) where
zj = xj + iyj , j = 1, . . . , n. The family {(dx1)x, (dy1)x, . . . , (dxn)x(dyn)x}
is then a basis for CT ∗xX and the corresponding dual basis in CTxX is
{(∂/∂x1)x, (∂/∂y1)x, . . . , (∂/∂xn)x, (∂/∂yn)x}. It is often more convenient
to consider the basis

{(dz1)x, (dz1)x, . . . , (dzn)x, (dzn)x}

in CT ∗xX and the associated dual basis in CTxX which we denote by{( ∂

∂z1

)
x
,
( ∂

∂z1

)
x
, . . . ,

( ∂

∂zn

)
x
,
( ∂

∂zn

)
x

}
.

By definition,

(dzj)x
(( ∂

∂zk

)
x

)
= δjk, (dzj)x

(( ∂

∂zk

)
x

)
= 0,

(dzj)x
(( ∂

∂zk

)
x

)
= 0 and (dzj)x

(( ∂

∂zk

)
x

)
= δjk.

If f is a complex-valued C1 function on a neighbourhood of x in X then
its differential dfx defines an element of T ∗xX which by definition of a dual
basis can be written as

(df)x =
n∑
j=1

∂f

∂xj
(x)(dxj)x +

∂f

∂yj
(x)(dyj)x
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or alternatively

(df)x =
n∑
j=1

∂f

∂zj
(x)(dzj)x +

∂f

∂zj
(x)(dzj)x

depending on our choice of basis. An easy calculation shows that( ∂

∂zj

)
x

=
1
2

(( ∂

∂xj

)
x
− i
( ∂

∂yj

)
x

)
and

( ∂

∂zj

)
x

=
1
2

(( ∂

∂xj

)
x

+ i
( ∂

∂yi

)
x

)
which agrees with the definition given in Chapter I.

We further note that the construction of the complexifications of T ∗xX
and TxX – in other words the construction of complex-valued forms – does
not involve the complex structure on X and can be carried out for any dif-
ferentiable manifold. We have only used the complex structure on X when
writing certain expressions in local coordinates.

We end this section by proving that any complex analytic manifold is
orientable. Let X be a complex analytic manifold of dimension n. By Propo-
sition 6.2 of Appendix A, X is orientable if it has a C∞ atlas, (Ui, hi)i∈I , such
that, for any i, j ∈ I,

dij(x) = det
[
J(hi ◦ h−1

j )(hj(x))
]
> 0 for any x ∈ Ui ∩ Uj .

Consider a complex atlas (Uj , ϕj)j∈J on X. If ϕj = hj + ikj then the set
(Uj , (hj , kj))j∈J is a C∞ atlas on X such that, for any x ∈ Ui ∩ Uj ,

dij(x) = det

∣∣∣∣∣J(ϕi ◦ ϕ−1
j )(x) 0

0 J(ϕi ◦ ϕ−1
j )(x)

∣∣∣∣∣ = |J(ϕi ◦ ϕ−1
j )|2(x) > 0.

Any complex analytic manifold X is therefore orientable. Throughout the
rest of this book all complex analytic manifolds will be equipped with the
following orientation: given a complex atlas (Ui, ϕi)i∈I on X, we consider the
holomorphic coordinates (z1, . . . , zn) associated to the chart (Ui, ϕi) and we
choose the orientation associated to the 2n-differential form

dz1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn

which is simply the orientation defined by

dx1 ∧ · · · ∧ dxn ∧ dy1 ∧ · · · ∧ dyn,

where zj = xj + iyj .

5 Complex structures

Let X be a complex analytic manifold of dimension n. We will show that
at any point x ∈ X the real vector space T ∗xX has a natural C-vector space
structure.
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We start by considering the case where X = Cn. Cn can be naturally
identified with R2n as a C∞ manifold, so TxCn = TxR2n = R2n = Cn, where
the last equality is just the natural identification of Cn and R2n. Identifying
TxCn with Cn imposes a C vector space structure on TxCn. Let us examine
this identification more carefully. We denote the multiplication by i map by
J : TxCn → TxCn; it is an R-linear map such that J2 = − Id. In the standard
basis {( ∂

∂x1

)
x
,
( ∂

∂y1

)
x
, . . . ,

( ∂

∂xn

)
x
,
( ∂

∂yn

)
x

}
,

for TxCn = TxR2n, we have J(( ∂
∂xj

)x) = ( ∂
∂yj

)x and J(( ∂
∂yj

)x) = −( ∂
∂xj

)x,
1 6 j 6 n. It follows that

(a+ ib)ν = aν + bJ(ν).

for any ν ∈ TxCn and any complex number a+ ib ∈ C
The homogeneous Cauchy–Riemann equations, which encode the C-

linearity at x of (df)x for any holomorphic function germ f , can be written
as

(df)x(Jν) = i(df)x(ν) for any ν ∈ TxCn.
Remark. This relationship between the complex structure on TxCn and holo-
morphic functions implies that J is independent of the choice of coordinates
on Cn. We can therefore define J on the tangent space of a complex analytic
manifold.

Theorem 5.1. Let X be a complex analytic manifold. For any x ∈ X, there
is a unique R-linear map J = Jx : TxX → TxX such that, for any holomorphic
function germ at x,

(df)x(Jν) = i(df)x(ν) for every ν ∈ TxX.

Moreover, J2 = − Id and setting (a + ib)ν = aν + bJ(ν) for any a + ib ∈ C
and ν ∈ TxX yields a complex vector space structure on TxX.

Proof. We start by proving that if J exists then it is unique.
Let (z1, . . . , zn) be a system of holomorphic coordinates in a neighbour-

hood of x ∈ X and let (x1, y1, x2, y2, . . . ,xn, yn) be the underlying real coor-
dinates. Then, for any j = 1, . . . , n, (dzj)x = (dxj)x+ i(dyj)x or alternatively
(dxj)x = Re(dzj)x and (dyj)x = Im(dzj)x.

We now calculate J( ∂
∂xk

)x for k = 1, . . . , n. We have

J
( ∂

∂xk

)
x

=
n∑
j=1

[
dxj

(
J
( ∂

∂xk

))] ∂

∂xj
+
[
dyj

(
J
( ∂

∂xk

))] ∂

∂yj
.

As zj is holomorphic, dzj( ∂
∂xk

)x = δjk, and

dxj

(
J
( ∂

∂xk

)
x

)
= Re dzj

(
J
( ∂

∂xk

)
x

)
= Re idzj

( ∂

∂xk

)
x

= Re iδjk = 0,

dyj

(
J
( ∂

∂xk

)
x

)
= Im dzj

(
J
( ∂

∂xk

)
x

)
= Im idzj

( ∂

∂xk

)
x

= δjk.



48 II Currents and complex structures

It follows that J( ∂
∂xk

)x = ( ∂
∂yk

)x and likewise J( ∂
∂yk

)x = −( ∂
∂xk

)x and hence J
is unique.

We now define the map J by the above equations with respect to some
chosen set of holomorphic coordinates (z1, . . . , zn). We saw above for Cn
that J then has the desired properties and the fact that any map having
these properties is unique implies that the map J thus defined is independent
of our choice of holomorphic coordinates. �

We now consider the link between the complex structures on TxX and
CTxX. The map J : TxX → TxX is R-linear and J2 = − Id. This map
therefore has no real eigenvalues and if we want to diagonalise it we have to
consider the natural extension of J to a C-linear map, also denoted J , from
CTxX to itself. This extension then has two eigenvalues, i and −i. We denote
the eigenspace associated to i by T 1,0

x X and the eigenspace associated to −i
by T 0,1

x X: we then have

CTxX = T 1,0
x X ⊕ T 0,1

x X.

If (z1, . . . , zn) is a system of holomorphic coordinates in a neighbourhood of x
then the vectors (( ∂

∂z1
)x, . . . , ( ∂

∂zn
)x) form a basis for T 1,0

x X and the vectors
(( ∂
∂z1

)x, . . . , ( ∂
∂zn

)x) form a basis of T 0,1
x X.

We note that TxX with the C-vector space structure defined by J is nat-
urally isomorphic to T 1,0

x X via the map sending ν to 1
2 (ν − iJ(ν)). This

map sends the family (( ∂
∂x1

)x, . . . , ( ∂
∂xn

)x) – which is a basis for TxX as a
C-vector space – to the basis (( ∂

∂z1
)x, . . . , ( ∂

∂zn
)x) of T 1,0

x X and is therefore
an isomorphism.

We define T 1,0(X) to be the disjoint union of the spaces T 1,0
x (X) for all

x ∈ X and we denote the natural projection from T 1,0(X) to X by p.

Definition 5.2. Let X be a complex analytic manifold and let A be an open
set in X. A field of holomorphic vectors on A is a map V : A→ T 1,0(X) such
that p ◦ V = Id.

6 Differential forms of type (p, q)

Let X be a complex analytic manifold of dimension n and let x be a point
in X. The fact that TxX has a complex vector space structure leads us to
give special consideration to those elements in CTxX which are C-linear with
respect to this structure.

We define the space of differential 1-forms of type (1, 0) at x by

Λ1,0(T ∗xX) = {ω ∈ CT ∗xX | ω(Jν) = iω(ν),∀ ν ∈ CTxX}.

Example. The differentials (df)x of germs of holomorphic functions at x are
of type (1, 0) by definition of J .
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If (z1, . . . , zn) are local holomorphic coordinates defined in a neighbour-
hood of x then the family ((dz1)x, . . . , (dzn)x) forms a basis for Λ1,0(T ∗xX).
The conjugate space Λ0,1T ∗xX = Λ1,0T ∗xX, which has a basis given in these
coordinates by ((dz1)x, . . . , (dzn)x), is the space of forms of type (0, 1) at x.
There is a direct sum decomposition

(6.1) CT ∗xX = Λ1,0T ∗xX ⊕ Λ0,1T ∗xX.

We now consider forms of higher degree. If ω is a complex-valued differ-
ential form of degree r then it is a linear combination of elements of the form
ω1∧· · ·∧ωr where ωj ∈ CT ∗xX. By (3.1), each ωj , 1 6 j 6 r, can be written in
the form ω′j + ω′′j , where ω′j ∈ Λ1,0T ∗xX and ω′′j ∈ Λ0,1T ∗xX. It follows that ω
is a linear combination of elements of the form η1 ∧ · · · ∧ ηr where each ηj is
either of type (0, 1) or of type (1, 0).

We say that ω is a differential form of type (p, q) or bidegree (p, q) at x if ω
is a linear combination of elements of the form ωi1 ∧ · · · ∧ωip ∧ωj1 ∧ · · · ∧ωjq
where all the ων are 1-forms of type (1, 0) at x.

We denote by Ckp,q(X) the subspace of Ckp+q(X) consisting of (p + q)-
differential forms which are of type (p, q) at every point. We then have a
direct sum decomposition

Ckr (X) =
⊕
p+q=r

Ckp,q(X).

Note that Ckp,q(X) = {0} if p or q > n = dimC X.
If (z1, . . . , zn) are holomorphic coordinates on a chart domain U ⊂ X then

dzj ∈ C∞1,0(U) for any j = 1, . . . , n and any (p, q)-form ω ∈ Ckp,q(U) can then
be written uniquely in the form

ω =
∑
|I|=p
|J|=q

aIJdzI ∧ dzJ ,

where the aIJ are Ck functions on U and the sum is taken over strictly in-
creasing multi-indices I = (i1, . . . , ip) and J = (j1, . . . , jq).

7 The ∂ operator and Dolbeault cohomology

The decomposition of differential 1-forms on a complex analytic manifold
into type (0, 1) and type (1, 0) forms induces a natural decomposition of the
exterior differential operator d into a holomorphic differential operator and
an antiholomorphic differential operator.

Let X be a complex analytic manifold of dimension n. If f is a C1 function
on X then, for any x ∈ X,

(df)x =
n∑
j=1

∂f

∂zj
(x)(dzj)x +

n∑
j=1

∂f

∂zj
(x)(dzj)x.
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We can therefore write df = ∂f + ∂f where ∂f is a differential form of
type (1, 0) on X and ∂f is a differential form of type (0, 1) on X. We note
that the condition f ∈ O(X) is then equivalent to ∂f = 0.

The decomposition d = ∂ + ∂ can be extended to forms of any degree in
the following way. Suppose that ω ∈ C1p,q(X) is given in some local system
of holomorphic coordinates (z1, . . . , zn) in a neighbourhood of x ∈ X, by
ω =

∑
|I|=p
|J|=q

aIJdzI ∧ dzJ . By definition of d,

dw =
∑
|I|=p
|J|=q

d(aIJ) ∧ dzI ∧ dzJ =
∑
|I|=p
|J|=q

(∂aIJ + ∂aIJ) ∧ dzI ∧ dzJ .

We then set

∂ω =
∑
|I|=p
|J|=q

∂(aIJ)dzI ∧ dzJ =
∑
|I|=p
|J|=q

n∑
k=1

∂

∂zk
aIJdzk ∧ dzI ∧ dzJ

and

∂ω =
∑
|I|=p
|J|=q

∂(aIJ)dzI ∧ dzJ =
∑
|I|=p
|J|=q

n∑
k=1

∂aIJ
∂zk

dzk ∧ dzI ∧ dzJ .

We have therefore defined operators ∂ and ∂ on C1p,q(X) such that ∂(C1p,q(X))
is contained in Cp+1,q(X) and ∂(C1p,q(X)) is contained in Cp,q+1(X)

Proposition 7.1. The operators ∂ and ∂ have the following properties:

a) d = ∂ + ∂ on C1• (X),
b) ∂ ◦ ∂ = 0, ∂ ◦ ∂ = 0 and ∂ ◦ ∂ + ∂ ◦ ∂ = 0 on C2•,•(X),
c) ∂ and ∂ commute with pullback.

Proof. Property a) follows immediately from the definitions of ∂ and ∂.
Consider an element ω ∈ C2p,q(X). As d ◦ d = 0 and d = ∂ + ∂,

0 = (∂ + ∂) ◦ (∂ + ∂)ω = (∂ ◦ ∂)ω + (∂ ◦ ∂ + ∂ ◦ ∂)ω + (∂ ◦ ∂)ω.

But (∂ ◦ ∂)ω is now of type (p+ 2, q), (∂ ◦ ∂ + ∂ ◦ ∂)ω is of type (p+ 1, q + 1)
and (∂ ◦ ∂)ω is of type (p, q + 2). It follows that each of the terms vanishes
since their sum vanishes.

Let F : X → Y be a holomorphic map: note that if (ζ1, . . . , ζn) are
holomorphic coordinates in a neighbourhood of a point y ∈ Y then F ∗ζj =
ζj ◦ F is a holomorphic function in a neighbourhood of x = F−1(y) and
hence F ∗(dζj) = d(ζj ◦ F ) is a (1, 0) form and F ∗(dζj) = d(ζj ◦ F ) is a (0, 1)
form. Using local coordinates, this implies that F ∗(Ckp,q(X)) ⊂ Ckp,q(X) for all
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p, q > 0 and k > 0. Since Proposition 8.4 of Appendix A says that dF ∗ = F ∗d,
we can write

∂(F ∗ω) + ∂(F ∗ω) = d(F ∗ω) = F ∗(dω) = F ∗(∂ω) + F ∗(∂ω)

for any ω ∈ Cp,q(Y ), where the last equality holds because F ∗ is linear. Com-
paring bidegrees, we see that ∂(F ∗ω) = F ∗(∂ω) and ∂(F ∗ω) = F ∗(∂ω). �

The operator ∂ defined above is called the Cauchy–Riemann operator.
We denote the space of (p, q)-forms of class C∞ on X by Ep,q(X) for any

0 6 p 6 n and 0 6 q 6 n. These spaces are equipped with a Fréchet
space topology which can be characterised as follows: a sequence (ωj)j∈N of
elements in Ep,q(X) converges to 0 if and only if for any chart domain U
in X on which ωj can be written as ωj =

∑
|I|=p
|J|=q

ωjIJdzI ∧ dzJ the sequences

(ωjIJ)j∈N converge to zero uniformly on any compact subset of U and so do
all their derivatives.

The operator ∂ : Ep,q(X)→ Ep,q+1(X) is then a continuous linear operator
and its kernel, denoted by Zp,q(X), is therefore closed.

Definition 7.2. We define the Dolbeault cohomology groups to be the spaces

Hp,q(X) = Zp,q(X)/∂Ep,q−1(X).

These spaces are naturally equipped with the quotient topology which is
not generally Hausdorff because the space ∂Ep,q−1(X) is not always closed. If
∂Ep,q−1(X) is closed then Hp,q(X) is a Fréchet space.

These groups encode the obstruction to solving the Cauchy–Riemann equa-
tions ∂u = f for any f ∈ Zp,q(X).

We end by defining Dolbeault cohomology groups with support conditions.
We denote by c the family of compact subsets of X. For any compact subset K
in a manifold M , Φ denotes the family of closed sets in X = M r K whose
closure is compact in M and Ψ denotes the family of closed sets in M which do
not meet K: for simplicity we let Θ be one of these three families. The space
Ep,qΘ (X) is then the space of C∞ (p, q)-forms on X whose support is contained
in the family Θ. If θ ∈ Θ, we denote by Ep,qθ (X) the subspace of Ep,q(X)
consisting of (p, q)-forms supported on θ. Then Ep,qΘ (X) =

⋃
θ∈Θ E

p,q
θ (X). We

note that if Θ is one of the three families c, Φ or Ψ then X has an exhaustion

(θi)i∈N by elements of Θ (i.e. X =
⋃
i∈N θi, θi ⊂

◦
θi+1). The spaces Ep,qθ (X)

are closed in Ep,q(X); they are therefore Fréchet spaces and the topology on
Ep,qΘ (X) is the finest topology for which the inclusions Ep,qθi (X) ↪→ Ep,qΘ (X)
are all continuous. The operator ∂ is then a continuous linear operator from
Ep,qΘ (X) to Ep,q+1

Θ (X). We set Zp,qΘ (X) = Zp,q(X) ∩ Ep,qΘ (X).

Definition 7.3. The Dolbeault cohomology groups with support in Θ are the
spaces

Hp,q
Θ (X) = Zp,qΘ (X)/∂Ep,q−1

Θ (X).
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We equip these groups with the quotient topology which is not gener-
ally Hausdorff. They encode the obstruction to solving the Cauchy–Riemann
equation in the class of forms with support in the family Θ.

8 Complex tangent space to the boundary of a domain

When we come to define CR functions (Chapter IV) and pseudoconvex do-
mains (Chapter VI) we will need the properties of the tangent space to the
boundary of a domain with smooth boundary in a complex analytic manifold.
The aim of this section is to study the analytic properties of this space: in
particular, we will consider its interaction with the complex structure of the
surrounding manifold.

We initially only assume that X is a C∞ differentiable manifold.

Definition 8.1. Let D be an open set in X. For any 1 6 k 6 ∞ we say
that D has Ck boundary in a neighbourhood of p ∈ ∂D if there is an open
neighbourhood U of p in X and a real-valued Ck function r ∈ Ck(U) such that

(8.1)

{
U ∩D = {x ∈ U | r(x) < 0}
dr(x) 6= 0, x ∈ U.

We say that ∂D is Ck if it is Ck in a neighbourhood of every point. A func-
tion r ∈ Ck(U) such that (8.1) holds is called a defining function for D at p.
If U is a neighbourhood of ∂D then r is called a global defining function.

Lemma 8.2. Let r1 and r2 be two defining functions for D which are Ck
on a neighbourhood U of p ∈ ∂D. There is then a strictly positive function
h ∈ Ck−1(U) such that

(8.2)

{
r1 = hr2 on U

dr1(x) = h(x)dr2(x) for all x ∈ U ∩ ∂D.

Proof. Note that h is unique if it exists because it is continuous on U and
equal to r1/r2 on U r ∂D.

Without loss of generality we can assume that U is contained in a chart
domain of X. Consider a point q ∈ U ∩∂D and choose coordinates on U such
that q = 0 and U ∩∂D = {x ∈ Rn | xn = 0}. We can assume that r2(x) = xn.
For any x′ = (x1, . . . , xn−1) close enough to 0, we have r1(x′, 0) = 0 and hence

r1(x′, xn) = r1(x′, xn)− r1(x′, 0) = xn

∫ 1

0

∂r1
∂xn

(x′, txn)dt.

We set h(x) =
∫ 1

0
∂r1
∂xn

(x′, txn)dt; h(x) is then a Ck−1 function on U such that
r1 = hr2 on U .
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If k > 2 then dr1(x) = r2(x)dh(x) + h(x)dr2(x) = h(x)dr2(x) for any
x ∈ U ∩ ∂D.

If k = 1, r1(x) = h(x)r2(x) =
(
h(x) − h(x′, 0)

)
r2(x) + h(x′, 0)r2(x) and

hence r1(x) = h(x′, 0)dr2(x′, 0) + o(xn) as xn tends to 0 since h is continuous
on U and r2(x′, 0) = 0. It therefore follows that dr1(x) = h(x)dr2(x) for any
x ∈ U ∩ ∂D.

It remains to prove that h is strictly positive on U . As h = r1/r2 on
UrD, h is strictly positive on UrD because r1 and r2 are defining functions.
As dr1(x) 6= 0 on U and dr1(x) = h(x)dr2(x) on U ∩ ∂D, h does not vanish
on U ∩ ∂D. As h is continuous on U it is strictly positive on U . �

If D is a domain with Ck boundary in a neighbourhood of p ∈ ∂D then
∂D is a Ck differentiable manifold in a neighbourhood of p. We can therefore
consider the tangent space Tp(∂D) to ∂D at p.

Proposition 8.3. If r is a defining function for D at p then

(8.3) Tp(∂D) = {ξ ∈ Tp(X) | dr(p)(ξ) = 0}.

If (x1, . . . , xn) are local coordinates on X in a neighbourhood of p then
ξ ∈ Tp(∂D) if and only if

ξ =
n∑
j=1

ξj
( ∂

∂xj

)
p

where
n∑
j=1

∂r

∂xj
(p)ξj = 0.

Proof. Let U be a neighbourhood of p such that

∂D ∩ U = {x ∈ U | r(x) < 0} and dr(x) 6= 0 for any x ∈ U.

We denote the inclusion of ∂D ∩ U in X by i. This inclusion induces an
injective map di : Tp(∂D) ↪→ Tp(X) such that if α is a curve in ∂D passing
through p representing the vector ν ∈ Tp(∂D) then ξ = di(ν) is the class of
i ◦α. Since the image of α is contained in ∂D we have r ◦ i ◦α ≡ 0 and hence

dr(p)(ξ) =
d

dt
(r ◦ i ◦ α)(0) = 0

which proves that on identifying Tp(∂D) and di(Tp(∂D))

(8.4) Tp(∂D) ⊂ {ξ ∈ Tp(X) | dr(p)(ξ) = 0}.

As both sides of (8.4) are vector spaces of dimension (n− 1), the inclusion of
(8.4) is in fact an equality. �

Remark. Equation (8.3) shows that we can identify Tp(∂D) with the set of
directional derivatives at p which vanish on r.
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Assume now that X is a complex analytic manifold of dimension n and D
is an open set in X with Ck boundary in a neighbourhood of p ∈ ∂D. The
complex structure on X induces an extra structure on Tp(∂D).

As we have seen above, we can identify Tp(∂D) with a real subspace of
real dimension (2n− 1) in Tp(X). If J is the complex structure on Tp(X) we
can consider JTp(∂D), which is also a real subspace of real dimension (2n−1)
in Tp(X), and hence

TC
p (∂D) = Tp(∂D) ∩ JTp(∂D)

is a real subspace of real dimension (2n−2) in Tp(X) which is stable under J .
This space is therefore a complex subspace of Tp(X) of complex dimension
(n− 1). We note that TC

p (∂D) 6= {0} if and only if n > 2. The space TC
p (∂D)

is called the complex tangent space to ∂D at p. If we identify Tp(X) with
the complex structure J with T 1,0

p (X) then TC
p (∂D) becomes a subspace of

T 1,0
p (X).

Proposition 8.4. If r is a defining function for D at p ∈ ∂D then

TC
p (∂D) = {t ∈ T 1,0

p (X) | ∂r(p)(t) = 0}.

If (z1, . . . , zn) are holomorphic local coordinates for X in a neighbourhood of p
then t ∈ TC

p (∂D) if and only if

t =
n∑
j=1

tj

( ∂

∂zj

)
p
, where

n∑
j=1

∂r

∂zj
(p)tj = 0.

Proof. As the function r is real-valued

dr(p) = ∂r(p) + ∂r(p) = 2 Re ∂r(p).

By definition of TC
p (∂D) = Tp(∂D) ∩ JTp(∂D) and (8.3),

TC
p (∂D) = {t ∈ T 1,0

p (X) | dr(p)(t) = dr(p)(Jt) = 0}.

But now ∂r(p)(Jt) = i∂r(p)(t) since ∂r(p) is a (1, 0) differential form at p and
hence

Re
(
∂r(p)(Jt)

)
= − Im ∂r(p)(t).

It follows that

TC
p (∂D) = {t ∈ T 1,0

p (X) | Re ∂r(p)(t) = Im ∂r(p)(t) = 0}
= {t ∈ T 1,0

p (X) | ∂r(p)(t) = 0}. �

Let CTp(∂D) be the complexification of Tp(∂D). TC
p (∂D) is then an (n−1)-

dimensional subspace of CTp(∂D).
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Definition 8.5. The vector space T 0,1
p (∂D) = TC

p (∂D), the conjugate of
TC
p (∂D) in CTp(∂D), is called the space of tangential Cauchy–Riemann oper-

ators at p ∈ ∂D.

Note that if r is a defining function for ∂D at p and (z1, . . . , zn) are local
holomorphic coordinates on X in a neighbourhood of p then a vector τ ∈
T 0,1
p (∂D) if and only if

τ =
n∑
j=1

τj
( ∂

∂zj

)
p

where
n∑
j=1

∂r

∂zj
(p)τ j = 0.

Example. If n = 2 then T 0,1
p (∂D) is a 1-dimensional C-vector space generated

by

Lp =
∂r

∂z2
(p)

∂

∂z1
− ∂r

∂z1
(p)

∂

∂z2
.

Comments

The theory of currents is developed in Schwarz’s book [Sc] and de Rham’s
book [Rh]. De Rham’s book [Rh] also contains a discussion of regularisations
on manifolds and the Kronecker index and more information on the Kronecker
index can be found in [L-T1]. Whilst writing Sections 4 to 8 of this chapter
the author relied on the sections dealing with similar material in Section 2
of Chapter III and Section 2 of Chapter II of M. Range’s book [Ra]. The
interested reader may consult R. Narasimhan’s book [Na2] for more details.





III

The Bochner–Martinelli–Koppelman kernel
and formula and applications

In this chapter we define one of the fundamental tools of integral representation
theory in complex analysis, namely the Bochner–Martinelli–Koppelman kernel.
This kernel generalises the Cauchy kernel on C to Cn. It enables us to prove
an integral representation formula, the Bochner–Martinelli–Koppelman formula,
which extends Cauchy’s formula to (p, q) differential forms in Cn. This formula
plays an important role in the study of the operator ∂: in particular, we prove
using this formula our first results on the existence of solutions to the Cauchy–
Riemann equation in Cn by considering the case where the data has compact
support. Hartog’s phenomenon, a special case of which was studied in Chapter I,
follows from the existence of a compactly supported solution to the Cauchy–
Riemann equations for n > 2 when the right-hand side of the equation is a
compactly supported form of bidegree (0, 1). The links between the vanishing
of compactly supported Dolbeault cohomology groups in bidegree (0, 1) and
Hartog’s phenomenon will be explored in greater detail in Chapter V. We will
also use the Bochner–Martinelli–Koppelman formula to study the regularity of
the operator ∂ by proving a Hölder hypoellipticity theorem.

1 The Bochner–Martinelli–Koppelman kernel and
formula

For any (ξ, η) ∈ Cn × Cn we set 〈ξ, η〉 =
∑n
j=1 ξjηj . We consider the set E

defined by E = {(ξ, η) ∈ Cn × Cn | 〈ξ, η〉 6= 0} and on the open set E we
define a differential form µ by µ(ξ, η) = 〈ξ, η〉−nω′(ξ) ∧ ω(η) where

ω(η) = dη1 ∧ · · · ∧ dηn and ω′(ξ) =
n∑
j=1

(−1)j−1ξjdξ1 ∧ · · · ∧ d̂ξj ∧ · · · ∧ dξn,

where d̂ξj indicates the suppression of the term dξj .

Lemma 1.1. The differential form µ has the property that dµ = 0 on E.
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Proof. Let us calculate dµ.

dµ = n〈ξ, η〉−nω(ξ) ∧ ω(η)− n〈ξ, η〉−n−1d(〈ξ, η〉) ∧ ω′(ξ) ∧ ω(η).

As d(〈ξ, η〉) ∧ ω′(ξ) ∧ ω(η) = 〈ξ, η〉ω(ξ) ∧ ω(η) it follows that dµ = 0. �

We denote the diagonal in Cn × Cn by ∆. The image of the map ŝ from
Cn × Cn r ∆ to Cn × Cn defined by ŝ(ζ, z) = (ζ − z, ζ − z) is therefore
contained in E. We now consider the differential form ŝ∗µ. This form is C∞
on Cn × Cn r∆ and is closed because µ is closed.

Definition 1.2. The Bochner–Martinelli–Koppelman kernel is the differen-
tial form on Cn × Cn r∆ defined by B = (n−1)!

(2iπ)n ŝ
∗µ. We have

(1.1) B(z, ζ) =
(n− 1)!
(2iπ)n

∑n
j=1(−1)j−1(ζj − zj) ∧

s6=j
(dζs − dzs) ∧ ω(ζ − z)

|ζ − z|2n
.

We set
B =

∑
06p6n
06q6n−1

Bpq ,

where Bpq is of type (p, q) in z and type (n − p, n − q − 1) in ζ. We also set
Bp−1 = 0.

Lemma 1.3. For any (z, ζ) ∈ Cn × Cn r∆

∂B(z, ζ) = 0 and ∂zB
p
q (z, ζ) = −∂ζBpq+1(z, ζ).

In particular, ∂ζB0
0(z, ζ) = 0.

Proof. We denote by kBM(x) the C∞ differential form on Cn minus 0 defined
by kBM(x) = (n−1)!

(2iπ)n µ(x, x). This is an (n, n − 1)-form and hence ∂kBM =
dkBM. We note that B = τ∗kBM where τ is the holomorphic map from Cn×Cn
to Cn given by (z, ζ) 7→ ζ − z: it follows that ∂B = dB. As B = (n−1)!

(2iπ)n ŝ
∗µ

and dµ = 0 we have ∂B = dB = 0. The second formula follows on comparing
bidegrees. �

We can give another expression for B using determinants over algebras.
If A is an arbitrary algebra (for example, the algebra of differential forms)
and A = (aij)16i6n

16j6n
is an order n matrix with coefficients in A then we set

detA =
∑
σ∈Sn

E(σ)aσ(1),1 · · · aσ(n),n,

where Sn is the group of permutations of {1, . . . , n} and E(σ) is the signature
of the permutation σ. This determinant has the following properties:
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i) detA is multilinear in the columns of A for linear combinations whose
coefficients lie in the centre of A.

ii) if there are integers k and `, 1 6 k < ` 6 n, such that aik = bkci and
ai` = b`ci for any i ∈ {1, . . . , n}, where bk and b` are arbitrary elements
of A and the ci are contained in the centre of A, then detA = 0.

We can then write

ω′(ξ) =
1

(n− 1)!
det


ξ1 dξ1 · · · dξ1
...

...
...

ξn dξn · · · dξn︸ ︷︷ ︸
(n−1)


which can also be written as

ω′(ξ) =
1

(n− 1)!
det(ξ, dξ︸︷︷︸

n−1

).

We deduce from this the following expression for the Bochner–Martinelli–
Koppelman kernel

B(z, ζ) =
1

(2iπ)n
det(ζ − z,

n−1︷ ︸︸ ︷
dζ − dz) ∧ ω(ζ − z)
|ζ − z|2n

.

Remark. Note that, for n = 1, B0
0(z, ζ) = 1

2iπdζ/(ζ − z). This is the usual
Cauchy kernel.

Proposition 1.4. The Bochner–Martinelli–Koppelman kernel B is a locally
integrable differential form on Cn×Cn which defines a current which we also
denote by B such that

(1.2) dB = ∂B = [∆],

where [∆] is the integration current on ∆, the diagonal in Cn × Cn.

Proof. Let τ : Cn×Cn → Cn be the map given by (z, ζ) 7→ ζ − z and let kBM

be the C∞ differential form on Cn r {0} defined by

kBM(x) =
(n− 1)!
(2iπ)n

|x|−2n
n∑
j=1

(−1)j−1xj
(
∧
j 6=s

dxs
)
∧ ω(x).

The coefficients of kBM are locally integrable on Cn since they are of order
O(|x|−2n+1) and it follows that kBM defines a current on Cn. We note that

kBM(x) =
(n− 2)!
(2iπ)n

n∑
j=1

(−1)j−1 ∂

∂xj
(−|x|−2n+2)

(
∧
s 6=j

dxs
)
∧ ω(x)
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and hence

dkBM(x) = ∂kBM(x) =
(n− 2)!
(2iπ)n

( n∑
j=1

∂2

∂xj∂xj
(−|x|−2n+2)

)
ω(x) ∧ ω(x).

We recognize the fundamental solution of the Laplacian E(x) =
(n−2)!
πn 1/|x|2n−2, x ∈ Cn. It follows that

(1.3) dkBM = ∂kBM = [0],

where [0] is the integration current at 0, i.e. the Dirac delta function at 0. We
note that B = τ∗kBM and B is therefore locally integrable on Cn × Cn and
defines a current which we again denote by B. Considering the pullbacks of
the currents kBM and [0] under the projection τ , we deduce from (1.3) the
following result

dB = ∂B = ∂(τ∗kBM) = τ∗(∂kBM) = τ∗[0] = [τ−1(0)] = [∆]. �

We now prove that if K is a current on Cn × Cn defined by a locally
integrable C∞ differential form on Cn × Cn r∆ such that dK = [∆] then we
can associate an integral representation formula to K. On setting K = B we
get the Bochner–Martinelli–Koppelman formula.

Theorem 1.5. Let K be a current on Cn × Cn defined by a locally inte-
grable C∞ differential form on Cn × Cn r ∆ such that dK = [∆]. Let D be
a bounded domain in Cn with C1 boundary and let f be a differential form of
degree r which is C∞ on D. Then,

(1.4)
∫
ζ∈∂D

f(ζ) ∧K(z, ζ)−
∫
ζ∈D

dζf(ζ) ∧K(z, ζ)

+ dz

∫
ζ∈D

f(ζ) ∧K(z, ζ) =

{
(−1)rf(z) on D

0 on Cn rD,

where dz denotes differentiation of currents.

Proof. We apply Stokes’ formula for the Kronecker index of two currents
(Chapter II, Cor. 3.7) to the currents T = [D×D] and S = f(ζ)∧K(z, ζ)∧g(z)
where g is a (2n− r)-differential form with compact support in D.

We note that SS(bT ) = (∂D ×D) ∪ (D × ∂D) and SS(dS) is contained
in SS(S) = ∆ ∩ π−1

ζ (supp g), where πζ is the first projection from Cn × Cn
to Cn. As g has compact support in D it follows that SS(bT ) and SS(dS)
do not meet and hence K(bT, S) = K(T, dS). We calculate both sides of this
equation: we get

K(bT, S) = K
(
[∂D ×D] + [D × ∂D], f(ζ) ∧K(z, ζ) ∧ g(z)

)
=
∫
∂D×D

f(ζ) ∧K(z, ζ) ∧ g(z)
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since g is compactly supported in D. Moreover

dS = dζf(ζ) ∧K(z, ζ) ∧ g(z) + (−1)rf(ζ) ∧ [∆] ∧ g(z)

+ (−1)r+1f(ζ) ∧K(z, ζ) ∧ dζg(z)

and hence

K(T, dS) =
∫
D×D

dζf(ζ) ∧K(z, ζ) ∧ g(z)

+ (−1)rK([D ×D], f(ζ)∧[∆]∧g(z)) + (−1)r+1

∫
D×D

f(ζ)∧K(z, ζ)∧dzg(z)

since K is locally integrable on D ×D and (∆ ∩ π−1
ζ (supp g)) does not meet

SS([D ×D]).
Moreover, as the support of f(ζ)∧[∆]∧g(z) is relatively compact in D×D,

K
(
[D ×D], f(ζ) ∧ [∆] ∧ g(z)

)
=
∫

Cn
f(z) ∧ g(z).

by definition of [∆]. And finally

(1.5) (−1)r
∫

Cn
f(z) ∧ g(z) =

∫
D×∂D

f(ζ) ∧K(z, ζ) ∧ g(z)

−
∫
D×D

dζf(ζ) ∧K(z, ζ) ∧ g(z) +
∫
z∈D

(
dz

∫
ζ∈D

f(ζ) ∧K(z, ζ) ∧ g(z)

from which we can deduce the following equality of currents on D

(−1)rf(z) =
∫
∂D

f(ζ)∧K(z, ζ)−
∫
D

dζf(ζ)∧K(z, ζ) + dz

∫
D

f(ζ)∧K(z, ζ).

If z /∈ D, the differential form f(ζ) ∧K(z, ζ) is C∞ on D and dK(z, ζ) =
dzK(z, ζ) + dζK(z, ζ) = 0. The theorem follows on applying the classical
Stokes’ Theorem (cf. Appendix A, Th. 7.1). �

Remarks 1.6.
1) Note that by Fubini’s theorem formula (1.5) can also be written as

(1.6) (−1)r〈f, g〉

= 〈[∂D] ∧ f,
∫
z∈Cn

K(z, •) ∧ g(z)〉 − 〈[D] ∧ df,
∫
z∈Cn

K(z, •) ∧ g(z)〉

+ (−1)r+1〈[D] ∧ f,
∫
z∈Cn

K(z, •) ∧ dg(z)〉

for any C∞ differential form g of degree (2n− r) with compact support in D.
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2) Theorem 1.5 is still valid for a domain D with piecewise C1 boundary
as in Remark 7.2 2) of Appendix A. We then set [∂D] =

∑`
i=1[S0

i ].
3) As the differential form z 7→ K(z, ζ) is locally integrable and continuous

on Cn r {ζ} for any ζ ∈ Cn the differential forms∫
z∈Cn

K(z, •) ∧ g(z) and
∫
z∈Cn

K(z, •) ∧ dg(z)

are continuous on Cn, and formula (1.6) is therefore still meaningful for a
continuous differential form f on D such that df is also continuous on D.
We shall prove the formula in this generality. If f is a continuous differential
form on D such that df is also continuous on D then we construct a family
(fε)0<ε<ε0 of continuous differential forms with compact support in Cn such
that the forms dfε are also continuous with compact support in Cn and the
families (fε)0<ε<ε0 and (dfε)0<ε<ε0 converge uniformly on D to f and df
respectively.

For any ξ ∈ ∂D we denote the ball of centre ξ and radius r by B(ξ, r).
We denote the exterior normal vector to ∂D at ξ by νξ. Choose r and ε0
small enough that (∂D ∩ B(ξ, r)) − tνξ is contained in D for any t ∈ ]0, ε].
Let U1, . . . , Up be a finite subcover of ∂D by such balls and let U0 be a
relatively compact open set in D such that (U0, U1, . . . , Up) is a cover of D.
Let (χj)06j6p be a family of positive C∞ functions with compact support
in Cn such that suppχj ⊂ Uj and

∑p
j=0 χj = 1 on D. We define fε by

fε(z) = χ0(z)f(z) +
p∑
j=1

χj(z)f(z − ενj).

If ε ∈ ]0, ε0[ then fε is a continuous form with compact support in a neigh-
bourhood of D and by the uniform continuity of f on D the family (fε)0<ε<ε0
converges uniformly to f on D. Moreover,

dfε(z) = χ0(z)df(z) +
p∑
j−1

χj(z)df(z − ενj) + dχ0(z) ∧ f(z)

+
p∑
j=1

dχj(z) ∧ f(z − ενj).

The differential forms dfε are continuous and have compact support in a neigh-
bourhood of D for any ε ∈ ]0, ε0[. By the uniform continuity of f and df on D
the family (dfε)0<ε<ε0 converges uniformly to df on D.

Regularising the differential forms fε by convolution, we get a family
(f̃ε)0<ε<ε0 of C∞ differential forms on Cn such that (f̃ε)0<ε<ε0 converges uni-
formly to f on D and (df̃ε)0<ε<ε0 converges uniformly to df on D as ε tends
to 0. The currents ([∂D] ∧ f̃ε)0<ε<ε0 , ([D] ∧ df̃ε)0<ε<ε0 and ([D] ∧ fε)0<ε<ε0
then converge to [∂D]∧f, [D]∧df and [D]∧f respectively in the weak topology
on zero-order currents. It follows that (1.6) and hence (1.4) can be extended
to the case where f and df are only assumed continuous on D.
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Theorem 1.7 (The Bochner–Martinelli–Koppelman formula). Let D
be a bounded domain in Cn with C1 boundary and let f be a continuous (p, q)-
differential form on D such that ∂f is also continuous on D (0 6 p 6 n,
0 6 q 6 n). Then∫

ζ∈∂D
f(ζ) ∧Bpq (z, ζ)−

∫
ζ∈D

∂ζf(ζ) ∧Bpq (z, ζ)

+ ∂z

∫
ζ∈D

f(ζ) ∧Bpq−1(z, ζ) =

{
(−1)p+qf(z) on D

0 on Cn rD,

where ∂z denotes differentiation of currents.

Proof. This follows immediately from Theorem 1.5 and Remark 1.6 on replac-
ing K by the Bochner–Martinelli–Koppelman kernel B. Bidegree considera-
tions allow us to replace the operator d by ∂ and the kernel B by a Bpq . �

2 Existence of solutions to the ∂ equation for compactly
supported data

Let D be an open set in Rn. For any real number α, 0 < α < 1, and any
function f :D→C we define the Hölder norm of order α of f on D by

|f |α,D = sup
x∈D
|f(x)|+ sup

x,x′∈D
x 6=x′

|f(x)− f(x′)|
|x− x′|α

.

The set Λα(D) = {f : D → C | |f |α,D < +∞} is the vector space of Hölder
continuous functions of order α on D. It is a Banach space and any function f
in Λα(D) is bounded and uniformly continuous on D. We denote the space
of continuous functions on D such that |f |α,K < +∞ for any compact set K
in D by Cα(D) and for any integer k we denote the space of Ck functions on D
all of whose kth-order partial derivatives are contained in Cα(D) by Ck+α(D).

If D is an open set in Cn then we denote the space of (p, q) differential
forms whose coefficients are in Ck+α(D) by Ck+αp,q (D). If f ∈ Cαp,q(D) can be
written as f =

∑
I,J fIJdzI ∧ dzJ where I = (i1, . . . , ip) with i1 < · · · < ip

and J = (j1, . . . , jq) with j1 < · · · < jq, then we define the Hölder norm of
order α of f on D by |f |α,D = supI,J |fI,J |α,D.

Let B be the Bochner–Martinelli–Koppelman kernel defined in Section 1
and let D be a bounded domain with C1 boundary. If f is a bounded differ-
ential form defined on ∂D then for any z ∈ D we set

(2.1) B̃∂Df(z) =
∫
ζ∈∂D

f(ζ) ∧B(z, ζ).

The differential form B̃∂Df is C∞ on D.
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If f is a bounded differential form defined on D then for any z ∈ D we set

(2.2) B̃Df(z) =
∫
ζ∈D

f(ζ) ∧B(z, ζ).

As B has an integrable singularity along the locus ζ = z the differential form
B̃Df is well defined on D. Note that if f is of type (p, q) then

(2.3) B̃Df =
∫
ζ∈D

f(ζ) ∧Bpq−1(·, ζ)

and in particular B̃Df = 0 if q = 0.

Proposition 2.1. Let D be a bounded open set in Cn. Then,

1) for any bounded differential form f on D the differential form B̃Df is Cα
on D for any α such that 0 < α < 1.
Moreover, for any α such that 0 < α < 1 there is a constant Cα such that,
for any bounded differential form f on D,

|B̃Df |α,D 6 Cα|f |0,D

2) if f is a Ck bounded differential form then B̃Df is Ck+α on D for any α
such that 0 < α < 1.

Proof. By definition of the kernel B (cf. formula (1.1)) there is a constant C
such that

|B̃Df(z)− B̃Df(ξ)| 6 C|f |0,D
n∑
j=1

∫
D

∣∣∣∣∣ ζj − zj
|ζj − zj |2n

−
ζj − ξj
|ζ − ξ|2n

∣∣∣∣∣ dσ2n,

where σ2n is the Lebesgue measure on R2n.

Lemma 2.2. Let n > 1 be an integer and let R be a strictly positive real
number. There is then a constant C such that, for any s and t ∈ Rn such that
|s| 6 R and |t| 6 R,∫

x∈Rn
|x|<R

∣∣∣∣ x1 − t1
|x− t|n

− x1 − s1
|x− s|n

∣∣∣∣ dσn 6 C|t− s| · ∣∣ log |t− s|
∣∣.

Proof (of the Lemma). Given s and t ∈ Rn such that |s| 6 R and |t| 6 R
consider the following sets:

W1 =
{
x ∈ Rn | |x− t| 6 |t− s|

2

}
,

W2 =
{
x ∈ Rn | |x− s| 6 |t− s|

2

}
,

W3 =
{
x ∈ Rn | |x| < R, |x− t| > |t− s|

2
, |x− s| > |t− s|

2

}
,
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Then {x ∈ Rn | |x| < R} ⊂W1 ∪W2 ∪W3.
Note that |x− s| >

∣∣|x− t| − |t− s|∣∣ > 1
2 |t− s| for any x ∈W1 and hence∫

W1

∣∣∣∣ x1 − t1
|x− t|n

− x1 − s1
|x− s|n

∣∣∣∣ dσn 6 ∫
W1

|x− t|1−ndσn + C|t− s|1−n
∫
W1

dσn

6 C ′|t− s|

by integrating in spherical coordinates. Similarly,∫
W2

∣∣∣∣ x1 − t1
|x− t|n

− x1 − s1
|x− s|n

∣∣∣∣ dσn 6 C ′|t− s|.
Moreover,∣∣∣∣ x1 − t1
|x− t|n

− x1 − s1
|x− s|n

∣∣∣∣
6

∣∣∣∣ (x1 − t1)(|x− s| − |x− t|)
∑n−1
ν=0 |x− s|ν |x− t|n−ν−1 − |t1 − s1| |x− t|n

|x− s|n|x− t|n

∣∣∣∣
6
∣∣|x− s| − |x− t|∣∣ ∣∣∣∣∣

n−1∑
ν=1

|x− s|ν |x− t|n−ν

|x− s|n|x− t|n

∣∣∣∣∣+
|t− s|
|x− s|n

6 n|t− s|
(

max
{ 1
|x− s|n

,
1

|x− t|n
}

+
1

|x− s|n

)
.

Since |t| 6 R and |s| 6 R it follows that∫
W3

∣∣∣ x1 − t1
|x− t|n

− x1 − s1
|x− s|n

∣∣∣dσn 6 C ′′|t− s|∫
{|t−s|/26|y|62R}

dσn
|y|n

6 C ′′′|t− s|
∫ 2R

|t−s|/2

dr

r
6 C|t− s| ·

∣∣ log |t− s|
∣∣. �

End of the proof of the proposition. By the above lemma,

|B̃Df(z)− B̃Df(ξ)| 6 C|f |0,D|z − ξ|
∣∣ log |z − ξ|

∣∣.
As supz,ξ∈D |z − ξ|1−α

∣∣ log |z − ξ|
∣∣ < +∞ for any α ∈ ]0, 1[ claim 1) follows.

Assume that f is Ck and bounded on D. Given z ∈ D, let us prove that
B̃Df is Ck+α in a neighbourhood of z. Consider a function χ ∈ D(D) such that
χ ≡ 1 on a neighbourhood Uz of z: B̃D(1− χ)f is then C∞ on Uz because B
is C∞ on Cn×Cnr∆. It is therefore enough to prove that B̃Dχf is Ck+α on Uz.
Suppose that f is a (p, q)-form. Then B̃Dχf(ξ) =

∫
ζ∈D χ(ζ)f(ζ)∧Bpq−1(ξ, ζ).

Set f(ζ) =
∑
|I|=p
|J|=q

fIJ(ζ)dζI ∧ dζJ . Then

Bpq−1(ξ, ζ) =
∑

|K|=n−q−2
|L|=q−1
|M |=n−p
|N |=p

BKLMNdζK ∧ dζM ∧ dξL ∧ dξN .
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and B̃Dχf(ξ) =
∑
L,N hL,NdξL ∧ dξN , where

hL,N (ξ) =
∑

I,J,K,M

∫
ζ∈D

χ(ζ)fIJ(ζ)BKLMN (ξ, ζ)dζI ∧ dζJ ∧ dζK ∧ dζM .

As χ has compact support in D,

hL,N (ξ) =
∑

I,J,K,M

∫
ζ∈Cn

χ(ζ + ξ)fIJ(ζ + ξ)BKLMN (ζ, ξ + ζ)dζI ∧ dζJ

∧ dζK ∧ dζM .

As B = τ∗kBM the functions BKLMN (ξ, ξ + ζ) are independent of ξ and
are locally integrable with respect to ζ. Since f is Ck we can differentiate k
times under the integral sign, which proves that B̃Dχf is Ck and if |ν| = k
then

DνhL,N (ξ) =

=
∑

I,J,K,M

∫
ζ∈Cn

Dν(χfIJ)(ζ + ξ)BKLMN (ξ, ξ + ζ)dζI∧dζJ∧dζK∧dζM

=
∑

I,J,KM

∫
ζ∈Cn

Dν(χfIJ)(ζ)BKLMN (ξ, ζ)dζI∧dζJ∧dζK∧dζM .

It the follows from the definition of BKLMN that there is a constant C such
that, for any ξ, ω ∈ D,

|DνhLN (ξ)−DνhLN (ω)| < C sup
ζ∈D
|
∑
I,J

Dν(χfIJ)(ζ)|

×
n∑
j=1

∫
ζ∈D

∣∣∣∣∣ ζj − ξj|ζ − ξ|n
−
ζj − ωj
|ζ − ω|n

∣∣∣∣∣ dσ2n

and we complete the proof of the theorem as in the proof of 1). �

Theorem 2.3. Let D be a bounded domain in Cn with C1 boundary and let f
be a continuous (p, q)-differential form on D such that ∂f is also continuous
on D, 0 6 p 6 n, 0 6 q 6 n. The differential forms B̃∂Df , B̃D∂f , B̃Df and
∂B̃Df are then continuous on D and

(2.4) (−1)p+qf = B̃∂Df − B̃D∂f + ∂B̃Df on D.

Proof. The regularity of the differential forms B̃∂Df , B̃D∂f and B̃Df follows
from Proposition 2.1. The equation (2.4) holds for currents by Theorem 1.7,
but as the differential forms B̃∂Df, B̃D∂f and f are continuous ∂B̃Df is con-
tinuous. �
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Corollary 2.4 (Bochner–Martinelli formula). Let D be a bounded do-
main with C1 boundary in Cn and let f be a C1 function on D. Then,∫

ζ∈∂D
f(ζ) ∧B0

0(z, ζ)−
∫
ζ∈D

∂ζf(ζ) ∧B0
0(z, ζ) = f(z) for any z ∈ D.

If f is holomorphic on D and continuous on D then∫
ζ∈∂D

f(ζ) ∧B0
0(z, ζ) = f(z) for any z ∈ D.

Note that if n = 1 then Corollary 2.4 is simply the Cauchy–Green formula
and Cauchy’s formula in C.

Corollary 2.5.

1) Let q be an integer such that 1 6 q 6 n − 1 and let f ∈ Ckp,q(Cn) be a
(p, q)-differential form which is Ck for some k > 0, ∂-closed and compactly
supported in Cn. There is then a (p, q − 1)-differential form u which is
Ck+α for any α ∈ ]0, 1[ such that ∂u = f in Cn.

2) If D is a bounded domain with C1 boundary in Cn then for any (p, n)-
form f in Ckp,n(D) there is a (p, n − 1)-differential form u which is Ck+α

on D for any α ∈ ]0, 1[ such that ∂u = f in D.

Proof. We start by proving 1). Let D be a bounded domain with C1 boundary
in Cn such that D contains the support of f . Applying Theorem 2.3 we get

(−1)p+qf(z) = ∂B̃Df(z) for any z ∈ D

since B∂Df = BD∂f = 0 because f is ∂-closed with compact support in D.
Setting u(z) = B̃Df(z) =

∫
ζ∈Cn f(ζ)∧Bpq−1(z, ζ) we see that u is a Ck+α form

for any α ∈ ]0, 1[ by Proposition 2.1 and ∂u = f on Cn.
We now prove 2). Note that Bpn = 0 for any p ∈ {0, . . . , n} and it follows

from the Bochner–Martinelli–Koppelman formula that

(−1)p+nf(z) = ∂z

∫
ζ∈D

f(ζ) ∧Bpn−1(z, ζ) for any z ∈ D,

where this equation is to be understood as an equality of currents if f is only
continuous. Setting u(z) =

∫
ζ∈D f(ζ) ∧ Bpn−1(z, ζ) the function u is then the

solution we seek and u ∈ Ck+α for any α ∈ ]0, 1[ by Proposition 2.1. �

Example. Assume that n = q = 1. If D is a bounded domain with C1 bound-
ary in C and f is a Ck function for some k > 0 on D then the partial differential
equation

(∗) ∂

∂z
u = f
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has a solution u0, which is Ck+α for any α ∈ ]0, 1[, given by

u0(z) =
1

2iπ

∫
ζ∈D

f(ζ)
dζ ∧ dζ
ζ − z

.

To prove this, we simply apply statement 2) of Corollary 2.5 to the (0, 1)-
differential form f(z)dz. The general solution to (∗) is then of the form
u = u0 + h where h is a holomorphic function on D.

3 Regularity of ∂

We now extend the Bochner–Martinelli–Koppelman formula to compactly
supported currents and deduce a Hölder hypoellipticity theorem for the oper-
ator ∂ from it.

We continue to denote the Bochner–Martinelli–Koppelman kernel on Cn
by B(z, ζ). If f is a continuous compactly supported differential form on Cn
then for any z ∈ Cn we set

B̃Cnf(z) =
∫
z∈Cn

f(ζ) ∧B(z, ζ).

Lemma 3.1. The map B̃Cn is a continuous linear map from D•(Cn) to
C∞• (Cn). Moreover, if f is a (p, q)-differential form then B̃Cnf has bidegree
(p, q − 1).

Proof. It follows easily from Proposition 2.1 that if f is C∞ then B̃Cnf is a C∞
differential form. Note that if f is of type (p, q) then B̃Cnf(z) =

∫
ζ∈Cn f(ζ)∧

Bpq−1(z, ζ) and hence B̃Cnf is of bidegree (p, q − 1).
Consider an element f ∈ D•(Cn). We denote by Dαβf the differential form

obtained by replacing the coefficients fIJ of f by their derivatives DαβfIJ .
Repeating the proof of Proposition 2.1 it is easy to show that Dαβ(B̃Cnf) =
B̃Cn(Dαβf) – as moreover |B̃Cnf |0,Cn 6 C(supp f)|f |0,Cn this proves that B̃Cn

is continuous because a sequence of differential forms with compact support
converges to 0 in D•(Cn) if all the terms in the sequence are supported on a
fixed compact set and converge uniformly to 0 along with all their derivatives.

�

If T is a compactly supported current on Cn then we can define B̃′T by
setting

(3.1) 〈B̃′T, ϕ〉 = 〈T, B̃Cnϕ〉 =
〈
T,

∫
ζ∈Cn

ϕ(ζ) ∧B(·, ζ)
〉

for any ϕ ∈ D•(Cn). This defines a current on Cn, and we note that if T is of
bidegree (p, q) then B̃′T is of bidegree (p, q − 1).
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Proposition 3.2. Let f be a continuous (p, q)-differential form with compact
support in Cn and denote by Tf the current defined by f . Then,

B̃′Tf = (−1)p+q−1B̃Cnf.

Proof. Consider an element ϕ ∈ Dn−p,n−q+1(Cn). By definition of B̃′,

〈B̃′Tf , ϕ〉 = 〈Tf , B̃Cnϕ〉

=
∫
z∈Cn

f(z) ∧
(∫

ζ∈Cn
ϕ(ζ) ∧B(z, ζ)

)
= (−1)p+q−1

∫
ζ∈Cn

(∫
z∈Cn

f(z) ∧B(z, ζ)
)
∧ ϕ(ζ).

As B(z, ζ) = B(ζ, z) it follows that 〈B̃′Tf , ϕ〉 = (−1)p+q−1〈B̃Cnf, ϕ〉. �

Proposition 3.3. For any current T with compact support in Cn the current
B̃′T is C∞ on Cn r suppT . More precisely, there is a differential form f
with C∞ coefficients on Cn r suppT such that

B̃′T
∣∣
CnrsuppT

= Tf .

Proof. It will be enough to find such a form f for any relatively compact open
set U ⊂ Cn r suppT . Fix such a U and let χ be a C∞ function on Cn such
that χ = 1 in a neighbourhood of suppT and χ = 0 in a neighbourhood of U .
If ϕ ∈ D•(U) then, by definition of B̃′T ,

〈B̃′T, ϕ〉 =
〈
T,

∫
ζ∈Cn

ϕ(ζ) ∧B(·, ζ)
〉
.

As χ = 0 in a neighbourhood of the support of ϕ and χ = 1 in a neighbourhood
of the support of T , we have

〈B̃′T, ϕ〉 =
〈
χ(z)T,

∫
ζ∈Cn

(1− χ)(ζ)ϕ(ζ) ∧B(z, ζ)
〉

=
〈
T,

∫
ζ∈Cn

χ(z)(1− χ(ζ))ϕ(ζ) ∧B(z, ζ)
〉

= (−1)d
oϕ+1

〈
(〈T, χ(z)(1− χ(ζ))B(z, ζ)〉), ϕ(ζ)

〉
since χ(z)(1 − χ(ζ))B(z, ζ) is a C∞ differential form on a neighbourhood of
suppT × Cn. It follows that B̃′T is equal to the C∞ differential form ζ 7→
〈T, χ(z)(1− χ(ζ))B(z, ζ)〉 on U . �

We now prove a Bochner–Martinelli–Koppelman formula for compactly
supported currents using the operator B̃′.
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Theorem 3.4. The following representation formula holds for any current T
with compact support in Cn

(3.2) T = −(B̃′∂T + ∂B̃′T ).

Proof. Assume that T has bidegree (p, q) and consider a form ϕ ∈
Dn−p,n−q(Cn). By formula (2.4) we have

(3.3) (−1)p+qϕ = ∂B̃Cnϕ− B̃Cn∂ϕ

because ϕ has compact support. Applying T to both sides of (3.3) we get

(−1)p+q〈T, ϕ〉 = 〈T, ∂B̃Cnϕ〉 − 〈T, B̃Cn∂ϕ〉

= (−1)p+q−1
(
〈B̃′∂T, ϕ〉+ 〈∂B̃′T, ϕ〉

)
and the theorem follows. �

We can deduce a regularity result for the Cauchy–Riemann operator from
this formula.

Theorem 3.5. Let X be a complex analytic manifold and let T be a degree 0
current on X. If ∂T = Tf and f is a (0, 1)-differential form which is Ck on X,
k = 0, 1, . . . ,∞, then

T = Tg, for some g ∈
⋂

0<α<1

Ck+α(X).

In particular, if ∂T = 0 then T = Th for some holomorphic function h on X.

Proof. Since the statement is local we can assume that X is an open set in Cn.
It is then enough to prove that for any open set U b X there is a function
g ∈

⋂
0<α<1 Ck+α(U) such that T = Tg on U . Let χ be a C∞ function with

compact support in X such that χ = 1 in a neighbourhood of U . Applying
formula (3.2) to χT , we get

(3.4) −χT = B̃′(∂(χT )) = B̃′(T∂χ) + B̃′(χTf )

since T is of degree 0. As supp(T∂χ) ∩ U = ∅ it follows from Proposition
3.3 that B̃′(T∂χ) = Tg1 where g1 ∈ C∞(U). Moreover B̃′(χTf ) is equal to
B̃Cn(χf) by Proposition 3.2 and it follows that B̃′(χTf ) ∈

⋂
0<α<1 Ck+α(Cn)

by Proposition 2.1. Setting g = g1 + B̃′(χTf )
∣∣
U

, it then follows from (3.4)
that T

∣∣
U

= Tg. �

Remarks 3.6.

1) Theorem 3.5 remains valid for a current T of bidegree (p, 0) because
any ∂-closed (p, 0)-differential form has holomorphic coefficients and is
therefore C∞.
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2) The following result, dealing with the situation where we replace the de-
gree 0 current T in Theorem 3.5 by a current of bidegree (p, q), q > 1,
will be proved in Chapter V, §4: there is a g ∈

⋂
0<α<1 Ck+αp,q (X) such

that ∂T = ∂Tg, i.e. if the equation ∂u = f for some f ∈ Ckp,q+1(X), has a
current solution then it has a solution which is Ck+α for any α ∈ ]0, 1[.

4 Hartogs’ phenomenon

The aim of this section is to show that if D is an open set in Cn, n > 2, and K
is a compact subset of D such that DrK is connected then any holomorphic
function on D rK can be extended to a holomorphic function on the whole
of D. In Chapter I we proved this theorem for a polydisc D in Cn when n > 2.

We start by giving a more precise version of Corollary 2.5 for a (0, 1)-
form f .

Theorem 4.1. Let f ∈ Ck0,1(Cn) be a ∂-closed Ck differential (0, 1)-form
(k > 0) with compact support in Cn where n > 2. There is then a com-
pactly supported function u which is Ck+α for any α ∈ ]0, 1[ such that ∂u = f
on Cn. Moreover, u is given by the integral representation formula

(4.1) u(z) =
∫
ζ∈Cn

f(ζ) ∧B0
0(z, ζ).

Proof. We proved in Corollary 2.5 that the function u given by (4.1) is a Ck+α
solution of the equation ∂u = f on Cn. It remains to show that u has compact
support in Cn. Note that u is holomorphic outside the support of f because
∂u = f . Moreover, if u is given by (4.1) then

|u(z)| 6 C

dist(z, supp f)
|f |0,Cn

which implies that u(z)→ 0 when |z| tends to ∞.
For any z ∈ Cn, n > 2, we set z = (z′, zn) where z′ ∈ Cn−1 and zn ∈ C.

As the support of f is compact there is a number R > 0 such that if |z′| > R
then the set {z′} × C does not meet the support of f . Fix such a z′. The
function zn 7→ u(z′, zn) is then holomorphic and tends to 0 when |zn| tends
to infinity. By Liouville’s theorem this function is therefore identically zero.
This shows that u vanishes on the open set {z′ ∈ Cn−1 | |z′| > R} × C in
the complement of supp f . As u is holomorphic on Cn r supp f it is therefore
identically zero on the non-bounded connected component of Cn r supp f ,
which implies that u has compact support. �

Remark. Theorem 4.1 does not hold for n = 1. This is implied by the following
more general fact: if f is a continuous ∂-closed differential (0, n)-form with
compact support in Cn then the equation ∂u = f does not have a compactly
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supported solution in general. Indeed, if u0 is a solution of the equation
∂u = f with compact support in Cn and D is an open set with C1 boundary
in Cn containing the support of u0 then∫

∂D

u0 ∧ dz1 ∧ · · · ∧ dzn = 0.

But applying Stokes’ formula we see that∫
∂D

u0 ∧ dz1 ∧ · · · ∧ dzn =
∫
D

d(u0 ∧ dz1 ∧ · · · ∧ dzn)

=
∫

Cn
f ∧ dz1 ∧ · · · ∧ dzn

and this last term is not generally zero.

Theorem 4.2. Let D be a bounded open set in Cn such that Cn rD is con-
nected and assume that n > 1. For any holomorphic function f on a neigh-
bourhood of ∂D there is then a holomorphic function F on a neighbourhood
of D which is equal to f on ∂D.

Proof. We denote the neighbourhood of ∂D on which f is defined and holo-
morphic by U∂D and choose a C∞ function χ supported on U∂D which is equal
to 1 in a neighbourhood of ∂D. The function f̃ = χf is then defined on Cn
and coincides with f on a neighbourhood of ∂D. We set

g =

{
∂f̃ on D

0 on Cn rD.

This is a C∞ differential (0, 1)-form on Cn which is supported on D since
∂f̃ = ∂f = 0 in a neighbourhood of ∂D. Moreover, g is ∂-closed in Cn, and
we can therefore consider the equation ∂u = g. By Theorem 4.1, this equation
has a solution u0 which has compact support and is therefore zero on some
open set in Cn r D since D is bounded. As ∂u0 = g, u0 is holomorphic on
Cn rD and since Cn rD is connected by hypothesis, u0 vanishes identically
on Cn rD. It follows that F = f̃ − u0 is the function we seek. �

Corollary 4.3. Let D be a domain in Cn and let K be a compact subset of D
such that DrK is connected. Any holomorphic function on DrK can then
be extended to a holomorphic function on D.

Proof. We may assume without loss of generality that K is connected. Let D′

be a bounded domain in Cn such that Cn rD′ is connected, D′ is contained
in D and D′ contains K. Such an open set exists because DrK is connected,
so if D 6= Cn we can set D′ = {z ∈ D | dist(z,K) < ε} for small enough ε and
if D = Cn we can set D′ = B(0, R) for large enough R. If f is holomorphic on
DrK then it is holomorphic in a neighbourhood of ∂D′ and by Theorem 4.2
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there is therefore a holomorphic function F defined on a neighbourhood of D
′

such that f
∣∣
∂D′

= F
∣∣
∂D′

. As ∂D′ is a real hypersurface in Cn and f and F
are holomorphic in a a neighbourhood of ∂D′ and are equal on ∂D′, they
are equal on the connected component of their common domain of definition

containing ∂D′. The function F̃ =

{
F on D′

f on D rK
is then the extension we

seek. �

Comments

The formula known as the Bochner–Martinelli formula extending the Cauchy
formula to a bounded domain with smooth boundary in Cn was discovered
independently by E. Martinelli [Ma1] in 1938 and S. Bochner [Bo] in 1940.
These two authors used it to produce a rigorous proof of Hartogs’ phenomenon
([Ma2] and [Bo]). It was generalised to differential forms by W. Koppelman
[Ko] in 1967.

Proofs of the Bochner–Martinelli–Koppelman formula different from the
one given here are presented in [He/Le1] and [Ra]. The regularity properties
given in Section 2 are also discussed in these two books. The regularity
theorem for ∂ is proved in Section 1 of the first chapter of Henkin and Leiterer’s
book [He/Le2] and Range gives a rather different style of proof of Hartogs’
phenomenon in Section 2 of Chapter IV of [Ra]. In [Ho2], Hörmander gives a
different proof of Theorem 4.1, based on the one-dimensional Cauchy–Green
formula, and deduces Hartogs’ phenomenon from it.





IV

Extensions of CR functions

Whilst studying Hartogs’ phenomenon in Chapter III we proved that if D is a
simply connected bounded domain in Cn, n > 2, then any holomorphic function
defined on a neighbourhood of the boundary of D can be extended to a holo-
morphic function on D. It follows that the restriction to ∂D of a holomorphic
function defined in a neighbourhood of ∂D is the boundary value of a holo-
morphic function on D which is continuous on D. We now try to characterise
the boundary values of holomorphic functions on a bounded domain D ⊂ Cn
which are continuous on D. The main result of this chapter is Bochner’s ex-
tension theorem for CR functions defined on the boundary of a domain. Its
proof uses the Bochner–Martinelli transform which is studied in Section 1. We
also prove our first generalisation of Bochner’s theorem to CR functions which
are only defined on part of the boundary of the domain. This generalisation is
also based on the properties of the Bochner–Martinelli transform but it requires
two extra ingredients: Stokes’ formula for CR functions and the integrals of the
Bochner–Martinelli kernel.

1 The Bochner–Martinelli transform

Let U be an open set in Cn and let V be a real smooth C1 hypersurface in U
(i.e. V is a real C1 submanifold of real dimension (2n−1) contained in the open
set U in Cn ' R2n) such that U r V has exactly two connected components
U+ and U−. We assume that V is oriented and its orientation is that of ∂U+.

Definition 1.1. Let f be a continuous function with compact support defined
on V . We define the Bochner–Martinelli transform of f by

F (z) =
∫
ζ∈V

f(ζ)B0
0(z, ζ) for any z ∈ U r V.

We note that F is a C∞ (and even real analytic) function on U r supp f
because B0

0(z, ζ) is a differential form with real analytic coefficients on
Cn × Cn r∆.

C. Laurent-Thiébaut, Holomorphic Function Theory in Several Variables: An Introduction,  75 
Universitext, DOI 10.1007/978-0-85729-030-4_4, © Springer-Verlag London Limited 2011 
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The aim of this section is to study F in a neighbourhood of a point con-
tained in supp f .

Remark 1.2. Let D b U be a domain with piecewise C1 boundary such that
D ⊂ U+ and ∂D ∩ V ⊃ supp f . If z ∈ U r (V ∩ ∂D) then

F (z) =
∫
ζ∈V ∩∂D

f(ζ)B0
0(z, ζ) =

∫
ζ∈∂D

f(ζ)B0
0(z, ζ).

It is easy to construct such a domain D. We can always assume that V
is defined by V = {z ∈ U | r(z) = 0}, where r is a C1 function on U such
that dr(z) 6= 0 for any z ∈ V . Let D′ be a domain with C1 boundary in V
containing the support of f . There is then a C1 function, ρ, defined in a
neighbourhood of D′ such that

D′ = {z ∈ V ∩ UD′ | ρ(z) < 0},
∂D′ = {z ∈ UD′ | ρ(z) = r(z) = 0}

dρ(z) ∧ dr(z) 6= 0 for any z ∈ ∂D′.and

For any ε > 0 we set Vε = {z ∈ U | r(z) = ε} if U+ = {z ∈ U | r(z) > 0}
and Vε = {z ∈ U | r(z) = −ε} if U+ = {z ∈ U | r(z) < 0}. For any small
enough ε dr(z) 6= 0 for any z ∈ Vε ∩ {ρ 6 0} and dρ(z) ∧ dr(z) 6= 0 for any
z ∈ Vε ∩ {ρ = 0}. Assume r is chosen such that U+ = {z ∈ U | r(z) < 0} we
set

D = {z ∈ U | −ε < r(z) < 0} ∩ {z ∈ UD′ | ρ(z) < 0},

and D is then a domain with piecewise C1 boundary satisfying the conditions
of Remark 1.2.

Theorem 1.3. Let f be a Cα function (0 < α 6 1) which has compact support
in V . The functions F

∣∣
U+ and F

∣∣
U−

then have continuous extensions F+

and F− to U+ ∪V and U− ∪V and on V these extensions satisfy the Plemelj
formula

F+
∣∣
V
− F−

∣∣
V

= f.

Proof. Let D be a domain with piecewise C1 boundary satisfying the condi-
tions of Remark 1.2. Then F (z) =

∫
ζ∈∂D f(ζ)B0

0(z, ζ).

Let f̃ be a Cα extension of f to U . We can construct f̃ as follows:
let (Ui)i∈I be an open cover of V by open subsets such that for any i ∈ I
there is a C1 map hi : Ui → R2n such that hi(V ) = {x ∈ R2n | x1 = 0}
and if Ui ∩ supp f 6= ∅ then Ui ∩ (∂D r V ) = ∅. We define f̃i by f̃i(z) =
f ◦ h−1

i

(
0, (hi)2(z), . . . , (hi)2n(z)

)
for any z ∈ Ui; the function f̃i is then Cα

on Ui and satisfies f̃i
∣∣
Ui∩V

= f . We set U0 = Cn r V and let (χi)i∈I∪{0}
be a C∞ partition of unity subordinate to the open cover (Ui)i∈I∪{0}. The
function f̃ =

∑
i∈I χif̃i is then an extension with the required properties.
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We set F0(z) = F (z) − f̃(z) for any z ∈ D and F0(z) = F (z) for any
z /∈ D. By the Bochner–Martinelli formula (Chapter III, Corollary 2.4 and
Remark 1.6 2))

F0(z) =
∫
ζ∈∂D

(
f(ζ)− f̃(z)

)
B0

0(z, ζ).

Since f̃ is Cα and f̃
∣∣
∂D

= f we have(
f(ζ)− f̃(z)

)
B0

0(z, ζ) = O
(
1/|ζ − z|2n−1−α).

The differential form (f(ζ) − f̃(z))B0
0(z, ζ) therefore has locally integrable

coefficients on ∂D, and it follows that F0 is continuous on U . The existence
of functions F+ and F− such that F+

∣∣
V
−F−

∣∣
V

= f then follows easily from
the existence of F0. �

Remark. Under the hypotheses of Theorem 1.3 it is in fact possible to prove
that F+ and F− are Cα on U+ ∪ V and U− ∪ V respectively (cf. [Ci]).

Theorem 1.4. Let z0 ∈ V be given. We set ∆r = V ∩B(z0, r) for any r > 0
and we denote by nz the unit normal vector to V at z in the direction of U+.
For any small enough r and continuous function f with compact support in V
the quantity F (z+ tnz)−F (z− tnz) converges to f(z) uniformly with respect
to z in ∆r as t tends to 0 along the positive real axis.

Proof. Choose r > 0 such that B(z0, 2r) ⊂ U and decompose f as f = f0 +f1
where supp f1 ⊂ B(z0, 2r) and f0 ≡ 0 on B(z0, r)∩V . The Bochner–Martinelli
transform F0 of f0 is obviously continuous on B(z0, r) and it is therefore
enough to study the Bochner–Martinelli transform F1 of f1.

Without loss of generality we can assume that z0 = 0 and r is small enough
that:

1) ∂B(0, 2r) is transverse to V . We then let D be a domain with C1 boundary
contained in B(0, 2r) ∩ U+ such that ∂D ∩ V contains the support of f1.

2) if nz is the normal unit vector to V at z in the direction of U+ then
there is a constant C < 1 such that |(ζ − z, nz)| 6 C|ζ − z| for any
z, ζ ∈ B(0, 2r) ∩ V .

For any z ∈ ∆r,∫
ζ∈∂D

f1(z)B0
0(z + tnz, ζ) =

{
f(z) for small enough t > 0
0 for t < 0.

by the Bochner–Martinelli formula. It follows that if |t| 6 t0 is small enough
then

(1.1) G(z, t) = F1(z + tnz)− F1(z − tnz)− f(z)

=
∫
ζ∈∂D

[f1(ζ)− f1(z)]
(
B0

0(z + tnz, ζ)−B0
0(z − tnz, ζ)

)
.
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Lemma 1.5. There is a constant C such that∫
∂D

∣∣B0
0(z+ tnz, ζ)−B0

0(z− tnz, ζ)
∣∣dσ(ζ) 6 C, for any z ∈ ∆r, 0 < t 6 t0.

Proof of Lemma 1.5. We set

A(t, ζ, ) = |B0
0(z + tnz, ζ)−B0

0(z − tnz, ζ)|.

By calculations similar to those given in the proof of Lemma 2.2 of Chapter III,
we get the following estimation

A(t, ζ) 6 C1|t|
(

max
( 1
|ζ − (z − tnz)|2n

,
1

|ζ − (z + tnz)|2n
)

+
1

|ζ − (z − tnz)|2n
)
.

But now |ζ−z± tnz|2 > (1−c)[|ζ−z|2 + t2] for any z, ζ ∈ B(0, 2r)∩V since r
is chosen such that |(ζ − z | nz)| 6 c|ζ − z|. It follows that

(1.2) A(t, ζ) 6 C2
|t|

(|ζ − z|2 + t2)n
.

For any z ∈ ∆r and γ such that 0 < γ < r,∫
∂D

A(t, ζ)dσ(ζ) =
∫
∂DrB(z,γ)

A(t, ζ)dσ(ζ) +
∫
∂D∩B(z,γ)

A(t, ζ)dσ(ζ).

The first integral on the right-hand side is clearly uniformly bounded with
respect to z in ∆r. After a choice of parameterisation of V ∩ B(z, γ), the
second integral can be bounded above by

I(t) =
∫
x∈R2n−1

|x|6R

t

(|x|2 + t2)n
dV (x).

By a change of variable y = tx we get

I(t) =
∫
y∈R2n−1

|y|6R/t

t2ndV (y)
(t2|y|2 + t2)n

6
∫

R2n−1

dV (y)
(|y|2 + 1)n

< +∞,

which completes the proof of the lemma. �

End of the proof of Theorem 1.4. Fix ε > 0 and choose η > 0 such that
|f(ζ) − f(z)| < ε/C whenever |ζ − z| < η. We then cut ∂D into two parts,
∂D ∩ B(z, η) and ∂D r B(z, η). We get the following estimation from (1.1)
and Lemma 1.5:

(1.3) |G(z, t)| 6 ε+2|f |∂D
∫
∂DrB(z,η)

∣∣B0
0(z+ tnz, ζ)−B0

0(z− tnz, ζ)
∣∣dσ(ζ).
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On ∂DrB(z, η) the function A(t, ζ) =
∣∣B0

0(z+tnz, ζ)−B0
0(z−tnz, ζ)

∣∣ depends
continuously on (t, ζ) and by (1.2) we have

A(t, ζ) 6 C2
|t|

(η2 + t2)n
.

It follows that the integral on the right-hand side of (1.3) tends to 0 as t tends
to 0 and, moreover, this convergence is uniform with respect to z in ∆r since
B0

0(z, ζ) only depends on z− ζ. There is therefore a t′0 such that if 0 < t < t′0
then, for any z ∈ ∆r, |G(z, t)| < 2ε. �

Corollary 1.6. If f is continuous and compactly supported in V and F
∣∣
U−

has a continuous extension F− to U− ∪V then F
∣∣
U+ has a continuous exten-

sion F+ to U+ ∪ V and
F+
∣∣
V
− F−

∣∣
V

= f.

Proof. Let z0 ∈ V be fixed and let w ∈ U+ be close enough to z0. We denote
the orthogonal projection of w to V by z. Then w = z + tnz, where nz is the
unit normal vector to V at z. We will prove that F (w) tends to F−(z0)+f(z0)
as w tends to z0, which will prove the corollary

(1.4) |F (w)− F−(z0)− f(z0)| 6 |F (z + tnz)− F (z − tnz)− f(z)|
+ |f(z)− f(z0)|+ |F (z + tnz)− F−(z0)|.

Choose ε > 0. If w is close enough to z0 then it follows from Theorem 1.4
that the first term in the right-hand side of (1.4) is bounded above by ε/3.
Moreover, if w is close enough to z0 then z is close to z0 and by continuity
of f the second term is also bounded above by ε/3. And finally, if w tends
to z0 then z− tnz also tends to z0 and the continuity of F− on U−∪V implies
that the third term is also bounded above by ε/3. �

Example. Let D be a bounded domain with C1 boundary and consider a
function f ∈ C(∂D). Assume that

∫
∂D

f(ζ)B0
0(z, ζ) = 0 for any z /∈ D:

the function F (z) =
∫
∂D

f(ζ)B0
0(z, ζ), which is defined on D, then has a

continuous extension to D and F (z) = f(z) for any z ∈ ∂D.

2 CR functions on a real hypersurface

Let V be a real oriented C1 hypersurface in Cn. The aim of this section is to
define a class of functions on V which contains the restrictions of holomorphic
functions defined in a neighbourhood of V and which is equal to the set of
restrictions of holomorphic functions on D when V is the boundary of the
domain D.
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Definition 2.1. A continuous function f on V is said to be a Cauchy–
Riemann (CR) function if for any C∞ differential form λ of bidegree (n, n−2)
defined on a neighbourhood of V such that suppλ ∩ V is compact we have∫

V

f∂λ = 0.

Remark. In terms of currents, f is CR on V means exactly that f [V ]0,1 is ∂-
closed, where [V ]0,1 is the bidegree (0, 1) part of the integration current on V .

Example. If F is a holomorphic function in a neighbourhood of V then
f = F

∣∣
V

is CR on V . Indeed, let λ be a C∞ differential (n, n − 2)-form
in a neighbourhood of V such that suppλ ∩ V is compact and let D be a
bounded domain with piecewise C1 boundary contained in the domains of
definition of F and λ such that ∂D∩V ⊃ suppλ∩V and the orientation on V
is the same as the orientation on ∂D. We then have∫

V

f∂λ =
∫
∂D

F∂λ by definition of D and because f = F
∣∣
V

=
∫
∂D

∂(Fλ) because F is holomorphic

=
∫
∂D

d(Fλ) = 0
by Stoke’s formula
since λ is of type (n, n− 2).

Definition 2.2. A function f ∈ C1(V ) is said to be Cauchy–Riemann (CR)
on V if ν(f) = 0 for any p ∈ V and any ν ∈ T 0,1

p (V ).

Remark. If V is defined by {z ∈ U | r(z) = 0}, where U is an open set in Cn
and r is a real-valued C1 function on U such that dr(z) 6= 0 for all z ∈ U , then
a function f ∈ C1(V ) is CR if and only if for any p ∈ V

n∑
j=1

tj
∂f

∂zj
(p) = 0

for any t ∈ Cn such that
∑n
j=1

∂r
∂zj

(p)tj = 0.

We will now prove that if f is a C1 function on V then the above two
definitions coincide.

Lemma 2.3. Assume that V is Ck for some k, 1 6 k 6 ∞. If f ∈ Ck(V ) is
a CR function in the sense of Definition 2.2 then there is a neighbourhood U
of V and an extension f̃ ∈ Ck−1(U) of f such that

i) f̃
∣∣
V

= f .
ii) All the k− 1st order derivatives of f̃ are differentiable at any point z ∈ V

and Dαf̃ is continuous on V for any α such that |α| = k.
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iii) ∂f̃(z) = 0 for any z ∈ V .

Proof. For any p ∈ V let L1(p), . . . , Ln−1(p) be a basis for T 1,0
p (V ) and let

Ln(p) 6= 0 be a vector such that T 1,0
p (Cn) = T 1,0

p (V )⊕CLn(p). By Definition
2.2, f is CR if and only if Lj(p)f = 0, j = 1, . . . , n− 1, for any p ∈ V .

We seek an extension f̃ of f such that ∂f̃/∂zj(p) = 0 for any p ∈ V and
hence Ln(p)f̃ = 0 for any p ∈ V . Let us check that this condition determines
the Taylor series of f̃ up to order 1 at any point in V . If V is defined by
{z ∈ U | r(z) = 0}, where U is an open subset of Cn and r is a real-valued Ck
function on U such that dr(z) 6= 0 for any z ∈ U , then we can choose

Ln(z) =
n∑
j=1

∂r

∂zj
(z)
( ∂

∂zj

)
z
, z ∈ U.

Then (Ln −Ln)(r) = 0 and hence Ln(z)−Ln(z) is an element of CTz(V ) for
any z ∈ V . It follows that if Ln(z)f̃ = 0 for any z ∈ V then

Ln(z)f̃ = [Ln(z)− Ln(z)]f̃ = [Ln(z)− Ln(z)]f,

for any z ∈ V , since f̃
∣∣
V

= f . Moreover, Lj(z)f̃ = Lj(z)f and Lj(z)f̃ = 0 for
any z ∈ V and 1 6 j 6 n− 1. As CTzCn is generated by (Li(z), Li(z))16i6n

for any z ∈ V , νf̃ is therefore entirely determined for any ν ∈ CTzCn and
z ∈ V .

We can assume that Lnr(z) = 1 for any z ∈ V and f is the restriction
of a Ck function on U which we again denote by f . We then set f̃(z) =
f(z) − r(z)(Lnf)(z) for any z ∈ U . It is clear that f̃ is Ck−1 and f̃

∣∣
V

= f .
Since r

∣∣
∂D
≡ 0 and r is of class Ck it is easy to prove ii).

By definition, ∂f̃(z) = 0 for any z ∈ V if and only if Lj(z)f̃ = 0 for any
z ∈ V and j = 1, . . . , n. But Lj(z)f̃ = Lj(z)f = 0 for any z ∈ V because f
is CR and Ln(z)f̃ = Ln(z)f − (Ln(z)r)(Ln(z)f) = 0 because Ln(z)r = 1 for
any z ∈ V . �

We now show that the two definitions are the same when f is C1 on V .
Suppose that f ∈ C1(V ) is CR in the sense of Definition 2.2 and let f̃

be an extension of f to a neighbourhood of V for which the conclusions of
Lemma 2.3 hold. If λ is a C∞ differential (n, n− 2)-form on a neighbourhood
of V such that suppλ ∩ V is compact then∫

V

f∂λ =
∫
V

f̃∂λ since f̃
∣∣
V

= f

=
∫
V

∂(f̃λ) since ∂f̃ = 0 on V

=
∫
V

d(f̃λ) = 0
by Stokes’ formula
since λ is of type (n, n− 2).
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Conversely, if f ∈ C1(V ) is CR in the sense of Definition 2.1 and f̃ is a
C1 extension of f to a neighbourhood of V then ∂(f̃ [V ]0,1) = 0 which implies
that (∂f̃) ∧ [V ]0,1 = 0 since [V ] is a closed current. If r is a defining function
for V then [V ]0,1 = δ∂r and hence ∂f̃ ∧ [V ]0,1 = 0 is equivalent to( ∂r

∂zk

∂f

∂zj
− ∂r

∂zj

∂f

∂zk

)
= 0 whenever 1 6 j < k 6 n.

For any p ∈ ∂D the vectors( ∂r
∂zk

(p)
( ∂

∂zj

)
p
− ∂r

∂zj
(p)
( ∂

∂zk

)
p

)
, 1 6 j < k 6 n,

are a generating family for T 0,1
p (V ) and hence ν(f) = 0 for any ν ∈ T 0,1

p (V ),
p ∈ V .

3 Bochner’s theorem

Let D be a bounded domain with C1 boundary in Cn. We will study the
following problem: given a continuous function f on ∂D, what are the con-
ditions on f and D under which f can be extended to a function F which is
continuous on D and holomorphic on D.

We know by Hartogs’ extension theorem (Chap. III, Th. 4.2) that the prob-
lem can be solved for n > 2 if the boundary of D is connected and f is the
restriction of a holomorphic function defined on a neighbourhood of ∂D.

Let us start by finding some necessary conditions for the problem to have
a solution.

1) The function f must be CR.
Indeed, let α be a C∞ differential form of bidegree (n, n − 2) which is
defined in a neighbourhood of ∂D. Assume that f can be extended to a
continuous function F on D which is holomorphic on D and let χ be a C∞
function with compact support in the domain of definition of α which is
identically 1 on a neighbourhood of ∂D. Then,∫

∂D

f∂α =
∫
∂D

F∂(χα) by definition of F and χ

=
∫
D

d
(
F∂(χα)

)
by Stokes’ formula

=
∫
D

∂
(
F∂(χα)

)
since α is of bidegree (n, n− 2)

=
∫
D

∂F ∧ ∂(χα) = 0 since F is holomorphic on D.
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2) It must be the case that ∂D is connected or
∫
∂D

f(ζ)B0
0(z, ζ) = 0 for any

z /∈ D.
Suppose that ∂D has two connected components Γ1 and Γ2. Let Γ1 be
the component which bounds the unbounded component of Cn r D and
denote the restriction of f to Γi by fi, i = 1, 2. If the problem can be
solved then there is a continuous function F on D which is holomorphic
on D such that F

∣∣
Γi

= fi for i = 1, 2. If K is a bounded connected
component of Cn rD then by Hartogs’ theorem F can be extended to a
holomorphic function F̃ on D ∪ K. By the Bochner–Martinelli formula
we then have

F̃ (z) =
∫
ζ∈Γ1

f(ζ) ∧B0
0(z, ζ) = −

∫
ζ∈Γ2

f(ζ) ∧B0
0(z, ζ)

for any z ∈
◦
K and hence∫

∂D

f(ζ)B0
0(z, ζ) = 0 for any z /∈ D

since this integral clearly vanishes if z is in the unbounded component of
Cn rD.

Theorem 3.1 (Bochner’s theorem). Let D be a relatively compact do-
main with C1 boundary in Cn, n > 2, such that Cn r D is connected.
If f is a continuous CR function on ∂D then there is a continuous func-
tion F on D which is holomorphic on D such that F

∣∣
∂D

= f . Moreover,
F (z) =

∫
ζ∈∂D f(ζ)B0

0(z, ζ) for any z ∈ D.

Proof. We start by proving that F is unique if it exists. If F1 and F2 are
two holomorphic extensions of f to D then F1−F2 is a holomorphic function
on D which is continuous on D and has the property that F1 − F2

∣∣
∂D

= 0.
By the maximum principle it follows that F1 − F2 ≡ 0 on D.

Moreover, if F exists then by the Bochner–Martinelli formula

F (z) =
∫
ζ∈∂D

F (ζ)B0
0(z, ζ) =

∫
ζ∈∂D

f(ζ)B0
0(z, ζ) for any z ∈ D

since F
∣∣
∂D

= f . (This gives a second proof of the uniqueness of F .)
We now prove that F exists. Consider the function

F (z) =
∫
∂D

f(ζ)B0
0(z, ζ).

This function is C∞ on Cn r ∂D and by our previous results on the Bochner–
Martinelli transform (cf. Cor. 1.6) it is enough to show that F is holomor-
phic on Cn r ∂D and vanishes identically on Cn r D. Let us now calculate
∂F on Cn r D. We have ∂F (z) =

∫
ζ∈∂D f(ζ)∂zB0

0(z, ζ) but ∂zB0
0(z, ζ) =
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−∂ζB0
1(z, ζ) on Cn×Cn r∆ and hence ∂F (z) = −

∫
ζ∈∂D f(ζ)∂ζB0

1(z, ζ) = 0
for any given z ∈ Cn r ∂D since f is a CR function on the compact set ∂D.
The function F is therefore holomorphic on Cn r ∂D. Note that F (z) tends
to 0 as |z| tends to infinity since |F (z)| 6 C/dist(z, ∂D). As F is holomorphic
on Cn rD, n > 2 and Cn rD is connected, F vanishes identically on Cn rD
(cf. the proof of Theorem 4.1 in Chapter IV). �

Theorem 3.2. Let D be a relatively compact domain with C1 boundary in Cn
and let f be a continuous function on ∂D. A necessary and sufficient condition
for the existence of a continuous function F on D, holomorphic on D, such
that F

∣∣
∂D

= f , is that for any ∂-closed C∞ differential (n, n − 1)-form α

defined on a neighbourhood of D,∫
∂D

fα = 0.

Proof.

1) Necessity. Assume there is a continuous F on D, holomorphic on D, such
that F

∣∣
∂D

= f and consider a ∂-closed C∞ differential (n, n − 1)-form α

in a neighbourhood of D. Then,∫
∂D

fα =
∫
∂D

Fα by definition of F

=
∫
D

d(Fα) by Stokes’ formula

=
∫
D

∂F ∧ α+ F∂α = 0 since F and α are ∂-closed.

2) Sufficiency. We start by proving that f is CR. Let λ be a C∞ differential
form of bidegree (n, n − 2) defined in a neighbourhood of ∂D and let χ
be a C∞ function with compact support in the domain of definition of λ
which is equal to 1 in a neighbourhood of ∂D. Then,∫

∂D

f∂λ =
∫
∂D

f∂(χλ) = 0

since ∂(χλ) is a ∂-closed C∞ differential (n, n−1)-form defined in a neigh-
bourhood of D.
Consider the function F (z) =

∫
ζ∈∂D f(ζ)B0

0(z, ζ). This function is holo-
morphic on Cnr∂D by the proof of the above theorem. If z ∈ Cn r D
then B0

0(z, ·) is a ∂-closed C∞ differential (n, n − 1)-form on Cn r {z},
which is a neighbourhood of D. The hypothesis on f then implies that

F (z) =
∫
ζ∈∂D

f(ζ)B0
0(z, ζ) = 0 for any z ∈ Cn rD.

It then follows from Corollary 1.6 that f is the desired extension.



3 Bochner’s theorem 85

We end this section by studying the regularity of the extension F when f
is Ck.

Theorem 3.3. Let D be a bounded domain in Cn with Cm boundary and let f
be a CR function which is Ck for some 1 6 k 6 m on ∂D. Assume that either

• Cn rD is connected and n > 2 or
•
∫
∂D

fα = 0 for any ∂-closed C∞ differential (n, n− 1)-form α in a neigh-
bourhood of D.

There is then a Ck function F on D, holomorphic on D, such that

F
∣∣
∂D

= f.

Proof. The existence and uniqueness of F follow from Theorems 3.1 and 3.2.
It only remains to study its regularity. We recall that

F (z) =
∫
ζ∈∂D

f(ζ)B0
0(z, ζ) for any z ∈ Cn r ∂D.

We start by showing that F is C1 on D. Differentiating under the integral
sign we see that

∂F

∂zj
(z) =

∫
ζ∈∂D

f(ζ)
∂

∂zj
B0

0(z, ζ) for any z ∈ Cn r ∂D.

As B0
0 is of type (n, n − 1) with respect to ζ and ∂ζ-closed for any j ∈

{1, . . . , n} we can write
B0

0 = dζj ∧Bj ,

where Bj is a (n− 1, n− 1)-differential form such that ∂ζBj = 0. Moreover,
the coefficients of Bj are functions in ζ − z. It follows that

∂B0
0

∂zj
= −dζj ∧

∂Bj
∂ζj

= −∂ζBj = −dζBj .

Let f̃ be an extension of f satisfying the conclusions of Lemma 2.3. For any
z ∈ Cn r ∂D we then have

∂F

∂zj
(z) = −

∫
ζ∈∂D

f̃(ζ)dζBj(z, ζ)

=
∫
ζ∈∂D

dζ f̃(z)∧Bj(z, ζ) by Stokes’ formula

=
∫
ζ∈∂D

∂f̃

∂ζj
(ζ)dζj ∧Bj(z, ζ) since ∂f̃

∣∣
∂D

= 0

=
∫
ζ∈∂D

∂f̃

∂ζj
(ζ)B0

0(z, ζ) by definition of Bj .
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As F ≡ 0 on Cn rD the same is true of ∂F/∂zj and it therefore follows from
Corollary 1.6 that ∂F/∂zj

∣∣
D

can be extended continuously to D.
The general case is proved by induction on k. Assume the result holds

for some k > 1. Let f ∈ Ck+1(∂D) be a CR function on ∂D and let f̃ be
an extension of f satisfying the conclusions of Lemma 2.3. We have just
proved that if F (z) =

∫
ζ∈∂D f(ζ)B0

0(z, ζ) for any z ∈ Cn r ∂D then for any
j = 1, . . . , n

∂F

∂zj
(z) =

∫
ζ∈∂D

∂f̃

∂ζj
(ζ)B0

0(z, ζ) for any z ∈ Cn r ∂D.

Since ∂F/∂zj is holomorphic on D and continuous on D and F
∣∣
∂D

= f ,
∂F/∂zj

∣∣
∂D

is CR and ∂F/∂zj
∣∣
∂D

= ∂f̃/∂ζj
∣∣
∂D
∈ Ck(∂D). It follows from

the induction hypothesis that ∂F/∂zj ∈ Ck(D) for any j = 1, . . . , n, or in
other words, F ∈ Ck+1(D). �

4 Stokes’ formula for CR functions

Let V be a real C1 hypersurface in Cn, n > 2.
Let D be a relatively compact domain with C1 boundary in V . If f is

a C1 CR function on V then it follows from Stokes’ formula that, for any
differential (n, n− 2)-form α which is C1 in a neighbourhood of V ,

(4.1)
∫
D

f∂α =
∫
∂D

fα.

The aim of this paragraph is to extend formula (4.1) to the case where the
function f is only assumed to be continuous.

Lemma 4.1. If D is a relatively compact domain with C1 boundary in V then
there is a bounded domain D̃ in Cn with C1 boundary in a neighbourhood of V
such that D̃ ∩ V = D and V cuts ∂D transversally.

Proof. Since ∂D is a C1 submanifold of codimension 2 in Cn there are real-
valued functions r and ρ such that

a) r is defined and C1 on a neighbourhood UV of V in Cn, V =
{z ∈ UV | r(z) = 0} and dr(z) 6= 0 for every z ∈ UV .

b) ρ is defined and C1 on a neighbourhood U∂D of ∂D in Cn, ∂D =
{z ∈ V ∩ U∂D | ρ(z) = 0}, dρ(z) 6= 0 for every z ∈ U∂D and
D ∩ U∂D = {z ∈ V ∩ U∂D | ρ(z)<0}.

c) dr(z) ∧ dρ(z) 6= 0 for every z ∈ UV ∩ U∂D.

We then define D̃ as follows: D̃ ⊂ {z ∈ UV | −ε < r(z) < ε}, D̃ ∩ V = D

and D̃ ∩ U∂D = {z ∈ U∂D | ρ(z) < 0}, where ε is chosen small enough that
U∂D ∩ {z ∈ UV | −ε < r(z) < ε} 6= ∅. �
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Lemma 4.2. Let D be a relatively compact domain with C1 boundary in V
and let D̃ be a domain associated to D by Lemma 4.1. If ϕ is a continuous
differential (2n − 1)-form on V and ϕ̃ is a continuous extension of ϕ to Cn
then ∫

D

ϕ = K([D̃], [V ] ∧ ϕ̃),

where K(·, ·) is the Kronecker index.

Proof. We will prove that K([D̃], [V ]0,1 ∧ ϕ̃) exists and is equal to
∫ eD∩V ϕ̃

which is equal to
∫
D
ϕ by definition of D̃ and ϕ̃. Using a partition of unity we

can assume that the support of ϕ̃ is small enough that we are in the following
situation: up to change of C1 coordinates, V is defined by the equation x1 = 0
and D̃ is defined by the equation x2 < 0 in a neighbourhood of the support
of ϕ̃.

Let (θε)ε>0 and (αε′)ε′>0 be two families of regularising functions. The
following then holds:

K([D̃], [V ] ∧ ϕ̃)

= lim
ε,ε′→0

∫
R2n

(∫
R2n−1

ϕ(0, z′)θε(x−(0, z′))dz′
)(∫

R2n
χ+

2 (y)αε′(x−y)dy
)
dx

where z′ = (z2, . . . , zn), ϕ̃ = ϕdx2 ∧ · · · ∧ dxn + dx1 ∧ ψ and χ+
2 is the

characteristic function of the set {x ∈ R2n | x2 > 0}. Applying Fubini’s
theorem and linear changes of coordinates we get

K([D̃], [V ] ∧ ϕ̃)

= lim
ε,ε′→0

∫
R2n−1

ϕ(0, z′)
∫

R2n
θε(x)

∫
R2n

χ+
2 (y)αε′(x+ (0, z′)− y)dydxdz′

= lim
ε,ε′→0

∫
R2n−1

ϕ(0, z′)
∫

R2n
θε(x)

∫
R2n

χ+
2 (x+ (0, z′)− y)αε′(y)dydxdz′

= lim
ε,ε′→0

∫
R2n

θε(x)
∫

R2n
αε′(y)

∫
R2n−1

ϕ(0, z′)χ+
2 (x+ (0, z′)− y)dz′dydx.

Note that the function χ+
2 is independent of the variables x1, x3, . . . , x2n

and set z′′ = (z3, . . . , z2n). Then,

K([D̃], [V ] ∧ ϕ̃) =

lim
ε,ε′→0

∫
R2n

θε(x)
∫

R2n
αε′(y)

∫
R2n−2

∫
R
ϕ(0, u− x2 + y2, z

′′)χ{u>0}dudz
′′dydx.

It follows that, since
∫

R2n θε(x)dx =
∫

R2n αε′(y)dy = 1,

K([D̃], [V ] ∧ ϕ̃)−
∫

eD∩V ϕ̃ = lim
ε,ε′→0

∫
R2n

θε(x)
(∫

R2n
αε′(y)[ ∫

R2n−2

(∫
R

(
ϕ(0, u− x2 + y2, z

′′)− ϕ(0, u, z′′)
)
χ{u>0}du

)
dz′′
]
dy

)
dx.
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As the function ϕ is continuous with compact support it is uniformly continu-
ous and hence ϕ(0, u−x2 + y2, z

′′) tends to ϕ(0, u, z′′) uniformly with respect
to (u, z′′) for any x ∈ supp θε and y ∈ suppαε′ , as ε and ε′′ tend to 0. It
follows that

K([D̃], [V ] ∧ ϕ̃) =
∫

eD∩V ϕ̃. �

Theorem 4.3. Let D be a relatively compact domain with C1 boundary in V .
For any continuous CR function f on V and any differential (n, n−2)-form α
which is C1 in a neighbourhood of V we have∫

D

f∂α =
∫
∂D

fα.

Proof. Let D̃ be an open set in Cn associated to D by Lemma 4.1, let f̃ be a
continuous extension of f to Cn and let α̃ be a C1 differential (n, n− 2)-form
on Cn equal to α in a neighbourhood of V . It follows from Lemma 4.2 that∫

D

f∂α = K([D̃], [V ]0,1 ∧ f̃∂α̃)

since α has bidegree (n, n − 2). But the function f is CR and the current
[V ]0,1 ∧ f̃ α̃ has bidegree (n, n− 1), so it follows that

d([V ]0,1 ∧ f̃ α̃) = ∂([V ]0,1 ∧ f̃ α̃) = [V ]0,1 ∧ f̃∂α̃.

Finally, we get ∫
D

f∂α = K([D̃], d([V ]0,1 ∧ f̃ α̃))

and by Stokes’ formula for the Kronecker index (Chap. II, Corollary 3.7),∫
D

f∂α = K(b[D̃], [V ]0,1 ∧ f̃ α̃) =
∫
∂ eD∩V f̃ α̃ =

∫
∂D

fα. �

5 Integral of the Bochner–Martinelli kernel

We recall that the Bochner–Martinelli kernel

B0
0(z, ζ) =

(n− 1)!
(2iπ)n

∑n
j=1(−1)j−1(ζj − zj)

∧
s 6=j

dζs

|ζ − z|2n
∧ dζ1 ∧ · · · ∧ dζn

is a C∞ differential form on Cn × Cn r ∆ such that ∂ζB0
0(z, ζ) = 0 for any

z ∈ Cn and ζ ∈ Cn r {z}.
In this section we will find explicit differential forms which are solutions

of the equation ∂u = B0
0(z, ·) on certain open sets in Cn r {z}.
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Given z ∈ Cn we set for any k = 1, . . . , n

(5.1) Ωk(z, ζ) =
(−1)k(n− 2)!

(2iπ)n
1

(ζk − zk)|ζ − z|2n−2

·
[ k−1∑
j=1

(−1)j(ζj−zj)
∧

s 6=j,k
dζs+

n∑
j=k+1

(−1)j−1(ζj−zj)
∧

s 6=j,k
dζs

]
∧dζ1∧ · · · ∧dζn.

The differential form Ωk(z, ·) is C∞ on Cn r {ζ ∈ Cn | ζk = zk}.

Lemma 5.1. The differential form Ωk(z, ·) has the property that

dΩk(z, ·) = ∂Ωk(z, ·) = B0
0(z, ·) on Cn r {ζ ∈ Cn | ζk = zk}.

Proof. As the function 1/(ζk− zk) is holomorphic on Cnr {ζ ∈ Cn | ζk = zk}
we have

∂ζ

( 1
(ζk − zk)|ζ − z|2n−2

)
=
−(n− 1)
(ζk − zk)

∑n
p=1(ζp − zp)dζp
|ζ − z|2n

.

On the other hand

∂ζ

( k−1∑
j=1

(−1)j(ζj − zj)
∧

s 6=j,k
dζs +

n∑
j=k+1

(−1)j−1(ζj − zj)
∧

s6=j,k
dζs

)
= −(n− 1)

∧
s 6=k

dζs.

A straightforward calculation then gives us that

∂ζΩk(z, ζ) = B0
0(z, ζ).

The form Ωk(z, ·) has bidegree (n, n− 2), so dΩk(z, ·) = ∂Ωk(z, ·). �

Given a holomorphic function ϕ on Cn and a point z ∈ Cn we set Nz =
{ζ ∈ Cn | ϕ(ζ) = ϕ(z)}. We will find integrals for the Bochner–Martinelli
kernel on open sets of the form Uz = Cn rNz. These integrals will be useful
for proving the extension theorem in Section 6. Lemma 5.1 solves this problem
for the coordinate map ϕ(z) = zk.

Lemma 5.2. If ϕ is a holomorphic function on Cn then there are n holomor-
phic functions (h1, . . . , hn) on Cn × Cn such that, for any (z, ζ) ∈ Cn × Cn,

(5.2) ϕ(ζ)− ϕ(z) =
n∑
k=1

hk(z, ζ)(ζk − zk).
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Proof. For k = 1, . . . , n we set

hk(z, ζ) =
1

(ζk − zk)

[
ϕ(z1, . . . , zk−1, ζk, . . . , ζn)− ϕ(z1, . . . , zk, ζk+1, . . . , ζn)

]
.

The function hk is holomorphic on Cn × Cn r {(z, ζ) | zk = ζk} and can be
extended by continuity to Cn×Cn because the function ϕ is holomorphic with
respect to the variable zk. Riemann’s theorem (Chap. I, Th. 6.4) then implies
that hk is holomorphic on Cn×Cn. Equation (5.2) follows immediately from
the definition of the functions hk. �

Remark. Lemma 5.2 no longer holds if ϕ is only defined on an open set Ω
in Cn. We will see some conditions on Ω under which Lemma 5.2 still holds
in Chapter VIII.

We can now define

(5.3) Φ(z, ζ) =
1

ϕ(ζ)− ϕ(z)

n∑
k=1

hk(z, ζ)(ζk − zk)Ωk(z, ζ).

The differential form Φ(z, ·) is C∞ on Cn rNz.

Proposition 5.3. The differential form Φ(z, ·) has the property that

dΦ(z, ·) = ∂Φ(z, ·) = B0
0(z, ·) on Cn rNz.

Proof. The differential form Φ(z, ·) is of type (n, n − 2) and it follows that
dΦ(z, ·) = ∂Φ(z, ·). Moreover, since the functions ϕ, hk, k = 1, . . . , n are
holomorphic and (ζk − zk)Ωk(z, ζ) is defined on Cn r {z} we have

∂ζΦ(z, ζ) =
1

ϕ(ζ)− ϕ(z)

n∑
k=1

hk(z, ζ)∂ζ
(
(ζk − zk)Ωk(z, ζ)

)
for any ζ ∈ CnrNz. It then follows from Lemma 5.1 and (5.2) that ∂ζΦ(z, ·) =
B0

0(z, ·) on Cn rNz by extending by continuity. �

6 An extension theorem for CR functions

Consider the following geometric situation: let V be a real closed oriented C1
hypersurface in Cn, n > 2, and let Γ be a domain with C1 boundary in V .
We assume that:

i) ∂Γ is contained in M = {z ∈ Cn | Reϕ(z) = 0}, where ϕ is some
holomorphic function on Cn.

ii) Γ ⊂ {z ∈ Cn | Reϕ(z) > 0}.
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iii) ∂Γ is the boundary of a bounded domain A in M . We denote by D the
bounded domain in Cn whose boundary is Γ ∪ A. We suppose that the
orientation on V is equal to that on ∂D.

In this section we will prove that if f is a continuous CR function on Γ
then there is a unique continuous function F on D ∪ Γ which is holomorphic
on D such that F

∣∣
Γ

= f .
This result is a special case of an extension problem for CR functions

defined on part of the boundary of a domain which can be formulated as
follows. Let D be a bounded domain in Cn and let K be a compact set in
∂D such that ∂DrK is a real connected C1 hypersurface in Cn rK. Under
what conditions on K does any continuous CR function on ∂DrK extend to
a holomorphic function on D which is continuous on D rK? If K = ∅ then
the problem is solved by Bochner’s theorem. In this section we solve the case
where K is contained in the zero set of the real part of a holomorphic function
on Cn. We will give alternative cohomological and geometric conditions on K
which imply that extension is possible at the ends of Chapters V and VII and
in Chapter VIII.

Theorem 6.1. Let f be a continuous CR function on Γ . There is then a
unique holomorphic function F on D, continuous on D∪Γ , such that F

∣∣
Γ

= f .

Proof. We start by proving that F is unique if it exists. For any given z0 ∈ D
choose ε > 0 small enough that z0 ∈ Dε = D ∩ {ζ ∈ Cn | Reϕ(ζ) > ε}. Set
Γε = Γ ∩ {ζ ∈ Cn | Reϕ(ζ) > ε} and Aε = D ∩ {ζ ∈ Cn | Reϕ(ζ) = ε}.
Then, ∂Dε = Γ ε ∪ Aε. Assume that F exists: it is then holomorphic on Dε

and continuous on Dε, so we can apply the Bochner–Martinelli formula:

F (z0) =
∫
∂Dε

F (ζ)B0
0(z0, ζ) since z0 ∈ Dε

=
∫
Γε

f(ζ)B0
0(z0, ζ) +

∫
Aε

F (ζ)B0
0(z0, ζ) since F

∣∣
Γε

= f.

Set Nz = {ζ ∈ Cn | ϕ(ζ) = ϕ(z)} for any z ∈ Cn and note that
Nz0 ∩ {ζ ∈ Cn | Reϕ(ζ) = ε} = ∅ since z0 ∈ Dε. There is therefore a neigh-
bourhood of Aε which does not meet Nz0 , and if Φ is the differential form
associated to ϕ defined in (5.3), we have ∂ζΦ(z0, ζ) = B0

0(z0, ζ) on this neigh-
bourhood. As F is holomorphic and Φ(z0, ·) has bidegree (n, n − 2) on D,
applying Stokes’ formula gives us that

(6.1) F (z0) =
∫
Γε

f(ζ)B0
0(z0, ζ)−

∫
∂Γε

f(ζ)Φ(z0, ζ)

since F
∣∣
Γ

= f and ∂Γε ⊂ Γ , which proves that F is unique.
Let us now prove that F exists. We start by assuming that the data f is

continuous on Γ . Letting ε tend to 0 in (6.1) we see that if F exists then

(6.2) F (z) =
∫
Γ

f(ζ)B0
0(z, ζ)−

∫
∂Γ

f(ζ)Φ(z, ζ)
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for every z ∈ D. Consider the function F defined by formula (6.2). This is
a C∞ function on Cnr(M∪Γ ) because B0

0(z, ·) is defined and C∞ on Cnr{z}
and Φ(z, ·) is C∞ on Cn rNz, where Nz = {ζ ∈ Cn | ϕ(z) = ϕ(ζ)}. We will
show that F is the extension we seek and for this we will need the following
theorem which will be proved in Chapter VII. Let ϕ be a holomorphic function
on Cn, n > 2, and set Uε = {z ∈ Cn | −ε < Reϕ(z) < ε} for any ε > 0.
The open set Uε is then a domain of holomorphy (cf. Chap. VI, Prop. 1.16)
and every differential (n, n− 2)-form which is C∞ on Uε is ∂-exact on Uε, i.e.
Hn,n−2(Uε) = 0 (cf. Chap. VII, Th. 7.4).

First step: F is holomorphic on Cn r (M ∪ Γ ). Differentiating under the
integral sign in (6.2) we get, for any z ∈ Cn r (Γ ∪M),

∂F (z) =
∫
Γ

f(ζ)∂zB0
0(z, ζ)−

∫
∂Γ

f(ζ)∂zΦ(z, ζ)

and since ∂zB0
0 = −∂ζB0

1 on Cn × Cn r∆ it follows that

∂F (z) = −
∫
Γ

f(ζ)∂ζB0
1(z, ζ)−

∫
∂Γ

f(ζ)∂zΦ(z, ζ).

If n = 2 then a straightforward calculation proves that ∂F (z) = 0 for any
z ∈ D since B0

1(z, ·) is C∞ in a neighbourhood of Γ for any z ∈ D. If n > 2
then Proposition 5.3 implies that

∂ζ(∂zΦ+B0
1) = ∂z(∂ζΦ) + ∂ζB

0
1 = ∂zB

0
0 + ∂ζB

0
1 = 0

for any (z, ζ) ∈ Cn ×Cn such that ζ /∈ Nz. Fix z ∈ D and choose ε > 0 small
enough that z /∈ Uε = {ζ ∈ Cn | −ε < Reϕ(ζ) < ε}. The differential form
∂zΦ(z, ·) +B0

1(z, ·) is then a ∂-closed (n, n− 2)-form of class C∞ on Uε since
Nz ∩ Uε = ∅. As Hn,n−2(Uε) = 0, there is a differential (n, n − 3)-form θε
which is C∞ on Uε such that ∂θε = ∂zΦ(z, ·) +B0

1(z, ·) on Uε. Let θ̃ε be a C∞
differential (n, n−3)-form on Cn equal to θε in a neighbourhood of ∂Γ . Then,

∂F (z) =
∫
Γ

f(ζ)∂ζ(∂ζ θ̃ε(ζ)−B0
1(z, ζ))−

∫
∂Γ

f(ζ)
(
∂ζ θ̃ε(ζ)−B0

1(z, ζ)
)
.

Applying Theorem 4.3, we get ∂F (z) = 0.

Second step: F vanishes identically on Cn r (D ∪ Γ ). Consider the open set
U = {z ∈ Cn | Reϕ(z) /∈ [0, supD Reϕ]}. For any z ∈ U the set Nz does
not meet D and it follows that Φ(z, ·) is C∞ in a neighbourhood of Γ . As
∂ζΦ(z, ·) = B0

0(z, ·) on Cn r Nz, formula (6.2) and Theorem 4.3 imply that
F (z) = 0 for any z ∈ U . Moreover, the open set U meets all the connected
components of Cn r (D ∪M) and F is holomorphic on Cn r (D ∪M), so by
the analytic continuation principle F vanishes identically on Cn r (D ∪M).
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Third step: F
∣∣
Γ

= f . Set F1(z) =
∫
Γ
f(ζ)B0

0(z, ζ) and F2(z) =∫
∂Γ
f(ζ)Φ(z, ζ). By definition of F we have F = F1 − F2. The func-

tion F2 is C∞ on Cn r M because the set Nz of singularities of Φ(z, ·) does
not meet ∂Γ for any z /∈ M . The function F1 is the Bochner–Martinelli
transform of f on Γ and it is C∞ on Cn r Γ .

We set F+
j = Fj

∣∣
D

and F−j = Fj
∣∣
Cnr(D∪M)

for j = 1, 2. Note that F−1
can be extended continuously to F̃−1 on (Cn r (D ∪M)) ∪ Γ . Indeed, F−1 =
F
∣∣
Cnr(D∪M)

+F−2 and by the second step F vanishes on Cn r (D ∪M). The
continuity of F2 on CnrM then completes the proof. Corollary 1.6 says that
F+

1 can then be continuously extended to F̃+
1 on D∪Γ and F̃+

1

∣∣
Γ
−F̃−1

∣∣
Γ

= f ,
so F

∣∣
D

can be continuously extended to F̃ on D∪Γ and F̃
∣∣
Γ

= f because F2

is continuous on Cn rM .
This completes the proof of the theorem when f is continuous on Γ . If f

is only continuous on Γ then f is continuous on Γ ε for any ε > 0 and we
can apply the above to the set Dε. We thus obtain a family of holomorphic
functions (Fε)ε>0 such that Fε = Fε′

∣∣
Dε∪Γε

whenever ε′ > ε by uniqueness.
The function F defined by F

∣∣
Dε∪Γε

= Fε is then the extension we seek. �

Remark. Although it involves using a result which will not be proved until
Chapter VII, we prefer to include Theorem 6.1 in this chapter rather than in
Chapter VIII – where it would also have fitted in – because our method of
proof is similar to the proof of Bochner’s theorem.

Comments

On reading carefully the proof of Hartogs’ extension theorem in Bochner’s
article [Bo] one notes that the extension exists even if the data is just a CR
function on the boundary of the domain. The proof of Bochner’s extension
theorem given here is due to Harvey and Lawson [Ha/La] and Čirka [Ci]. The
case where the boundary of the domain is not assumed connected is due to
Weinstock [We]. The extension theorem of Section 6 was proved by Lupac-
ciolu and Tomassini [Lu/To] for locally Lipschitz data. The proof of Stokes’
formula for continuous CR functions which enables us to extend Lupacciolu
and Tomassini’s result to continuous CR functions can be found in [L-T2].
Most of these results are gathered together in Kytmanov’s book [Ky].





V

Extensions of holomorphic and CR functions
on manifolds

The aim of this chapter is to study the Hartogs–Bochner phenomenon on com-
plex analytic manifolds. We start by studying the relationship between Hartogs’
phenomenon and the vanishing of the Dolbeault cohomology group with com-
pact support in bidegree (0, 1). We then give some cohomological conditions
which enable us to extend a CR function of class C∞ defined on a subset of the
boundary of a domain to a holomorphic function on the whole domain. This
work generalises the geometric situation studied at the end of Chapter IV. Prov-
ing similar results for CR functions of class Ck requires two extra elements: a
theorem on local resolutions of ∂ and an isomorphism theorem between the var-
ious cohomology groups Hp,q

α (X). This isomorphism theorem follows from the
local resolution and some sheaf-theoretic results which are given in Appendix B.
The existence of the resolution is proved by solving ∂ in convex domains with C2
boundary using a new integral formula, the Cauchy–Fantappié formula.

1 Cohomology with compact support and Hartogs’
phenomenon

In this section we will study the link between Hartogs’ extension phenomenon
on a complex analytic manifold and the vanishing of certain Dolbeault coho-
mology groups on this manifold.

Let X be a complex analytic manifold of dimension n. We will say that
Hartogs’ phenomenon holds on X if for any relatively compact domain D
in X such that X r D is connected and any holomorphic function f on a
neighbourhood U∂D of the boundary of D there is a holomorphic function F
defined on a neighbourhood of D which is equal to f on a neighbourhood
of ∂D.

In Theorem 4.2 of Chapter III we proved that Hartogs’ phenomenon holds
on Cn for any n > 2.

Theorem 1.1. Let X be a non-compact complex analytic manifold. Suppose
that for any C∞ differential (0, 1)-form v with compact support in X, ∂-exact
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in a neighbourhood of its support there is a C∞ function u with compact support
in X such that ∂u = v on X. Hartogs’ phenomenon then holds on X.

Proof. Let D be a relatively compact domain in X such that X r D is con-
nected and let f be a holomorphic function on a neighbourhood U∂D of the
boundary of D. Let χ ∈ D(X) be a function such that suppχ b U∂D and
χ ≡ 1 on a neighbourhood V∂D ⊂ U∂D of ∂D. Set f̃ = χf : the function f̃ is
then C∞ on X and holomorphic on V∂D. Set v = ∂f̃ on D ∪ V∂D and v = 0
on X r D. Since f̃ is holomorphic on V∂D, v is C∞ on X and its support is
contained in D. Moreover, v = ∂f̃ on D ∪ V∂D, and v is therefore ∂-exact in
a neighbourhood of its support. By hypothesis there is a C∞ function u with
compact support in X such that ∂u = v in X. The function u is therefore
holomorphic on X r supp v, and in particular u is holomorphic on a neigh-
bourhood of X r D. Moreover, as u has compact support it vanishes on an
open set in X r D and by analytic continuation it therefore vanishes on a
neighbourhood of X r D because X r D is connected. We can then simply
set F = f̃ − u. Indeed, we then have F = f̃ = f on some neighbourhood of
∂D and ∂F = ∂f̃ − ∂u = 0 on D ∪ V∂D. �

Definition 1.2. Let X be a differentiable Ck manifold, where 0 6 k 6 ∞.
We define the number e(X) of ends of X to be the maximum number of non-
relatively compact connected components of X rK for a compact subset K
in X.

We will consider one-ended manifolds, i.e. manifolds such that e(X) = 1.
It follows from the definition that if X is one-ended then for any compact
subset K in X we can find a compact subset L in X containing K such that
X r L is connected.

Examples.

1) An open set U in C is one-ended if and only if it is simply connected.
2) X is a compact manifold if and only if e(X) = 0.
3) A manifold X is one-ended if X has an exhaustion function, i.e. a function

ϕ : X → R such that {x ∈ X | ϕ(x) 6 c} b X for every c ∈ R, which
satisfies the following extra condition; there is a constant c0 such that
{x ∈ X | ϕ(x) = c} is connected for any c > c0.

Theorem 1.3. Let X be a one-ended complex analytic manifold. If Hartogs’
phenomenon holds on X then for any ∂-exact C∞ differential (0, 1)-form v
with compact support in X there is a C∞ function u with compact support
in X such that ∂u = v in X.

Proof. Let v be a C∞ differential (0, 1)-form with compact support in X such
that v = ∂w on a neighbourhood U of the support of v. The function w is
then holomorphic on Ursupp v. By Hartogs’ phenomenon, w can be extended
holomorphically to each of the relatively compact connected components of
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Ursupp v to a function which we again denote by w. As X is one-ended, there
is a relatively compact domain D containing supp v and contained in the union
of U and the relatively compact connected components of Xrsupp v such that
XrD is connected. The function w is then defined in a neighbourhood of D.
It is holomorphic on a neighbourhood of ∂D and by Hartogs’ phenomenon its
restriction to this neighbourhood can be extended to a holomorphic function w̃
on a neighbourhood of D. We set u = w − w̃ in a neighbourhood of D and
u = 0 on X r D. The function u is then C∞ on X because w − w̃ = 0 in
a neighbourhood of ∂D: moreover ∂u = ∂w = v in a neighbourhood of D
because w̃ is holomorphic, and ∂u = 0 = v on XrD, because supp v ⊂ D. �

Remark. The hypothesis that X is one-ended is indispensable in Theorem 1.3.
Indeed, consider the case where X = Cn r {0}, n > 2. Hartogs’ phenomenon
holds in X, since X is an open set in Cn, n > 2. Consider a function χ ∈
D(X) such that χ(z) = 1 whenever 3/4 < |z| < 5/4, χ(z) = 2 whenever
7/4 < |z| < 9/4 and the support of χ does not meet

{z ∈ Cn | |z| < 2/3} ∪ {z ∈ Cn | 4/3 < |z| < 5/3} ∪ {z ∈ Cn | |z| > 7/3}.

Set v = ∂χ on 3/4 < |z| < 9/4 and v = 0 otherwise. This is a C∞ differential
(0, 1)-form on X with compact support which is ∂-exact in a neighbourhood of
its support but there is no compactly supported function u such that ∂u = v.
If u existed then u would be holomorphic on X r {z ∈ Cn | 5/4 < |z| < 7/4},
and would vanish on |z| < r for small enough r and on |z| > R for large
enough R, and would hence be zero on X r {z ∈ Cn | 5/4 < |z| < 7/4}
by analytic continuation. The function χ− u would then be holomorphic on
{z ∈ Cn | 3/4 < |z| < 9/4}, constant and equal to 1 in a neighbourhood of
|z| = 1 and constant and equal to 2 in a neighbourhood of |z| = 2, which is
impossible.

The following result linking Dolbeault cohomology with compact support
on X and Hartogs’ phenomenon is an immediate consequence of Theorem
1.1.

Corollary 1.4. Let X be a non-compact complex analytic manifold. If

H0,1
c (X) = 0

then Hartogs’ phenomenon holds on X.

We end this section by stating a partial converse to Corollary 1.4 which
follows from Theorem 1.3.

Corollary 1.5. Let X be a non-compact complex analytic manifold. Assume
that X is one-ended and every ∂-closed C∞ differential (0, 1)-form with com-
pact support in X is ∂-exact on X. If Hartogs’ phenomenon holds on X then

H0,1
c (X) = 0.
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Remarks.

1) If X = Cn then the conditions of Corollary 1.5 hold and Hartogs’ phe-
nomenon is therefore equivalent to the vanishing of the Dolbeault coho-
mology group H0,1

c (Cn).
2) If X is an open connected set in Cn whose complement has no bounded

connected components and H0,1(X) = 0 then H0,1
c (X) = 0 since Hartogs’

phenomenon holds in all open sets in Cn.

2 Extension of C∞ CR functions

Throughout this section X will be a non-compact complex analytic manifold.

Definition 2.1. Let V be a C∞ submanifold of X. A C∞ function f on V is
said to be a C∞ CR function if f has a C∞ extension f̃ to a neighbourhood
of V such that ∂f̃ vanishes to all orders along V .

Definition 2.2. Let X be a non-compact complex analytic manifold and
let K be a compact set in X. We say that the pair (X,K) has the C∞
Hartogs–Bochner property if for any relatively compact domain D in X such
that

1) ∂D rK is a C∞ submanifold of X rK,
2) D rK = Int(D rK),
3) X r (D ∪K) is connected

and every C∞ CR function f on ∂DrK there is a C∞ function F on DrK,
holomorphic on D rK, such that F

∣∣
∂DrK = f .

As in Chapter III, we denote the family of closed sets in X r K whose
closure in X is compact by Φ.

Theorem 2.3. Let X be a non-compact complex analytic manifold and let K
be a compact set in X. We assume that

H0,1
Φ (X rK) = 0.

The pair (X,K) then has the C∞ Hartogs–Bochner property.

Proof. We consider a relatively compact domain D in X satisfying conditions
1), 2) and 3) of Definition 2.2 and a C∞ CR function f on ∂D r K. By
definition of a C∞ CR function, f can be extended to a C∞ function f̃ on
XrK such that ∂f̃ vanishes to all orders on ∂DrK. We set g = (χDrK)(∂f̃),
where χDrK is the characteristic function of DrK and g is a C∞ differential
(0, 1)-form on X r K supported on D r K. Since D r K is contained in Φ
and we have assumed that H0,1

Φ (M r K) = 0 there is a C∞ function h on
X r K with support in Φ such that ∂h = g. The function h is holomorphic
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on Xr (D∪K) and vanishes on an open set in Xr (D∪K) because X is not
compact. As X r (D ∪K) is connected, h vanishes on X r (D ∪K) by the
principle of analytic continuation and h therefore vanishes on X r (D ∪ K)
by continuity. The function F = f̃ − h is then the extension we seek. Indeed,
∂F = ∂f̃ − ∂h = 0 on D r K and F

∣∣
∂DrK = f because h vanishes on

X r (D ∪K). �

Corollary 2.4. Let X be a non-compact complex analytic manifold such that
H0,1
c (X) = 0. The pair (X,∅) then has the C∞ Hartogs–Bochner property.

In other words, for any relatively compact domain D in X with C∞ boundary
such that XrD is connected and any C∞ CR function f on ∂D there is a C∞
function F on D, holomorphic on D, such that F

∣∣
∂D

= f .

We end this section by giving conditions on K and X which imply the
vanishing of the cohomology group H0,1

Φ (X rK).

Theorem 2.5. Let X be a complex analytic manifold of dimension n, n > 2,
and let K be a compact set in X such that X rK does not have a relatively
compact connected component. We assume that

i) H0,1
c (X) = 0,

ii) the compact set K has a decreasing sequence of neighbourhoods (Un)n∈N
such that

⋂
n∈N Un = K and for every n ∈ N the map H0,2

c (Un) →
H0,2
c (X) induced by inclusion is injective.

We then have H0,1
Φ (X rK) = 0.

Lemma 2.6. Let X be a complex analytic manifold, let K be a compact set
in X and let U be a relatively compact neighbourhood of K. We assume that

i) H0,1
c (X) = 0,

ii) the map H0,2
c (U)→ H0,2

c (X) induced by inclusion is injective.

For any ∂-closed differential form f ∈ C∞0,1(X rK) vanishing outside of a
compact set in X there is then a function g ∈ C∞(X r U) vanishing outside
of a compact set in X such that ∂g = f in X r U .

Proof. Let χ be a C∞ function on X such that χ ≡ 0 on a neighbourhood
of K and χ ≡ 1 on a neighbourhood of X r U . The differential form ∂(χf)
is then C∞ and ∂-closed with compact support in U , so by ii) there is a
differential form h ∈ C∞0,1(X) with compact support in U such that ∂h = ∂(χf)
on X. Consider the differential form χf − h. This form is ∂-closed, C∞ and
compactly supported in X. Hypothesis i) then implies the existence of a
function g ∈ D(X) such that χf − h = ∂g. The function g

∣∣
XrU is then the

function we seek because χf − h = f on X r U . �
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Proof of Theorem 2.5. Let f ∈ C∞0,1(X r K) be a ∂-closed differential form
vanishing outside a compact set in X. Let gn be the solution of the equation
∂g = f in XrUn which exists by Lemma 2.6. The function gn+1−gn is then
holomorphic on XrUn and vanishes outside a compact set in X. It therefore
vanishes on all the non-relatively compact components of X rUn by analytic
continuation. The function g defined by g = gn on the non-relatively compact
connected components of X r Un is then the function we seek because the
union of the non-relatively compact components of the sets XrUn is XrK.

�

Theorem 2.7. Let X be a complex analytic manifold and let K be a compact
set in X. Suppose that Hp,q

c (X) = 0 for some integer p > 0 and some integer
q > 1. The natural map i : Hp,q

Φ (X r K) → Hp,q(X r K) is then injective.
In particular, if Hp,q(X rK) = 0 then Hp,q

Φ (X rK) = 0.

Proof. We have to prove that if f ∈ C∞p,q(XrK) is a ∂-closed differential form
which vanishes outside a compact set in X and f = ∂g on X r K for some
g ∈ C∞p,q−1(X r K) then we can find a g0 ∈ C∞p,q−1(X r K) which vanishes
outside a compact set in X such that f = ∂g0 in X rK. Consider a function
χ ∈ D(X) such that χ ≡ 1 on a neighbourhood of K ∪ supp f . We set g̃ = χg.
Then ∂g̃ = ∂χ∧ g+χ∂g = ∂χ∧ g+ f and the differential form ∂χ∧ g can be
extended by 0 to an ∂-closed (p, q)-form with compact support on X. Since
Hp,q
c (X) = 0, there is an h ∈ Dp,q−1(X) such that ∂h = ∂χ ∧ g on X and it

follows that ∂g̃ = ∂h + f . The differential form g0 = g̃ − h is then the form
we seek because h has compact support on X. �

3 The Cauchy–Fantappié formula and Dolbeault’s lemma

The aim of this section is to construct new integral formulae which will enable
us to solve ∂ for non-compactly supported data on domains in Cn.

Definition 3.1. Let D be a bounded domain in Cn. A C1 map w(z, ζ) =
(w1(z, ζ), . . . , wn(z, ζ)) defined for any z ∈ D and any ζ in some neighbour-
hood U∂D of ∂D with values in Cn is a Leray section for D if

〈w(z, ζ), ζ − z〉 6= 0 for any (z, ζ) ∈ D × ∂D.

Example. The map w(z, ζ) = ζ − z is a Leray section for any bounded do-
main D in Cn. Indeed,

〈w(z, ζ), ζ − z〉 = 〈ζ − z, ζ − z〉 = |ζ − z|2 6= 0 for any z 6= ζ.

Throughout the following D will be a bounded domain with C1 boundary
in Cn and w(z, ζ) will be a Leray section for D. For any λ ∈ [0, 1] and
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any z ∈ D, we then set

ηw(z, ζ, λ) = (1− λ)
w(z, ζ)

〈w(z, ζ), ζ − z〉
+ λ

ζ − z
|ζ − z|2

,

ω′z,ζ,λ(ηw(z, ζ, λ)) =
n∑
j=1

(−1)j−1ηwj (z, ζ, λ)(∂z,ζ + dλ)ηw1 (z, ζ, λ) ∧ · · ·

∧ ̂(∂z,ζ + dλ)ηwj (z, ζ, λ) ∧ · · · ∧ (∂z,ζ + dλ)ηwn (z, ζ, λ).

We also set

Kηw(z, ζ, λ) =
(n− 1)!
(2iπ)n

ω′z,ζ,λ(ηw(z, ζ, λ) ∧ ω(ζ − z)

for any z ∈ D and ζ ∈ U∂D such that 〈w(z, ζ), ζ − z〉 6= 0. We also write

ω′z,ζ(w(z, ζ)) =
n∑
j=1

(−1)j−1wj(z, ζ)∂z,ζw1(z, ζ) ∧ · · ·

∧ ̂∂z,ζwj(z, ζ) ∧ · · · ∧ ∂z,ζwn(z, ζ)

and, for any z ∈ D and ζ ∈ U∂D such that 〈w(z, ζ), ζ − z〉 6= 0,

Kw(z, ζ) =
(n− 1)!
(2iπ)n

ω′z,ζ(w(z, ζ)) ∧ ω(ζ − z)
〈w(z, ζ), ζ − z〉n

.

We note that Kζ−z is the Bochner–Martinelli kernel B defined in Chapter III.
The kernel Kηw(z, ζ, λ) is a continuous differential form of degree (2n− 1) on
the set {(z, ζ, λ) ∈ D × U∂D × [0, 1] | 〈w(z, ζ), ζ − z〉 6= 0}. The kernel
Kw(z, ζ) is a continuous differential form of bidegree (n, n − 1) on the set
{(z, ζ) ∈ D × U∂D | 〈w(z, ζ), ζ − z〉 6= 0}.

Lemma 3.2.

i) We have (∂z,ζ + dλ)Kηw(z, ζ, λ) = 0 as currents for any z ∈ D, ζ ∈ ∂D
and λ ∈ [0, 1],

ii) Kηw(z, ζ, λ)
∣∣
λ=0

= Kw(z, ζ) and Kηw(z, ζ, λ)
∣∣
λ=1

= Kζ−z(z, ζ) =
B(z, ζ).

Proof. As the function (ζ − z) is holomorphic in (z, ζ) and independent of λ,
we have (∂z,ζ + dλ)ω(ζ − z) = 0 and it follows that

(∂z,ζ + dλ)Kηw(z, ζ, λ)

=
n!

(2iπ)n
(∂z,ζ + dλ)ηw1 (z, ζ, λ) ∧ · · · ∧ (∂z,ζ + dλ)ηwn (z, ζ, λ) ∧ ω(ζ − z).
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But 〈ηw(z, ζ, λ), ζ− z〉 = 1 on D×U∂D× [0, 1], which implies that
∑n
j=1(ζj −

zj)(∂z,ζ + dλ)ηwj (z, ζ, λ) = 0. It follows that, for any z ∈ D, ζ ∈ U∂D r {z}
and λ ∈ [0, 1],

(∂z,ζ + dλ)ηw1 (z, ζ, λ) ∧ · · · ∧ (∂z,ζ + dλ)ηwn (z, ζ, λ) = 0

which proves that (∂z,ζ + dλ)Kηw(z, ζ, λ) = 0.
The claim ii) follows from the definitions of the differential forms Kηw ,

Kw and B = Kζ−z and from the following general result

µ(ξ, η) = 〈ξ, η〉−nω′(ξ) ∧ ω(η) = ω′
( ξ

〈ξ, η〉n
)
∧ ω(η)

which can be obtained by a straightforward calculation. (See Chapter III, §1
for the definition of µ.) �

Theorem 3.3. Let D be a bounded domain in Cn with C1 boundary and let
w(z, ζ) be a Leray section for D. Assume that w is C2 with respect to z and all
the partial derivatives of w of order at most 2 with respect to z are continuous
on D × U∂D. We then define the operator T by

Tf(z) =
(∫

(ζ,λ)∈∂D×[0,1]

f(ζ) ∧Kηw(z, ζ, λ) +
∫
ζ∈D

f(ζ) ∧B(z, ζ)
)

for any continuous differential form f on D.

i) Tf ∈ Ckp,q−1(D) if f ∈ Ckp,q(D)∩Cp,q(D), w is Ck+1 with respect to z and
all the partial derivatives of w of order at most (k + 1) with respect to z
are continuous on D × U∂D.

ii) If f is a continuous differential (p, q)-form on D such that ∂f is also
continuous on D for some 0 6 p, q 6 n then

(3.1) (−1)p+qf =
∫
ζ∈∂D

f(ζ) ∧Kw(·, ζ)− T∂f + ∂Tf on D.

Proof. If w satisfies the hypotheses of i) then the kernel Kηw(z, ζ, λ) is Ck
with respect to z. It follows by differentiating under the integral sign that∫
(ζ,λ)∈∂D×[0,1]

f(ζ)∧Kηw(z, ζ, λ) is Ck on D whenever f is continuous on ∂D.
Moreover, Proposition 2.1 of Chapter III says that if f ∈ Ckp,q(D)∩Cp,q(D) then
the differential form B̃Df =

∫
ζ∈D f(ζ)∧B(·, ζ) is Ck+α on D for any α ∈ ]0, 1[.

It follows that Tf is Ck. On D × ∂D × [0, 1] the only non-zero contribution
to the wedge product f(ζ) ∧Kηw(z, ζ, λ) comes from the bidegree (p, q − 1)
part of Kηw(z, ζ, λ) with respect to z and as B̃Df has bidegree (p, q − 1) the
form Tf also has bidegree (p, q − 1).
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By the Bochner–Martinelli–Koppelman formula (Chap. III, Th. 2.3), to
prove (3.1) it is enough to prove that

(3.2) ∂z

∫
(ζ,λ)∈∂D×[0,1]

f(ζ) ∧Kηw(z, ζ, λ) =
∫
ζ∈∂D

f(ζ) ∧B(z, ζ)

−
∫
ζ∈∂D

f(ζ) ∧Kw(z, ζ) +
∫

(ζ,λ)∈∂D×[0,1]

∂f(ζ) ∧Kηw(z, ζ, λ).

Fix z ∈ D and apply Stokes’ formula to the differential form f(ζ) ∧
Kηw(z, ζ, λ) on ∂D × [0, 1]. We get

(3.3)
∫

(ζ,λ)∈∂D×[0,1]

(dζ + dλ)(f(ζ) ∧Kηw(z, ζ, λ))

=
∫

(ζ,λ)∈∂(∂D×[0,1])

f(ζ) ∧Kηw(z, ζ, λ).

As ∂(∂D× [0, 1]) = ∂D× {0} − ∂D× {1} it follows from Lemma 3.2, ii) that

(3.4)
∫

(ζ,λ)∈∂(∂D×[0,1])

f(ζ) ∧Kηw(z, ζ, λ)

=
∫
ζ∈∂D

f(ζ) ∧Kw(z, ζ)−
∫
ζ∈∂D

f(ζ) ∧B(z, ζ).

For bidegree reasons (f(ζ) ∧Kηw(z, ζ, λ)) is saturated in dζ, so

(dζ + dλ)(f(ζ) ∧Kηw(z, ζ, λ)) = (∂ζ + dλ)
(
f(ζ) ∧Kηw(z, ζ, λ)

)
= ∂f(ζ) ∧Kηw(z, ζ, λ)

+ (−1)p+qf(ζ) ∧ (∂ζ + dλ)Kηw(z, ζ, λ),

but now by Lemma 3.2, i), (∂z,ζ + dλ)Kηw(z, ζ, λ) = 0 and hence

(dζ + dλ)(f(ζ) ∧Kηw(z, ζ, λ))

= ∂f(ζ) ∧Kηw(z, ζ, λ) + (−1)p+q+1f(ζ) ∧ ∂zKηw(z, ζ, λ)

= ∂f(ζ) ∧Kηw(z, ζ, λ)− ∂z
(
f(ζ) ∧Kηw(z, ζ, λ)

)
.

We therefore get

(3.5)
∫

(ζ,λ)∈∂D×[0,1]

(dζ + dλ)
(
f(ζ) ∧Kηw(z, ζ, λ)

)
=∫

(ζ,λ)∈∂D×[0,1]

∂f(ζ) ∧Kηw(z, ζ, λ)− ∂z
∫

(ζ,λ)∈∂D×[0,1]

f(ζ) ∧Kηw(z, ζ, λ).

Formula (3.1) then follows from (3.3), (3.4) and (3.5). �



104 V Extensions of holomorphic functions

Corollary 3.4. Let D be a bounded domain in Cn with C1 boundary and let
w(z, ζ) be a Leray section for D depending holomorphically on z such that
all its partial derivatives with respect to z are continuous on D × U∂D. For
any continuous differential (p, q)-form f on D such that ∂f is also continuous
on D, where 0 6 p 6 n and 1 6 q 6 n, we then have

(3.6) f = ∂T pq f + T pq+1∂f on D,

where T pq = (−1)p+qT and T is the operator defined in Theorem 3.3.
If ∂f = 0 then u = Tqf is a continuous solution of the equation ∂u = f

on D. Moreover, this solution u is Cα on D for any α ∈ ]0, 1[ and if f is Ck
on D for some 1 6 k 6 +∞ then u is Ck+α on D for any α ∈ ]0, 1[.

Proof. By (3.1) it is enough to prove that under the hypotheses of the corol-
lary,

∫
ζ∈∂D f(ζ) ∧Kw(z, ζ) = 0 for any z ∈ D to establish (3.6). But for any

z ∈ D, ∫
ζ∈∂D

f(ζ) ∧Kw(z, ζ) =
∫
ζ∈∂D

f(ζ) ∧ (Kw)pq(z, ζ),

where (Kw)pq is the bidegree (p, q) part of Kw with respect to z, since
dim ∂D = n − 2. As q > 1, (Kw)pq = 0 by definition of Kw since w is
holomorphic in z, i.e. ∂zw = 0, and the result follows. If ∂f = 0 then (3.6)
implies that f = ∂T pq f on D and hence u = T pq f is a solution of the equation
∂u = f on D. The regularity of u follows from Proposition 2.1 of Chapter III
and the fact that since w is C∞ with respect to z the function∫

(ζ,λ)∈∂D×[0,1]

f(ζ) ∧Kηw(z, ζ, λ)

is C∞ on D. �

When the domain D is convex with C2 boundary it is easy to construct
a Leray section for D which is holomorphic in the variable z. Let r be a C2
defining function for D. We set w(z, ζ) =

(
∂r
∂ζ1

(ζ), . . . , ∂r∂ζn (ζ)
)

for any ζ in
a neighbourhood of ∂D. The map w is C1 on Cn × U∂D and independent
of z: in particular, it is holomorphic in z. If ζ ∈ ∂D then the condition
〈w(z, ζ), ζ−z〉 = 0 characterises the complex tangent space TC

ζ ∂D to ∂D at ζ
which does not meet D because D is convex. It follows that 〈w(z, ζ), ζ−z〉 6= 0
for any z ∈ D and ζ ∈ ∂D and w is therefore a Leray section for D.

It is immediate from this construction and Corollary 3.4 that for any ∂-
closed differential (p, q)-form f , where 0 6 p 6 n, 1 6 q 6 n, which is C1
on D, we can solve the equation ∂u = f on any bounded convex open set D
with C2 boundary. More precisely:

Theorem 3.5. Let D be a bounded open convex set in Cn with C2 boundary
and let r be a C2 defining function for D. For any continuous differential
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(p, q)-form f on D such that ∂f is also continuous on D, where 0 6 p 6 n,
1 6 q 6 n, we have

f = ∂T pq f + T pq+1∂f on D,

where

T pq f(z) = (−1)p+q
(∫

(ζ,λ)∈∂D×[0,1]

f(ζ) ∧Kηw(z, ζ, λ) +
∫
ζ∈D

f(ζ) ∧B(z, ζ)
)

w(z, ζ) =
( ∂r
∂ζ1

(ζ), . . . ,
∂r

∂ζn
(ζ)
)
.and

In particular, if ∂f = 0 then f = ∂T pq f . Moreover, if f is Ck on D then
u = T pq f is Ck+α on D for any α ∈ ]0, 1[.

In particular, this theorem proves that we can always solve ∂ with im-
proving regularity locally (by taking small balls, for example). This result is
called the Poincaré lemma for ∂ or Dolbeault’s Lemma.

We end this section by proving Dolbeault’s Lemma for currents.

Theorem 3.6. Let D be an open convex bounded set in Cn and let T be a ∂-
closed current of bidegree (p, q) on D, where 0 6 p 6 n and 1 6 q 6 n. For
any open set U b D there is a current S on U such that ∂S = T on U .

Proof. Let χ be a C∞ function with compact support on Cn such that χ ≡ 1
in a neighbourhood of U and suppχ b D. Theorem 3.4 of Chapter III then
gives us a representation

χT = −
(
B̃′∂(χT ) + ∂B̃′(χT )

)
= −

(
B̃′(∂χ ∧ T ) + ∂B̃′(χT )

)
since ∂T = 0. To complete the proof it is then enough to solve the equation
∂u = B̃′(∂χ ∧ T ) on U . By Proposition 3.3 of Chapter III, B̃′(∂χ ∧ T ) is C∞
in a neighbourhood of U . Without loss of generality we can assume that U is
convex with C2 boundary and we can then solve the equation ∂u = B̃′(∂χ∧T )
on U by applying Theorem 3.5. �

4 The Dolbeault isomorphism

Let X be a complex analytic manifold of dimension n. We denote by Ωp

the sheaf of germs of holomorphic p-forms on X and by Hq(X,Ωp) the Čech
cohomology groups of Ωp on X. (The sheaf theory used in this chapter is
summarised in Appendix B.)

We denote by Zαp,q(X), 0 6 α 6 ∞, the subspace of differential forms
f ∈ Cαp,q(X) such that ∂f = 0 and by Eαp,q(X) the subspace of differen-
tial forms f ∈ Zαp,q(X) such that f = ∂g for some g ∈ Cαp,q−1(X). We
set Hp,q

α (X) = Zαp,q(X)/Eαp,q(X). With this notation Hp,q
∞ (X) is simply
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the Dolbeault cohomology group Hp,q(X) defined in Chapter II. Letting
Z−∞p,q (X) denote the subspace of D′p,q(X) consisting of ∂-closed currents
and E−∞p,q (X) denote the subspace of Z−∞p,q (X) consisting of ∂-exact cur-
rents, we set Hp,q

−∞(X) = Z−∞p,q (X)/E−∞p,q (X). We denote by Φ the map
Zαp,q(X) → Z−∞p,q (X) which sends a differential form f to the current Tf
defined by f .

Theorem 4.1. Let X be a complex analytic manifold of dimension n. Then,

(4.1) Hq(X,Ωp) = 0 for any p, q > n+ 1

and for any pair (p, q) such that 0 6 p, q 6 n there are isomorphisms

δp,qα : Hp,q
α (X) −→ Hq(X,Ωp), 0 6 α 6∞(4.2)

δp,q−∞ : Hp,q
−∞(X) −→ Hq(X,Ωp)(4.3)

and the diagram

(4.4)

Hp,q
α (X)

δp,qα
((QQQQQQ

Φ∗

��

Hq(X,Ωp)

Hp,q
−∞(X)

δp,q−∞ 66nnnnnn

is commutative for any α ∈ [0,+∞]. In particular, for any 0 6 α 6 ∞ and
0 6 p, q 6 n, the homomorphism

(4.5) Φ∗ : Hp,q
α (X) −→ Hp,q

−∞(X)

induced by Φ is an isomorphism.

Proof. We consider the sheaf Zαp,q of ∂-closed Cα differential forms on X, the
sheaf D′p,q of currents on X, the sheaf Z−∞p,q of ∂-closed currents on X and
the sheaf C̃αp,q of Cα differential forms whose ∂ is also Cα (i.e. if U ⊂ X is an
open set then C̃αp,q(U) = {f ∈ Cαp,q(U) | ∂f ∈ Cαp,q+1(U)}.).

We note that these sheaves are E-module sheaves, where E is the sheaf of
germs of C∞ functions on X. By Proposition 3 of Appendix B it follows that

(4.6) Hr(X, C̃αp,q) = 0 for any r > 1

and

(4.7) Hr(X,D′p,q) = 0 for any r > 1.

It follows by the regularity of ∂ (Chap. III, Th. 3.5 and Remark 3.6) that the
map

Φ : Ωp(X) −→ Z−∞p,0 (X)



4 The Dolbeault isomorphism 107

is an isomorphism and if 0 6 α 6 ∞ then Ωp(X) = Zαp,0(X). The theorem
therefore holds for q = 0.

Suppose that q > 1. By Dolbeault’s Lemma for differential forms the
sequence

0 −→ Zαp,s−1 −→ C̃αp,s−1
∂−→ Zαp,s −→ 0

is exact for any s = 1, . . . , n. Consider the long exact cohomology sequence
associated to this exact sequence (cf. Appendix B, Theorem 5)

0 −→ Zαp,s−1(X) −→ C̃αp,s−1(X) ∂−→ Zαp,s(X)
δ0α,(p,s)−→

H1(X,Zαp,s−1) −→ H1(X, C̃αp,s−1) ∂−→ H1(X,Zαp,s)
δ1α,(p,s)−→ · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Hr(X,Zαp,s−1) −→ Hr(X, C̃αp,s−1) ∂−→ Hr(X,Zαp,s)
δr+1
α,(p,s)−→ · · · · · ·

It follows from (4.6) that the connecting maps

(4.8) δrα,(p,s) : Hr(X,Zαp,s) −→ Hr+1(X,Zαp,s−1)

are isomorphisms for any r > 1 and the connecting map δ0α,(p,s) induces an
isomorphism

(4.9) δ̂0α,(p,s) : Hp,s
α (X) −→ H1(X,Zαp,s−1), 1 6 s 6 n.

If q > n+ 1 then the isomorphisms (4.8) for any r > 1 imply that

Hq(X,Zαp,0) ' Hq−n(X,Zαp,n).

Since Zαp,n = C̃αp,n and Zαp,0 = Ωp we therefore have

Hq(X,Ωp) ' Hq−n(X, C̃αp,n) for any q > n+ 1

and by (4.6) this establishes (4.1).
Assume that 1 6 q 6 n and set

δp,qα = δq−1
α,(p,1) ◦ · · · ◦ δ

1
α,(p,q−1) ◦ δ̂

0
α,(p,q).

Since the maps (4.9) and (4.8) are isomorphisms for any r > 1 and Zαp,0 = Ωp

we get an isomorphism

δp,qα : Hp,q
α (X) −→ Hq(X,Ωp).

Dolbeault’s Lemma for currents (Theorem 3.6) then gives us exact sequences

0 −→ Z−∞p,s−1 −→ D′p,s−1
∂−→ Z−∞p,s −→ 0 1 6 s 6 n.
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By the regularity of ∂, i.e. the isomorphism between Ωp(X) and Z−∞p,0 (X),
and (4.7) we can repeat the above proof and we get an isomorphism

δp,q−∞ : Hp,q
−∞(X) −→ Hq(X,Ωp).

Moreover, we have the following commutative diagram of short exact se-
quences

0 // Zαp,s−1
//

Φ

��

C̃αp,s−1
∂ //

Φ

��

Zαp,s //

Φ

��

0

0 // Z−∞p,s−1
// D′p,s−1

∂ // Z−∞p,s // 0.

By the second part of the Snake Lemma (cf. Appendix B, Lemma 7) each of
the diagrams

Hr(X,Zαp,s)
δrα,(p,s)

//

Φ∗

��

Hr+1(X,Zαp,s−1)

Φ∗

��

Hr(X,Z−∞p,s )
δr−∞,(p,s)

// Hr+1(X,Z−∞p,s−1)

r > 0, 1 6 s 6 n

is commutative and by definition of δp,qα and δp,q−∞ it follows that diagram (4.4)
is commutative. �

The isomorphisms in diagram (4.4) are called the Dolbeault isomorphisms.

Remarks. We can deduce the following results from Theorem 4.1.

i) If f is a Cα differential form for some 0 6 α 6∞ and there is a current T
such that ∂T = Tf then there is a Cα differential form g such that ∂g = f .
(This is the injectivity of (4.5).)

ii) For any ∂-closed current T there is a current S such that T − ∂S is a C∞
differential form. (This is the surjectivity of (4.5) for α =∞.)

More precisely:

Corollary 4.2. Let X be a complex analytic manifold.

i) For any ∂-closed current T on X and any neighbourhood U of the sup-
port of T there is a current S on X such that T − ∂S is a ∂-closed C∞
differential form with suppS ⊂ U .

ii) If f is a Ck differential form on X, k = 0, 1, . . . ,∞, and T is a current
on X such that ∂T = Tf then for any neighbourhood U of the support
of T there is a differential form g ∈

⋂
0<α<1 Ck+α(X,E) such that ∂g = f

on X and supp g ⊂ U .
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Proof. Let us prove i). Choose a neighbourhood V of the support of T such
that V ⊂ U and let χ0 and χ1 be C∞ functions on X such that χ0 = 1 on
a neighbourhood of X r V , χ0 = 0 on a neighbourhood of the support of T ,
χ1 = 1 in a neighbourhood of X r U and χ1 = 0 on a neighbourhood of V .

Since T is ∂-closed and the morphism (4.5) is surjective, there is a current
S0 on X and a ∂-closed C∞ differential form f0 on X such that T −∂S0 = Tf0
on X. Then Tf0 = −∂S0 on XrsuppT and as the morphism (4.5) is injective
there is a C∞ form g0 on X r suppT such that f0 = ∂g0 on X r suppT . On
X r V we then have ∂(S0 + Tχ0g0) = T−f0+∂g0 = 0. The surjectivity of
(4.5) then implies that there is a current R on X r V and a ∂-closed C∞
differential form g1 such that S0 + Tχ0g0 − ∂R = Tg1 on X r V . The current
S = S0 + Tχ0g0−χ1g1 − ∂(χ1R) then satisfies i).

We now prove ii). Denote by F the sheaf on X defined in the following
way:

If V is an open set in X then F(V ) is the vector space of differential forms
g ∈

⋂
0<α<1Ck+α• (V ) such that ∂g ∈

⋂
0<α<1Ck+α• (V ). This is a sheaf of

E-modules and it follows by Proposition 3 of Appendix B that

(4.10) H1(X,F) = 0.

Let V = (Vi)i∈I and W = (Wi)i∈I be open covers of X such that for
any i, Vi b Wi and Vi and Wi are biholomorphic to the unit ball in Cn. Let
f ∈ Ck• (X) be ∂-closed. By Dolbeault’s Lemma for forms (Theorem 3.5), we
can find a family of forms gi ∈

⋂
0<α<1 Ck+α• (Wi) such that ∂gi = f on Wi.

If T is a current on X such that ∂T = Tf , the injectivity of (4.5) implies there
is a Ck differential form u on X such that ∂u = f on X. We set hi = gi − u
on V . Then hi ∈ Zk(Wi) and applying Dolbeault’s Lemma a second time
we get a family of forms ki ∈

⋂
0<α<1 Ck+α• (Vi) such that ∂ki = hi on Vi.

It follows that ki − kj ∈ F(Vi ∩ Vj) and by (4.10) there is a family of forms
ui ∈ F(Vi) such that ki− kj = ui− uj on Vi ∩ Vj . Setting v = gi− ∂ui on Vi,
we get a form v ∈

⋂
0<α<1 Ck+α(X) such that ∂v = f on X.

In the above we have constructed a solution with the required regularity:
it remains to show that the support condition is satisfied. Since ∂v = f on X,
the current T − Tv is ∂-closed on X and the surjectivity of (4.5) for α = ∞
implies that there is a current S on X and a ∂-closed C∞ differential form g∞
on X such that T −Tv+∂S = Tg∞ . Then ∂S = Tv+g∞ on XrsuppT . By the
first part of the proof there is therefore a differential form h ∈

⋂
0<α<1 Ck+α•

(Xr suppT ) such that ∂h = v+ g∞ on X r suppT . Choose a C∞ function χ
on X such that χ = 0 in a neighbourhood of the support of T and χ = 1 in
a neighbourhood of X r U . The differential form g = v + g∞ − ∂(χh) then
satisfies ii). �

The following result which will be useful in Section 5 of this chapter follows
immediately from i) of Corollary 4.2.

Corollary 4.3. Let X be a complex analytic manifold of dimension n and
let Θ be one of the support families defined in Chapter II, § 7. We assume
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that Hp,q
Θ (X) = 0 for some pair of integers (p, q), 0 6 p 6 n, 1 6 q 6 n. It

follows that if T is a ∂-closed (p, q)-current on X whose support is a member
of Θ then there is a current S whose support is a member of Θ such that
∂S = T on X.

5 Bochner’s theorem and extensions of CR functions on
manifolds

We will extend the results obtained in Section 2 to CR functions of class Ck.

Theorem 5.1. Let X be a non-compact complex analytic manifold and let K
be a compact set in X. Assume that H0,1

Φ (X r K) = 0. For any relatively
compact domain D in X such that

1) ∂D rK is a Ck submanifold of X rK for some k > 1.
2) D rK = Int(D rK).
3) X r (D ∪K) is connected

and any CR function of class Ck f on ∂D r K, where 0 6 s 6 k, there is a
Cs function F on D rK, holomorphic on D rK, such that F

∣∣
∂DrK = f .

Proof. Consider the current T = f [∂D r K]0,1. This current has bidegree
(0, 1) on X r K and its support is contained in ∂D r K which is an ele-
ment of Φ. As the function f is CR, the current T is ∂-closed (indeed, if
ϕ is a C∞ differential (n, n − 2)-form with compact support in X r K then
〈∂T, ϕ〉 = 〈T, ∂ϕ〉 =

∫
∂DrK f ∧ ∂ϕ = 0). The hypothesis H0,1

Φ (X r K) = 0
and Dolbeault’s isomorphism then imply the existence of a current S whose
support is a member of Φ such that ∂S = T (cf. Corollary 4.3). Since the
support of T is contained in ∂D r K, ∂S vanishes on X r (∂D ∪ K); S is
therefore a holomorphic function on (DrK) ∪ (X r (D ∪K)) (cf. Chap. III,
Th. 4.5). As the support of S is an element of Φ, S vanishes on an open set in
Xr(D∪K) since X is not compact and D∪K is compact. The connectedness
of X r (D ∪K) and the principle of analytic continuation then imply that S
vanishes on X r (D ∪K).

It remains to determine the behaviour of S close to ∂DrK. This follows
from a local calculation. Indeed, given a point ξ in ∂D r K, a neighbour-
hood Vξ of ξ in X r K on which the equation ∂R = f [∂D r K]0,1 has a
solution and a current Sξ of degree 0 such that ∂Sξ = f [∂D r K]0,1 on Vξ,
∂(S − Sξ) = 0 on Vξ and S − Sξ will then be a holomorphic (and hence C∞)
function on Vξ. The currents S and Sξ are then equal on Vξ up to addition
of a C∞ function.

Consider ξ ∈ ∂DrK and choose a neighbourhood Uξ of ξ in X rK such
that

a) Uξ is contained in a chart domain U of X.
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b) There are local coordinates on U such that the image of Uξ under the
chart map is a bounded open convex set in Cn.

c) Uξ r (∂D ∪K) has exactly two connected components.

Without loss of generality, we can identify Uξ with its image in Cn. By
Theorem 3.6, for any convex open set Vξ b Uξ there is a current Sξ such that
∂Sξ = T on Vξ. Moreover, we can write Sξ = uξ + B̃′(χT ) where χ is a C∞
function with compact support in Uξ which is equal to 1 in a neighbourhood
of V ξ and uξ is a C∞ function such that ∂uξ = B̃′(∂χ ∧ T ) on Vξ. On Vξ the
current Sξ is therefore equal to

B̃′(χT ) =
∫
∂DrK

χ(ζ)f(ζ)B(z, ζ)

up to addition of a C∞ function. In other words, up to addition of a C∞
function, Sξ is equal to the Bochner–Martinelli transform of χf , which we
studied in Chapter IV, §1. As the current S vanishes on Vξ ∩ (X r (D ∪K)),
Sξ
∣∣
Vξ∩(Xr(D∪K)

can be extended continuously to S−ξ on Vξ∩(Xr(D∪K)), as

can the Bochner–Martinelli transform of χf . As f is continuous, Sξ
∣∣
Vξ∩(DrK)

can be continuously extended to S+
ξ on Vξ ∩ (D r K) and S+

ξ − S
−
ξ = f on

(∂D r K) ∩ Vξ. It follows that S
∣∣
DrK can be extended to a continuous

function F on D rK such that F
∣∣
∂DrK = f , since S

∣∣
Xr(D∪K)

= 0.

To prove the Ck regularity of S up to the boundary, it is enough to consider
Fξ(z) =

∫
Vξ∩∂D f(ζ)B(z, ζ) since

B̃′(χT )−
∫
Vξ∩∂D

f(ζ)B(z, ζ) =
∫
∂Dr(K∪Vξ)

χ(ζ)f(ζ)B(z, ζ)

is C∞ on Vξ. Assume that Vξ∩∂D is an open set with C1 boundary. Repeating
the proof of Theorem 3.3 of Chapter IV, we get, for any z ∈ Vξ r ∂D,

∂Fξ
∂zj

(z) = −
∫
ζ∈∂D∩Vξ

f̃(ζ)dζBj(z, ζ) for any j = 1, . . . , n,

where f̃ is an extension of f satisfying the conclusions of Lemma 2.3 of Chap-
ter IV. Applying Stokes’ formula, we get

∂Fξ
∂zj

(z) =
∫
ζ∈∂D∩Vξ

dζ f̃(ζ) ∧Bj(z, ζ)−
∫
ζ∈∂D∩∂Vξ

f̃(ζ) ∧Bj(z, ζ)

=
∫
ζ∈∂D∩Vξ

∂f̃

∂ζj
(ζ) ∧B(z, ζ)−

∫
ζ∈∂D∩∂Vξ

f̃(ζ) ∧Bj(z, ζ),

where the last integral on the right-hand side is a C∞ function on Vξ be-
cause Bj is C∞ on Cn × Cn r ∆. As Fξ

∣∣
VξrD differs from S

∣∣
Xr(D∪K)

= 0

by a C∞ function on Vξ,
∂Fξ
∂zj

∣∣
VξrD can be continuously extended to Vξ ∩D.

Induction on k completes the proof as in Theorem 3.3 of Chapter IV. �
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Corollary 5.2 (Bochner’s theorem). Let X be a non-compact complex an-
alytic manifold such that H0,1

c (X) = 0. For any relatively compact domain D
with Ck boundary in X such that XrD is connected and any CR function f of
class Cs on ∂D, where 0 6 s 6 k, there is a Cs function F on D, holomorphic
on D, such that F

∣∣
∂D

= f .

Proof. Simply apply Theorem 5.1 with K = ∅, since the families c and Φ are
equal in this case. �

Remark. Theorems 2.5 and 2.7 give cohomological conditions under which the
conclusion of Theorem 5.1 is valid.

Comments

The study of extensions of CR functions defined on part of the boundary
of a domain is mainly due to G. Lupacciolu [Lu1, Lu2]. There is an excel-
lent presentation of this material in [Ci/St]. Poincaré’s Lemma for ∂ is due
to P. Dolbeault and A. Grothendieck: it is the key point in the representa-
tion of cohomology groups of analytic sheaves in terms of the ∂ complex (cf.
[Do1, Do2]). In this chapter, we prove Dolbeault’s Lemma using a resolution
of ∂ in convex domains via the Cauchy–Fantappié formula. Another proof of
Dolbeault’s Lemma using a resolution of ∂ in polydiscs is given in [Ho2]. The
proof of the Dolbeault isomorphism given here can be found in [He/Le2].



VI

Domains of holomorphy and pseudoconvexity

At the end of Chapter I and in Chapter III we met open sets in Cn on which any
holomorphic function can be extended to a larger open set. The open sets which
do not have this property are called domains of holomorphy: in this chapter
we study such open sets. We start by giving a characterisation of domains of
holomorphy in terms of holomorphic convexity (the Cartan–Thullen theorem).
We then introduce the notion of pseudoconvexity in order to get a more an-
alytic characterisation of domains of holomorphy. This requires us to define
plurisubharmonic functions. We then prove that every domain of holomorphy is
pseudoconvex: the converse, which is known as the Levi problem, is studied in
Chapter VII.

1 Domains of holomorphy and holomorphic convexity

Whilst studying Hartogs’ phenomenon in Chapter III we saw that there are
open sets Ω in Cn such that any holomorphic function on Ω can be extended
holomorphically to a larger domain. This leads us to define domains of holo-
morphy as follows.

Definition 1.1. An open set Ω in Cn is called a domain of holomorphy if
there is no pair of open sets Ω1 and Ω2 in Cn with the following properties:

a) ∅ 6= Ω1 ⊂ Ω2 ∩Ω;
b) Ω2 is connected and is not contained in Ω;
c) for any f ∈ O(Ω) there is a function f2 ∈ O(Ω2) such that f = f2 on Ω1.

Domains of holomorphy in Cn are only really interesting if n > 2 since any
open set Ω in C is a domain of holomorphy (consider the function f(z) = 1

z−z0
for any z0 ∈ ∂Ω).

Examples.

1) It follows from Hartogs’ theorem (Chapter III, Corollary 4.3) that if Ω is
a domain in Cn, n > 2, and K is a compact set in Ω then Ω rK is not a
domain of holomorphy.

C. Laurent-Thiébaut, Holomorphic Function Theory in Several Variables: An Introduction,  113 
Universitext, DOI 10.1007/978-0-85729-030-4_6, © Springer-Verlag London Limited 2011 
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2) The Euclidean ball B(0, R) with centre 0 and radius R in Cn is a do-
main of holomorphy (for any z0 ∈ ∂B, consider the function f(z) =
1/R2 −

∑n
j=1 zjz

0
j where z0 = (z0

1 , . . . , z
0
n)).

3) Hartogs’ figure in Cn, n > 2

Q =
{

(z1, . . . , zn) ∈ Cn | |zi| < r/2, 1 6 i 6 n− 1 or r/2 6 |zn| 6 r
}

is not a domain of holomorphy (cf. Chap. I, Th. 6.9).

Lemma 1.2. Any open convex set in Cn is a domain of holomorphy.

Proof. Given a point z0 in ∂Ω the convexity of Ω implies there is an R-
linear map ` from Cn to R such that `(z) < `(z0) for any z ∈ Ω. We can
write `(z) =

∑n
j=1 αjzj + βjzj and since ` is real valued we have βj = αj ,

j = 1, . . . , n. It follows that `(z) = Re(h(z)), where h(z) = 2
∑n
j=1 αjzj for

any z ∈ Cn. The holomorphic function on Ω given by f(z) = 1/
(
h(z)−h(z0)

)
then has no holomorphic extension to a neighbourhood of z0, which proves
the lemma. �

We will now try to characterise domains of holomorphy in terms of con-
vexity with respect to holomorphic functions.

Definition 1.3. Let Ω be an open set in Cn and let K be a compact set
in Ω. We define K̂Ω , the holomorphically convex hull of K by

K̂Ω =
{
z ∈ Ω | |f(z)| 6 sup

K
|f |, ∀ f ∈ O(Ω)

}
.

Lemma 1.4. Let Ω be an open set in Cn and let K be a compact set in Ω.
The holomorphically convex hull K̂Ω is then contained in the convex hull of K.

Proof. We recall that the convex hull of K is the intersection of all the real
half-spaces containing K. Moreover, a real hyperplane in Cn is defined by an
equation Re〈z, ξ〉 = α, where ξ ∈ Cn is some complex vector and α ∈ R. If a
point z0 ∈ Cn is not in the convex hull of K then there is a ξ ∈ Cn such that
Re〈w, ξ〉 < Re〈z0, ξ〉 for every w ∈ K. Consider the holomorphic function
on Cn given by f(z) = exp(〈z − z0, ξ〉). This function then has the property
that |f(z0)| = 1 and |f(w)| < 1 for every w ∈ K, so z0 /∈ K̂Ω . �

Corollary 1.5. If Ω is an open set in Cn and K is a compact set in Ω then
K̂Ω is bounded in Cn.

Proof. This follows immediately from Lemma 1.4 because the convex hull of
a bounded set is bounded. �

Proposition 1.6. Let Ω be an open set in Cn and let K be a compact set
in Ω. Then:
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i) K ⊂ K̂Ω and ̂̂KΩ = K̂Ω,
ii) if K ′ ⊂ K then K̂ ′Ω ⊂ K̂Ω,
iii) if D is an open set in Cn such that Ω ⊂ D then K̂Ω ⊂ K̂D,
iv) K̂Ω is closed in Ω,
v) for any M > 0, ε > 0 and z ∈ Ω r K̂Ω there is an f ∈ O(Ω) such that

supK |f | < ε and f(z) > M .

Proof. Claims i), ii) and iii) are immediate consequences of Definition 1.3.
Let us prove iv). We note that K̂Ω =

⋂
f∈O(Ω)Af , where Af ={

z ∈ Ω | |f(z)| 6 supK |f |
}

. As the functions in O(Ω) are continuous on Ω,
the sets Af are closed in Ω and K̂Ω is therefore closed in Ω.

Let us prove v). For any z ∈ Ω r K̂Ω there is a function h ∈ O(Ω) such
that supK |h| < |h(z)|. After multiplying by a constant, we can assume that
supK |h| < 1 < |h(z)|. We then set f = h` for large enough `. �

Remark. We have seen that K̂Ω is always bounded and closed in Ω, but it is
not in general a compact set in Ω.

Theorem 1.7. Let Ω be a domain of holomorphy in Cn. For any K in Ω
we have

dist(K̂Ω , ∂Ω) = dist(K, ∂Ω),

where dist(K, ∂Ω) = inf
{
|w − z| | w ∈ K, z ∈ ∂Ω

}
is the Euclidean distance

between K and ∂Ω.

If P (0, r) is the polydisc of centre O and multiradius (r1, . . . , rn) and a is
a point of Ω then we set

δrΩ(a) = sup
{
λ > 0 | a+ λP (0, r) ⊂ Ω

}
.

Then dist(a, ∂Ω) = inf
{
δrΩ(a) | r > 0, Σr2j = 1

}
.

Lemma 1.8. Let Ω be an open set in Cn, let K be a compact set in Ω and
let r be a multiradius. If η > 0 has the property that δrΩ(z) > η for any z ∈ K
then for any a ∈ K̂Ω and f ∈ O(Ω) the Taylor series of f at a converges on
P (a, ηr).

Proof (of the lemma). Fix a function f ∈ O(Ω) and a real number η′ such
that 0 < η′ < η. The set Q =

⋃
a∈K P (a, η′r) is then a compact set in Ω

and there is therefore an M ∈ R such that supQ |f | 6 M . By the Cauchy
inequalities, supK |Dαf | 6 α!M(η′r)−α for any α ∈ Nn. As Dαf ∈ O(Ω),

Dαf(a) 6 α!M(η′r)−α for any a ∈ K̂Ω

by definition of K̂Ω and the Taylor series of f at any point a ∈ K̂Ω converges
to P (a, η′r) by Abel’s lemma. As this holds for any η′ < η, this Taylor series
converges on P (a, ηr). �
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Proof (of the theorem). We note first that the inclusion K ⊂ K̂Ω implies that

dist(K̂Ω , ∂Ω) 6 dist(K, ∂Ω).

Assume that η = dist(K, ∂Ω) > dist(K̂Ω , ∂Ω): we will prove that Ω can-
not then be a domain of holomorphy. Consider a point a ∈ K̂Ω such that
dist(a, ∂Ω) < η. There is a multiradius r such that

∑n
j=1 r

2
j = 1 and

δrΩ(a) < η 6 δrΩ(z) for any z ∈ K. It then follows from Lemma 1.8 that
the restriction of any holomorphic function on Ω to the connected component
of Ω ∩ P (a, ηr) containing a has a holomorphic extension to P (a, ηr). As
δrΩ(a) < η, P (a, ηr) is not contained in Ω so the open set Ω cannot be a
domain of holomorphy. It follows that if Ω is a domain of holomorphy then
dist(K̂Ω , ∂Ω) > dist(K, ∂Ω). �

It is therefore natural to introduce the following definition.

Definition 1.9. Let Ω be an open set in Cn. We say that Ω is holomorphi-
cally convex if K̂Ω is relatively compact in Ω for any compact set K in Ω.

If K is a compact set in Ω then K is said to be O(Ω)-convex if and only
if K = K̂Ω .

Examples. Consider the open set Ω =
{
z ∈ Cn | 1/2 < |z| < 2

}
and the

compact set K =
{
z ∈ Cn | |z| = 1

}
in Ω.

1) If n = 1, then we can prove that K̂Ω = K by using the holomorphic
functions f(z) = 1/z and f(z) = z on Ω, which implies that K is O(Ω)-
convex.

2) If n > 2 then Hartogs’ phenomenon implies that any holomorphic func-
tion f on Ω can be extended to a holomorphic function f̃ on the
ball B(0, 2). Applying the maximum principle to f̃ we get |f̃(z)| =
|f(z)| 6 supK |f | for any z such that 1

2 < |z| < 1 and it follows that
B(0, 1) ∩ Ω ⊂ K̂Ω which proves that K̂Ω is not relatively compact in Ω.
The open set Ω is therefore not holomorphically convex.

With this terminology, Theorem 1.7 says that any domain of holomorphy
is holomorphically convex. In the rest of this section, we will prove that
domains of holomorphy and holomorphically convex open sets are the same
thing.

Lemma 1.10. Let Ω be a holomorphically convex open set in Cn. The set Ω
then has an exhaustion (Kj)j∈N by O(Ω)-convex compact sets Kj.

Proof. We construct the sequence (Kj)j∈N recursively starting with any ex-
haustion (Q`)`∈N of Ω by arbitrary compact sets. We set K1 = Q̂1: this is
a compact set in Ω because Ω is holomorphically convex. Assume we have

constructed K1, . . . ,Kj and consider some `j > j such that Kj ⊂
◦
Q`j . We

then simply set Kj+1 = Q̂`j . �
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Lemma 1.11. Let Ω be a holomorphically convex open set in Cn, let (Kj)j∈N
be an exhaustion of Ω by O(Ω)-convex compact sets and let (pj)j∈N be a
sequence of points such that pj ∈ Kj+1 r Kj. There is then a function f ∈
O(Ω) such that limj→∞ |f(pj)| = +∞.

Proof. The function f will be given as a series
∑∞
ν=1 fν such that fν ∈ O(Ω),

supKν |fν | < 2−ν and |fj(pj)| > j + 1 +
∑j−1
ν=1 |fν(pj)| for all j > 2. Note

that if such a sequence (fν)ν∈N∗ exists then the series
∑∞
ν=1 fν converges

uniformly on any compact set K in Ω and hence its sum f is holomorphic
on Ω. Moreover, if j > 2 then

|f(pj)| > |fj(pj)| −
∑
ν 6=j

|fν(pj)| > j + 1−
∑
ν>j

|fν(pj)|.

This implies that |f(pj)| > j since
∑
ν>j |fν(pj)| <

∑∞
ν=1 2−ν 6 1. We

construct the series (fν)ν∈N recursively. We set f1 ≡ 0 and given f1, . . . , f`−1

it follows from v) of Proposition 1.6 that there is a f` ∈ O(Ω) such that
supK` |f`| < 2−` and |f`(p`)| > `+ 1

∑`−1
ν=1 |fν(p`)|, since p` /∈ K̂`. �

Proposition 1.12. An open set Ω in Cn is holomorphically convex if and
only if for any sequence (pν)ν∈N ⊂ Ω without accumulation points in Ω there
is a function f ∈ O(Ω) such that supν∈N |f(pν)| = +∞.

Proof. Suppose that Ω is holomorphically convex and consider an exhaustion
(Kj)j∈N of Ω by O(Ω)-convex compact sets. Such an exhaustion exists by
Lemma 1.10. If (pν)ν∈N is a sequence of points in Ω without accumulation
points in Ω then there are sequences (νk)k∈N and (jk)k∈N such that pνk ∈
Kjk+1 rKjk . The existence of f then follows from Lemma 1.11.

Conversely, let K be a compact set in Ω. By definition of holomorphic
convexity, it will be enough to prove that any sequence (pν)ν∈N of points in
K̂Ω has an accumulation point in K̂Ω . Let (pν)ν∈N be a sequence of points
in K̂Ω ; for any f ∈ O(Ω) we then have supν∈N |f(pν)| 6 supK |f | < +∞. By
hypothesis for any a sequence (pν) without accumulation points in Ω we can
find a holomorphic function on Ω which is not bounded on (pν), so (pν)ν∈N
has an accumulation point in Ω. As K̂Ω is closed in Ω this accumulation
point lies in K̂Ω . �

Application. Let Ω be an open set in Cn. The set Ω is holomorphically
convex if for any point p ∈ ∂Ω there is a function fp ∈ O(Ω) such that
limz→p

z∈Ω
|fp(z)| = +∞. Indeed, if (pν)ν∈N is a sequence of points in Ω without

accumulation points in Ω, then either (pν) is an unbounded sequence and
f(z) = z is then unbounded on (pν) or (pν) has an accumulation point p ∈
∂Ω and fp is then unbounded on (pν)ν∈N. By Proposition 1.12, Ω is then
holomorphically convex. This proves that any open set in C is holomorphically
convex, as is any convex open set in Cn.

We can now state and prove a theorem due to H. Cartan and P. Thullen
characterising domains of holomorphy in terms of holomorphic convexity.
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Theorem 1.13. Let Ω be an open set in Cn. The following are equivalent:

i) Ω is a domain of holomorphy,
ii) dist(K̂Ω , ∂Ω) = dist(K, ∂Ω) for any compact set K in Ω,
iii) Ω is holomorphically convex,
iv) There is a function f ∈ O(Ω) such that for any pair of open sets Ω1

and Ω2 in Cn satisfying a) and b) of Definition 1.1 there is no function
f̃ ∈ O(Ω2) such that f̃ = f on Ω1.

Proof. The facts that ii) =⇒ iii) and iv) =⇒ i) are immediate consequences
of Definitions 1.9 and 1.1 respectively. The fact that i) =⇒ ii) follows from
Theorem 1.7. It remains only to prove that iii) =⇒ iv).

Lemma 1.14. Let Ω be an open set in Cn, let p be a point in ∂Ω, let U be a
connected neighbourhood of p and let D be a connected component of U ∩ Ω.
Then ∂D ∩ (U ∩ ∂Ω) 6= ∅.

Proof. As D is a connected component of U ∩Ω, D is open in Cn and closed
in U ∩Ω. As the open set U is connected and D is strictly contained in U , D
is not closed in U . Consider a point q on the boundary of D in U . As D is
closed in U ∩Ω, the point q must be contained in ∂Ω. �

Lemma 1.15. Let Ω be an open set in Cn and let (Kν)ν∈N be an exhaustion
of Ω by compact sets. There is then a sequence of natural numbers (νj)j∈N
and a sequence (pj)j∈N of points in Ω such that the following hold:

1) pj ∈ Kνj+1 rKνj for any j ∈ N
2) for any p ∈ ∂Ω and any connected neighbourhood U of p every connected

component D of U∩Ω contains an infinite number of points in the sequence
(pj)j∈N.

Proof. Let (aν)ν∈N be a sequence running through the set of all points of Ω
with rational coordinates, let rν be the distance from aν to ∂Ω and let Bν
be the ball B(aν , rν) ⊂ Ω. Let (Qj)j∈N be a sequence whose elements are
the balls Bν and which contains each Bν infinitely often: for example, the
sequence B1, B1, B2, B1, B2, B3, B1, B2, B3, B4, . . . will do.

Set Kν0 = K0 and suppose we have already constructed points p1, . . . ,p −̀1
and compact sets Kν1 , . . . ,Kν` satisfying 1) for j = 1, . . . , `− 1. As Qj is not
contained in any compact subset of Ω because it is one of the balls Bν there
is a p` ∈ Q` r Kν` . We then choose ν`+1 such that p` ∈ Kν`+1 and 1) holds
for j = `. Let us prove that 2) also holds for the sequences thus constructed.
Consider a point p ∈ ∂Ω, let U be a connected neighbourhood of p and letD be
a connected component of U ∩Ω. By Lemma 1.14, there is a q ∈ ∂D∩U ∩∂Ω.
As the sequence (aν)ν∈N is dense in Cn, there is a point aµ ∈ D close enough
to q that Bµ ⊂ D. But as Bµ appears infinitely often in the sequence (Qj)j∈N
and pj ∈ Qj the set U ∩D contains infinitely many points pj . �
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End of the proof of Theorem 1.13. Suppose that Ω is holomorphically convex.
By Lemma 1.10 it has a exhaustion (Kν)ν∈N by O(Ω)-convex compact sets.
We can then apply Lemma 1.11 to the sequences (pj)j∈N and (Kνj )j∈N asso-
ciated to the sequence (Kν)ν∈N by Lemma 1.15 and this proves that there is a
function f ∈ O(Ω) such that limj→∞ |f(pj)| =∞. Consider a point p ∈ ∂Ω,
let U be a connected neighbourhood of p, let D be a connected component of
U ∩Ω and suppose there is a h ∈ O(U) such that h = f on D. Let U ′ b U be
a neighbourhood of p and let D′ be the connected component of U ′∩Ω meet-
ing D. Then supD′ |h| 6 supU ′ |h| < +∞ and f must therefore be bounded
on D′. But this is impossible since by construction the open set D′ contains
an infinity of the points pj and limj→∞ |f(pj)| = +∞. Condition iv) therefore
holds for the function f . �

We end this section by giving some new examples of domains of holo-
morphy and some stability properties of domains of holomorphy under set
operations.

Proposition 1.16. Let Ω be a domain of holomorphy in Cn and let f1, . . . ,fN
∈ O(Ω) be holomorphic functions on Ω. The set

Ωf =
{
z ∈ Ω | |fj(z)| < 1, j = 1, . . . , N

}
is then a domain of holomorphy.

Proof. Let K be a compact set in Ωf and choose a real number r < 1 such
that |fj | 6 r on K for any j = 1, . . . , N . Of course, this inequality is still valid
on K̂Ω and K̂Ω is therefore contained in Ωf . But K̂Ω is compact because Ω is
a domain of holomorphy and contains K̂Ωf . This implies that K̂Ωf is compact
and proves the proposition. �

Remark. If Ωf b Ω then Ωf is a domain of holomorphy even if Ω is not
because K̂Ωf is closed in Ω since K̂Ωf ⊂

{
z ∈ Ω | |fj(z)| 6 r

}
⊂ Ωf .

Examples.

1) If ϕ ∈ O(Cn) then Ω =
{
z ∈ Cn | −A < Reϕ(z) < A

}
is a domain of

holomorphy.
2) An open set Ω b Cn is said to be an analytic polyhedron if there is a

neighbourhood U of Ω and functions f1, . . . , fN ∈ O(U) such that Ω ={
z ∈ U | |fj(z)| < 1, j = 1, . . . , N

}
. Any analytic polyhedron is a domain

of holomorphy.

Proposition 1.17. The interior of an arbitrary intersection of domains of
holomorphy is a domain of holomorphy.

Proof. Let (Ωi)i∈I be a family of domains of holomorphy and let Ω be the
interior of

⋂
i∈I Ωi. Assume that Ω 6= ∅. If K is a compact set in Ω then
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0 < d = dist(K, ∂Ω) 6 dist(K, ∂Ωi) for any i ∈ I. As the open sets Ωi are
domains of holomorphy it follows from Theorem 1.7 that d 6 dist(K̂Ωi , ∂Ωi)
for any i ∈ I. As K̂Ω is contained in every set of the form K̂Ωi the distance
from K̂Ω to the boundary of the domains Ωi is at least d, as is the distance
from K̂Ω to the boundary of Ω. The open set Ω is therefore holomorphically
convex and by Theorem 1.13 it is a domain of holomorphy. �

Proposition 1.18. Let Ω1 ⊂ Cm and Ω2 ⊂ Cn be two domains of holomor-
phy. The cartesian product Ω1 ×Ω2 is then a domain of holomorphy.

Proof. It will be enough to prove that, for any compact set K in Ω1 × Ω2

of the form K1 × K2, where Ki is a compact set in Ωi for i = 1, 2, the set
K̂Ω1×Ω2 is relatively compact in Ω1 ×Ω2. If f ∈ O(Ωi) for i = 1 or 2 then f
defines a holomorphic function on Ω1 ×Ω2 and it follows that

K̂Ω1×Ω2 ⊂ (K̂1)Ω1 ×Ω2 ∩Ω1 × (K̂2)Ω2 .

It follows that K̂Ω1×Ω2 is contained in (K̂1)Ω1 × (K̂2)Ω2 , which is relatively
compact in Ω1 ×Ω2 because the Ωi are holomorphically convex. �

If an open set Ω in Cn is not a domain of holomorphy then it is natural
to ask whether there is a largest element E(Ω) in the set of open sets D
containing Ω such that every holomorphic function on Ω can be extended to
a holomorphic function on D.

Examples.

1) Let Θ be a domain of holomorphy in Cn for some n > 2 and let K be a
compact set in Θ such that ΘrK is connected. Set Ω = ΘrK. It follows
from Hartogs’ phenomenon and the definition of a domain of holomorphy
that E(Ω) exists and E(Ω) = Θ.

2) Let ϕ be a holomorphic function on Cn for some n > 2. Let Θ be the
domain of holomorphy Θ =

{
z ∈ Cn | Reϕ(z) < 0

}
. If K is a closed

subset of Θ such that K b Cn and Θ r K is connected then we set
Ω : Θ rK. The extension theorem given in Section 6 of Chapter V and
Hartogs’ phenomenon then imply that E(Ω) exists and E(Ω) = Θ.

As the following example shows, E(Ω) does not exist in general if we
restrict ourselves to the class of open sets in Cn. When it exists the set E(Ω)
is called the envelope of holomorphy of Ω.

Consider the subset γ in C defined by γ =
{
x ∈ R | 1 6 x 6 2

}
∪
{
z = 2eiθ |

0 6 θ 6 π
}
∪
{
x ∈ R | −2 6 x 6 0

}
. We denote by Γ the subset of C2 defined

by Γ = γ×{0}. Set W1 =
{
z ∈ C2 | 0 6 |z1| < 1/2, 0 6 |z2| < 1

}
∪
{
z ∈ C2 |

0 6 |z1| < 1, 1/2 < |z2| < 1
}

. W1 is a Hartogs figure and by Theorem 6.9 of
Chapter I, any holomorphic function on W1 can be extended to a holomorphic
function on the bidisc D(0, 1)×D(0, 1). We set W2 = D(1, 1/4)×D(0, 1/4),
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W3 =
{
z ∈ C2 | dist(z, Γ ) < 1/4

}
and Ω = W1 ∪W2 ∪W3. The open set Ω

in C2 is connected because each of the sets Wi, i = 1, 2, 3 is connected and
C × {0} ∩ Ω is connected. Consider a function f ∈ O(Ω) which is a square
root of (z1 − i) on W1 (f exists and is unique because Ω is connected; it
can be constructed by analytic continuation). If the envelope of holomorphy
E(Ω) of Ω existed as an open set in C2 then E(Ω) would contain the open
set Ω̃ = D(0, 1) ×D(0, 1) ∪W2 ∪W3, which is impossible. Indeed, let F be
an extension of f to E(Ω): the function z1 7→ F | eΩ(z1, 0) would then be a
holomorphic function on (C × {0}) ∩ Ω̃, which is a ring enclosing (i, 0), and
would be equal to f on (C× {0})∩Ω. This would mean that

√
z1 − i can be

defined on a ring enclosing i, which is impossible.

2 Plurisubharmonic functions

In this section we will generalise subharmonic functions to several complex
variables. These new functions will be used to define pseudoconvexity in
Section 3.

A. Harmonic and subharmonic functions

We start by recalling the definition and most important properties of harmonic
functions. For more details the reader may wish to consult Section 1.4 of
[He/Le1] or Chapter I of [Kr].

The Laplace operator ∆ is defined in C by

∆ =
∂2

∂x2
+

∂2

∂y2
= 4

∂2

∂z∂z
.

Definition 2.1. A C2 function u on a domain D in C is said to be harmonic
if and only if ∆u = 0 on D.

Properties.

1) A real-valued function u defined on an open set D in C is harmonic if and
only if u is locally the real part of a holomorphic function. In particular,
any harmonic function is C∞ and even real analytic.

2) Mean property. If u is a harmonic function on D ⊂ C then

u(a) =
1

2π

∫ 2π

0

u(a+ reiθ)dθ

whenever
{
z | |z − a| 6 r

}
⊂ D.

3) Maximum principle. Let u be a real-valued harmonic function on an open
set D in C. It is then the case that:
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iii) If u has a local maximum at a ∈ D then u is constant on some neigh-
bourhood of a and u is therefore constant on the connected component
of D containing a,

iii) If D is relatively compact in C and u ∈ C(D) then u(z) 6 max∂D u
for any z ∈ D,

4) Dirichlet problem. Let Ω be a domain with C1 boundary in C. If f is a
continuous function on the boundary of Ω then there is a unique function
F ∈ C(Ω), harmonic on Ω, such that F |∂Ω = f .

Definition 2.2. A function u defined on an open set D in C with values in
[−∞,+∞[ is said to be subharmonic if and only if

i) u is upper semicontinuous (u.s.c.), i.e.
{
z ∈ D | u(z) < s

}
is open for any

s ∈ R or alternatively limz→au(z) 6 u(a) for any a ∈ D.
ii) For any compact set K ⊂ D and continuous function h on K, harmonic

on
◦
K, such that h > u on ∂K, we have h > u on K.

Remarks.

• If u ≡ −∞ then u is subharmonic.
• In R we have ∆ = ∂2/∂x2, the harmonic functions are the linear functions

and the subharmonic functions are therefore the convex functions.

Proposition 2.3. Let D be an open set in C.

i) If u is subharmonic on D then λu is subharmonic on D for any λ > 0.
ii) If (uα)α∈A is a family of subharmonic functions on D such that u =

supα∈A uα is finite and upper semicontinuous then u is subharmonic on D.
iii) If (un)n∈N is a decreasing family of subharmonic functions on D then

u = limn→∞ un is subharmonic.

Proof. Claims i) and ii) follow immediately from Definition 2.2.
Let us prove iii). We note that if u = limn→∞ un then

{
z ∈ D | u(z) < s

}
=⋃

n∈N
{
z ∈ D | un(z) < s

}
for any s ∈ R. This set is therefore open and u is

therefore upper semicontinuous. Let K be a compact set in D and let h be a

continuous function on K, harmonic on
◦
K, such that h > u on ∂K. For any

ε > 0, we set Ej =
{
z ∈ ∂K | uj(z) > h(z) + ε

}
for any j ∈ N. The sets Ej

are closed in ∂K since the functions uj are u.s.c., so they are compact sets.
Moreover, the sequence (Ej)j∈N is decreasing and their intersection is empty.
There is therefore an integer ` ∈ N such that E` = ∅, which implies that
u` 6 h + ε on ∂K. But u` 6 h + ε on K as the function u` is subharmonic,
and it follows that u 6 h+ ε on K since the sequence (un)n∈N is decreasing.
As this holds for any ε > 0 we have u 6 h on K. �

Corollary 2.4. The function

u(z) = − log(dist(z, ∂D))

is subharmonic on D for any open set D ⊂ C.
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Proof. If D = C, u ≡ −∞ and hence u is subharmonic. If D 6= C then u is
continuous and u(z) = supζ∈∂D(− log |z− ζ|). But − log |z− ζ| is a harmonic
function, since it is locally the real part of a choice of − log(z − ζ), and it
follows from ii) of Proposition 2.3 that u is subharmonic. �

We will give several different characterisations of subharmonicity. We
recall that if µ is a positive Borel measure on a compact set K and u : K →
R ∪ {−∞} is an upper semicontinuous function then the integral

∫
K
udµ is

meaningful and is defined by∫
K

udµ = inf
{∫

K

ϕdµ | ϕ ∈ C(K), ϕ > u
}
.

Moreover, u ∈ L1(K,µ) if and only if
∫
K
udµ > −∞.

Theorem 2.5. Let D be an open set in C and let u be an upper semicontin-
uous function from D to R ∪ {−∞}. The following are then equivalent:

i) u is subharmonic.
ii) For any disc ∆ b D and any holomorphic polynomial f such that u 6 Re f

on ∂∆ we have u 6 Re f on ∆.
iii) For any a ∈ D there is an ra such that 0 < ra < dist(a, ∂D) and

(2.1) u(a) 6
1

2π

∫ 2π

0

u(a+ reiθ)dθ for any r ∈ ]0, ra[.

Remark. Property iii) is both local and additive, so it follows that:

1) If u1 and u2 are subharmonic functions on D then u1 +u2 is subharmonic
on D.

2) A function u defined on an open set D in C is subharmonic if and only if
every point of D has a neighbourhood on which u is subharmonic.

Lemma 2.6. If u is an upper semicontinuous function on an open set D in C
such that iii) of Theorem 2.5 (the submean property) holds then u satisfies the
maximum principle.

Proof. We argue by contradiction. Assume that the submean property holds
for u and u has a local maximum at a ∈ D, i.e. there is a ρ > 0 such that
u(z) 6 u(a) for all z ∈ D such that |z − a| < ρ. If u is not constant in a
neighbourhood of a then there is a z0 ∈ D such that |z0− a| = r < min(ρ, ra)
and u(z0) < u(a). Consider the set

{
θ ∈ [0, 2π] | u(a+reiθ) < u(a)

}
: this is an

open set in [0, 2π] because u is u.s.c. and it is non-empty because |z0−a| = r.
We deduce that ∫ 2π

0

u(a+ reiθ)dθ <
∫ 2π

0

u(a)dθ = 2πu(a)

which contradicts the fact the u satisfies iii) of Theorem 2.5. �
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Proof (of Theorem 2.5).
The fact that i) =⇒ ii) follows immediately from the definition of subhar-

monic functions.
Let us prove that ii) =⇒ iii). Consider a point a ∈ D and let r > 0 be

such that ∆ =
{
z ∈ C | |z − a| < r

}
b D. Consider a function ϕ ∈ C(∂∆)

such that ϕ > u on ∂∆. We can assume that ϕ is in fact continuous on ∆
and harmonic on ∆ by the solution to the Dirichlet problem. For any τ < 1,
we set ϕτ (z) = ϕ(a+ τ(z − a)). The functions thus defined are harmonic on
some neighbourhood of ∆ and the family (ϕτ )τ<1 converges uniformly to ϕ
on ∆ as τ tends to 1. Moreover, there are holomorphic functions fτ defined on
some neighbourhood of ∆ such that ϕτ = Re fτ since ∆ is simply connected.
For any ε > 0 there is therefore a holomorphic polynomial f such that

u 6 ϕ 6 Re f 6 ϕ+ ε

(we simply take the initial terms of the Taylor series of fτ for some τ close
enough to 1). It follows from ii) and the mean property for Re f that

u(a) 6 Re f(a) =
1

2π

∫ 2π

0

Re f(a+ reiθ)dθ

6
1

2π

∫ 2π

0

ϕ(a+ reiθ)dθ + ε.

As the real number ε > 0 is arbitrary we get

u(a) 6
1

2π

∫ 2π

0

ϕ(a+ reiθ)dθ

for any ϕ ∈ C(∂∆) such that u 6 ϕ on ∂∆, and the result follows by definition
of the integral of an u.s.c. function.

We complete the proof of the theorem by proving that iii) implies i). Let

K ⊂ D be a compact set and let h ∈ C(K) be a harmonic function on
◦
K

such that u 6 h on ∂K. We will prove that if iii) holds then u 6 h on K.
Consider the function u− h: it follows from iii) and the mean property for h

that (u−h) satisfies iii) on
◦
K and by Lemma 2.6, u−h therefore satisfies the

maximum principle. It follows that (u − h)(z) 6 sup∂K(u − h) 6 0 for any
z ∈ K, or in other words, u 6 h on K. �

Proposition 2.7. Let D be an open set in C. If f ∈ O(D) then log |f | is
subharmonic on D.

Proof. Consider a point a ∈ D. If f(a) = 0 then log |f |(a) = −∞ and iii) of
Theorem 2.5 holds; if f(a) 6= 0 then there is a simply connected neighbourhood
of a on which f does not vanish and log |f | is harmonic on this neighbourhood
so iii) again holds. Since log |f | is clearly u.s.c. the proposition holds. �
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Proposition 2.8. Let ϕ be an increasing convex function on R. We set
ϕ(−∞) = limx→−∞ ϕ(x). If u is a subharmonic function on an open set D
in C then ϕ ◦ u is subharmonic on D.

Proof. Since the function ϕ is convex and increasing, for any x0 ∈ R there is
a real number k such that ϕ(x) > ϕ(x0) + k(x − x0). This implies that, for
any z ∈ D and r > 0 such that D(z, r) b D,

1
2π

∫ 2π

0

ϕ(u(z + reiθ))dθ > ϕ(x0) + k
( 1

2π

∫ 2π

0

u(z + reiθ)dθ − x0

)
Let us take x0 = 1

2π

∫ 2π

0
u(z + reiθ)dθ. By the subharmonicity of u and the

fact that ϕ is increasing we have

ϕ(u(z)) 6 ϕ
( 1

2π

∫ 2π

0

u(z + reiθ)dθ
)
6

1
2π

∫ 2π

0

ϕ(u(z + reiθ)dθ

which proves the proposition since ϕ ◦ u is clearly u.s.c.. �

Examples. If f ∈ O(∆) then both |f | and more generally |f |α for any α > 0
are subharmonic functions.

Proposition 2.9. Let u be a subharmonic function on an open set D in C.
Assume that u is not equal to −∞ on any connected component of D. The
function u is then integrable on any compact subset of D and in particular
u > −∞ almost everywhere with respect to the Lebesgue measure.

Proof. Let z ∈ D be such that u(z) > −∞ and let ∆ be a closed disc of
centre z contained in D. As the function u is u.s.c., it is bounded above on ∆
so ∫

∆

udλ < +∞.

If δ denotes the radius of the disc ∆ then the submean property implies that∫
∆

udλ =
∫ δ

0

(∫ 2π

0

u(z + reiθ)dθ
)
r dr > πδ2u(z) > −∞.

It follows that u is integrable on ∆. We denote by E the set of points z
such that u is integrable in a neighbourhood of z. This is an open set and
it follows from the above that u = −∞ in a neighbourhood of any point in
D r E. Since u is u.s.c., D r E is also open. It follows that D r E is a
union of connected components of D, which must be empty by hypothesis
since u = −∞ on D r E. �

We end this section with a new characterisation of subharmonic functions.
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Theorem 2.10. Let u be a subharmonic function on an open set D in C
which is not identically −∞ on any connected component of D. For any
positive v ∈ D(D) we then have

(2.2)
∫
u∆v dλ > 0,

where λ is the Lebesgue measure on C.

Proof. Consider a real number r ∈ R such that 0 < r < dist(supp v, {D). For
any z ∈ supp v,

2πu(z) 6
∫ 2π

0

u(z + reiθ)dθ

since u is subharmonic. Multiply this equation by v and integrate with respect
to λ, which is possible by Proposition 2.9; we then get

(2.3)
∫
u(z)

(∫ 2π

0

v(z − reiθ)dθ − 2πv(z)
)
dλ(z) > 0.

Taking the Taylor series to second order of v we get

v(z + h+ ik) = v(z) + h
∂v

∂x
(z) + k

∂v

∂y
(z)

+
1
2

(
h2 ∂

2v

∂x2
(z) + 2hk

∂2v

∂x∂y
(z) + k2 ∂

2v

∂y2
(z)
)

+O(|h+ ik|3).

Replacing h+ ik by −(r cos θ + ir sin θ) and integrating with respect to θ we
get ∫ 2π

0

v(z − reiθ)dθ − 2πv(z) =
πr2

2
∆v(z) +O(r3).

Multiplying (2.3) by 2/πr2 and letting r tend to 0 we get (2.2). �

Note that if u is a C2 subharmonic function then Theorem 2.10 says that
∆u > 0. We now prove the converse for C2 functions. This converse still holds
for locally integrable functions in the following form (cf. [Ho2], Th. 1.6.11):

Let u ∈ L1
loc(D) be a function such that

∫
u∆vdλ > 0 for any positive

v ∈ D(D). There is then a unique subharmonic function ũ on D which is
equal to u almost everywhere.

We shall not prove this version of the theorem.

Theorem 2.11. Let u be a C2 function on an open set D in C such that
∆u > 0 on D. The function u is then subharmonic on D.

Proof. Let K be a compact subset of D and let h be a continuous function

on K, harmonic on
◦
K, such that v = u− h 6 0 on ∂K.
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Suppose first that ∆u > 0 and argue by contradiction. If there is a z ∈ K
such that v(z) > 0 then v will have a maximum at some point z0 ∈

◦
K and

it follows that ∆v(z0) must be negative or zero. Indeed, if g(t) = v(x0 + it),
where x0 = Re z0, then g has a maximum at t = y0 = Im z0 and it follows
that ∂2v/∂y2(z0) = ∂2g/∂t2(y0) 6 0. We can show in a similar way that
∂2v/∂x2(z0) 6 0 and hence ∆v(z0) 6 0. But this contradicts the fact that
∆v = ∆u−∆h > 0 since ∆h = 0.

We return to the case where ∆u > 0 and set uj(z) = u(z) + |z|2/j. Then
∆uj = ∆u + 4/j > 0 for any j ∈ N∗ and uj is therefore subharmonic by
the above. The sequence (uj)j∈N is a decreasing sequence of subharmonic
functions which converges to u, so it follows from Proposition 2.3 iii) that u
is subharmonic. �

We end this section with a lemma on the mean values of subharmonic
functions which will be very useful in the rest of this section.

Lemma 2.12. Let u be a subharmonic function on the disc {z ∈ C | |z−a| < ρ}.
The function

A(u, r) =
1

2π

∫ 2π

0

u(a+ reiθ)dθ

is then an increasing function of r on ]0, ρ[.

Proof. We set ∆(r) = {z ∈ C | |z − a| < r} and we consider two real num-
bers r1 and r2 such that 0 < r1 < r2 < ρ. Consider a function ϕ ∈ C(∂∆(r2))
such that ϕ > u on ∂∆(r2). By the solution to the Dirichlet problem we can
assume that ϕ is continuous on ∆(r2) and harmonic on ∆(r2). The mean
property for harmonic functions then says that A(ϕ, r) = ϕ(a) for any r 6 r2.
Since u is subharmonic on ∆(ρ) we have u 6 ϕ on ∆(r2) and hence

A(u, r1) 6 A(ϕ, r1) = A(ϕ, r2),

so finally we get

A(u, r1) 6 inf
{
A(ϕ, r2) | ϕ ∈ C(∂∆(r2)), ϕ > u

}
6 A(u, r2). �

B. Plurisubharmonic functions

Let D be an open set in Cn.

Definition 2.13. A function u from D to R ∪ {−∞} is said to be plurisub-
harmonic (psh) on D if u is upper semicontinuous and for any a ∈ D
and w ∈ Cn the function λ 7→ u(a + λw) is subharmonic on the open set
{λ ∈ C | a+ λw ∈ D}.

We denote the set of plurisubharmonic functions on D by PSH(D).

A certain number of the properties of plurisubharmonic functions follow
directly from the corresponding properties of subharmonic functions:
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i) Let (uα)α∈A be a family of plurisubharmonic functions on D. If u =
supα∈A uα is finite and upper semicontinuous on D then u is plurisubhar-
monic on D.

ii) If (un)n∈N is a decreasing sequence of plurisubharmonic functions on D
then u = limn→∞ un is plurisubharmonic.

iii) The set PSH(D) is stable under addition and multiplication by positive
constants.

iv) A function u ∈ PSH(D) if and only if u is plurisubharmonic in a neigh-
bourhood of every point a ∈ D.

v) If f ∈ O(D) then log |f | is plurisubharmonic on D as is |f |α for any α > 0.

Remark. If D is an open set in Cn then the function u(z) = − log(dist(z, ∂D))
is not necessarily plurisubharmonic. Indeed, consider the open set D =
C2 r {0} and points a = (1, 0) ∈ D and w = (0, 1). Then

u(a+ λw) = − log(dist(a+ λw, ∂D) = − log
√

1 + |λ|2.

This function has an absolute maximum at the point λ = 0 and therefore
cannot be subharmonic, which proves that u is not plurisubharmonic.

Theorem 2.14. Let D be an open set in Cn and let u be a real-valued C2
function on D. The function u ∈ PSH(D) if and only if the complex Hessian
of u at the point z

Lzu(ζ) =
n∑

j,k=1

∂2u

∂zj∂zk
(z)ζjζk

is a positive semi-definite hermitian form on Cn for every z ∈ D.

Proof. A straightforward calculation proves that

∂2

∂λ∂λ
u(a+ λw) = La+λwu(w).

The theorem then follows from Theorems 2.10 and 2.11 which characterise C2
subharmonic functions by the positivity of their Laplacian. �

Corollary 2.15. Let D be an open set in Cn, let D′ be an open set in Cm
and let F be a holomorphic map from D to D′. If u ∈ PSH(D′)∩C2(D′) then
u ◦ F ∈ PSH(D).

Proof. For any a ∈ D and w ∈ Cn we have La(u ◦ F )(w) = LF (a)u(F ′(a)w).
We then simply apply Theorem 2.14. �

Definition 2.16. Let D be an open set in Cn and let u be a C2 function
on D. The Levi form of u at z ∈ D is the complex Hessian Lzu of u at z, i.e.
the Hermitian form

ζ 7−→ Lzu(ζ) =
n∑

j,k=1

∂2u

∂zj∂zk
(z)ζjζk.
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Definition 2.17. A function u ∈ PSH(D) ∩ C2(D) is said to be strictly
plurisubharmonic on D if and only if for any z ∈ D the Levi form Lzu of u
at z is a positive definite Hermitian form.

We want to extend Corollary 2.15 to arbitrary plurisubharmonic functions.
To do this we start by proving a regularisation theorem.

Lemma 2.18. Let u be a plurisubharmonic function on an open set D in Cn.
Assume there is no connected component of D on which u is identically −∞.
The function u is then integrable on any compact set in D and in particular
u > −∞ almost everywhere.

Proof. Repeat the proof of Proposition 2.9 replacing the disc ∆ by a polydisc.
�

Theorem 2.19. Let D be an open set in Cn: set Dj = {z ∈ D | |z| < j and
dist(z, ∂D) > 1/j}. Let u be a plurisubharmonic function on D which is not
identically −∞ on any connected component of D. There is then a sequence
(uj)j∈N of functions in C∞(D) such that

i) uj is strictly plurisubharmonic on Dj.
ii) uj(z) > uj+1(z) for any z ∈ Dj.

iii) limj→∞ uj(z) = u(z) for any z ∈ D.
iv) if u is continuous then the sequence (uj)j∈N converges to u uniformly on

all compact sets in D.

Proof. Let θ ∈ D(R) be a positive C∞ function supported on [−1, 1] such that∫
Cn θ(|z|)dλ(z) = 1. Since Dj is relatively compact on D the function u is

integrable on Dj and we can consider the function vj defined by

vj(z) =
∫
Dj

u(ζ)θ
(
j|z − ζ|

)
j2ndλ(ζ)

which is a C∞ function on Cn. We now prove that vj has the submean property
for every complex line segment contained in Dj , which implies that vj is
plurisubharmonic on Dj . Note that vj(z) =

∫
Cn u(z− ζ/j)θ(|ζ|)dλ(ζ) for any

z ∈ Dj . For any a ∈ Dj and ω ∈ Cn,

1
2π

∫ 2π

0

vj(a+ reiθω)dθ =
∫

Cn

[ 1
2π

∫ 2π

0

u(a+ reiθω − ζ/j)dθ
]
θ(|ζ|)dλ(ζ)

>
∫

Cn
u
(
a− ζ/j

)
θ(|ζ|)dλ(ζ) = vj(a),

since u is plurisubharmonic. By Lemma 2.12 applied to the subharmonic
function λ 7→ u(z − λζ), the integral

1
2π

∫ 2π

0

u
(
z − eitζ/j

)
dt



130 VI Domains of holomorphy and pseudoconvexity

is a decreasing function of j. Moreover,

vj(z) =
∫

Cn
u
(
z − ζ/j

)
θ(|ζ|)dλ(ζ) =

∫
Cn
u
(
z − ζeit/j

)
θ(|ζ|)dλ(ζ)

for any t ∈ R and hence

vj(z) =
∫

Cn

[ 1
2π

∫ 2π

0

u
(
z − eitζ/j

)
dt
]
θ(|ζ|)dλ(ζ).

It follows that the sequence (vj)j∈N is decreasing. Applying the submean
property to the subharmonic function λ 7→ u(z − λζ), we get

vj(z) >
∫

Cn
u(z)θ(|ζ|)dλ(ζ) = u(z).

Since u is upper semicontinuous for any ε > 0 there is a δ > 0 such that
B(z, δ) ⊂ {ζ ∈ D | u(ζ) < u(z) + ε}. It follows that, for any j > 1/δ,

u
(
z − ζ/j

)
< u(z) + ε for |ζ| 6 1

whence

vj(z) =
∫

Cn
u
(
z − ζ/j

)
θ(|ζ|)dλ(ζ) < u(z) + ε because

∫
Cn
θ(|ζ|)dλ(ζ) = 1.

For any j > 1/δ we therefore have u(z) < vj(z) < u(z) + ε.
If moreover u is continuous the properties of regularising operators imply

that (vj)j∈N converges uniformly to u on all compact sets.
To complete the proof we simply set uj(z) = vj(z) + |z|2/j. The sequence

(uj)j∈N then satisfies conditions i)-iv). �

Theorem 2.20. Let D be an open set in Cn, let D′ be an open set in Cm
and let F be a holomorphic map from D to D′. If u ∈ PSH(D′) then u ◦ F ∈
PSH(D).

Proof. We can assume without loss of generality that Ω is connected and
that u is not the constant map −∞. Let (uj)j∈N be a sequence of functions
converging to u which satisfies the conclusions of Theorem 2.19. If Ω is
relatively compact in D then for large enough j the functions uj ◦ F are
plurisubharmonic on Ω by Corollary 2.15. The sequence (uj ◦ F )j∈N is then
a decreasing sequence of functions which converges to u ◦ F , so u ◦ F is
plurisubharmonic on D. �

Remark. It follows from the above theorem that if F is a biholomorphic map
from D to D′ and u is a function on D′ then u ∈ PSH(D′) if and only if
u ◦ F ∈ PSH(D). This implies that it is possible to define plurisubharmonic
functions on complex analytic manifolds.

It is clear that any strictly convex C2 function u on D is strictly plurisub-
harmonic. We now prove that if du 6= 0 then the converse is true up to
holomorphic change of local coordinates.
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Definition 2.21. Let D be an open set in Cn and let u be a real-valued C2
function on D. For any z, ζ ∈ D we set

F̂u(z, ζ) = −
[
2

n∑
j=1

∂u

∂ζj
(ζ)(zj − ζj) +

n∑
j,k=1

∂2u

∂ζj∂ζk
(zj − ζj)(zk − ζk)

]
.

The function F̂u(z, ζ) is called the Levi polynomial of u.

The following lemma links the Levi form and Levi polynomial of u to the
second-order Taylor series of u.

Lemma 2.22. Let D be an open set in Cn and let u be a real-valued C2
function on D. For any ζ ∈ D and any z close enough to ζ,

u(z) = u(ζ)− Re F̂u(z, ζ) + Lζu(z − ζ) + o
(
|ζ − z|2

)
.

Proof. Let (xj(ζ))16j62n be the real coordinates of ζ ∈ Cn such that ζj =
xj(ζ) + ixj+n(ζ). A straightforward calculation proves that

2n∑
j=1

∂u

∂xj
(ζ)(xj(z)− xj(ζ)) = 2 Re

[ n∑
j=1

∂u

∂ζj
(zj − ζj)

]
and

1
2

2n∑
j,k=1

∂2u

∂xj∂xk

(
xj(z)− xj(ζ)

)(
xk(z)− xk(ζ)

)
=

n∑
j,k=1

∂2u

∂ζj∂ζk
(ζ)(zj − ζj)(zk − ζk) + Re

[ n∑
j,k=1

∂2u

∂ζj∂ζk
(ζ)(zj − ζj)(zk − ζk)

]
.

The lemma then follows from the definitions of F̂u and Lζu on taking the
Taylor series of u at ζ to order 2. �

Theorem 2.23. Let u be a strictly plurisubharmonic C2 function on a neigh-
bourhood of 0 ∈ Cn. If du(0) 6= 0 then there is a biholomorphic map h from
a neighbourhood U of 0 in Cn to a neighbourhood W of 0 in Cn such that
u ◦ h−1 is strictly convex on W , i.e.

2n∑
j,k=1

∂2u ◦ h−1

∂xj∂xk
(ζ)tjtk > 0 for any ζ ∈W and t ∈ R2n r {0},

where xj = xj(ζ) are the real coordinates of ζ given by ζj = xj(ζ) + ixj+n(ζ).

Proof. Since du(0) 6= 0 and u is real-valued, ∂u(0) 6= 0. Assume that
∂u/∂ζ1(0) 6= 0. The map h(z) := (F̂u(z, 0), z2, . . . , zn) is then a biholomor-
phism from U to a neighbourhood V of 0 = h(0). We set

f(ζ) = (f1(ζ), . . . ,fn(ζ)) = h−1(ζ)
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for any ζ ∈ V . For any ζ close enough to 0 we then have

u ◦ f(ζ) = u(0)− Re F̂u(f(ζ), 0) + L0u(f(ζ)) + o(|f(ζ)|2)

by Lemma 2.22. But F̂u(f(ζ), 0) = ζ1 by definition of f = h−1, which implies
that

u ◦ f(ζ) = u(0)− Re ζ1 + L0u(f(ζ)) + o(|f(ζ)|2)

as ζ tends of 0. Let F = (F1, . . . , Fn) be the differential of f at the origin, i.e.
the linear map F : Cn → Cn such that f(ζ) = F (ζ) +O(|ζ|2) as ζ tends to 0.
Then

u ◦ f(ζ) = u(0)− Re ζ1 + L0u(F (ζ)) + o(|ζ|2)

as ζ tends to 0, which implies that

2n∑
j,k=1

∂2u ◦ f
∂xj∂xk

(0)xj(ζ)xk(ζ) = L0u(F (ζ)) for any ζ ∈ Cn

by the uniqueness of the Taylor series of u at 0. As F (ζ) 6= 0 for any ζ 6= 0
since f is biholomorphic at 0 and u is strictly plurisubharmonic in a neigh-
bourhood of 0 we get

2n∑
j,k=1

∂2u ◦ f
∂xj∂xk

(0)tjtk > 0 for any t ∈ R2n r {0}.

As the function u is C2 this remains true if we replace 0 by a point ζ in some
neighbourhood W of 0. �

We end this section with a lemma proving that strictly plurisubharmonic
functions are stable under small perturbations.

Lemma 2.24. Let ρ be a strictly plurisubharmonic C2 function defined in a
neighbourhood of a compact set K in Cn. There is then a real number ε > 0
such that, for any C2 function ϕ defined in a neighbourhood of K such that∣∣ ∂2ϕ(z)
∂zj∂zk

∣∣ < ε for any z ∈ K and 1 6 j, k 6 n, the function ρ + ϕ is again
strictly plurisubharmonic in a neighbourhood of K.

Proof. By definition of strictly plurisubharmonic functions we simply take

ε =
1
n2

min
z∈K,ω∈Cn
|ω|=1

n∑
j,k=1

∂2ρ

∂zj∂zk
(z)ωjωk. �
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3 Pseudoconvexity

We saw in the previous section that if Ω is an arbitrary open set in Cn then
the function − log(dist(z, ∂Ω)) is not necessarily plurisubharmonic. In this
section we will study a new class of open sets in Cn, pseudoconvex open sets,
which are characterised by the fact that the function − log(the distance to
the boundary) is plurisubharmonic. We will prove that this class contains
the class of domains of holomorphy. (Indeed, we will see in Chapter VII that
these two classes are the same.)

Theorem 3.1. If Ω is a domain of holomorphy in Cn then

− log(dist(z, ∂Ω))

is a continuous plurisubharmonic function.

Proof. The function u(z) = − log(dist(z, ∂Ω) is continuous on Ω. To prove it
is also plurisubharmonic we need the following lemma

Lemma 3.2. Let Ω be a domain of holomorphy in Cn and let K be a compact
set in Ω. If f ∈ O(Ω) is a function which has the property that |f(z)| 6
dist(z, ∂Ω) for any z ∈ K then |f(z)| 6 dist(z, ∂Ω), for any z ∈ K̂Ω.

Proof. If |f(z)| 6 dist(z, ∂Ω) then |f(z)| 6 δrΩ(z) for any multiradius r > 0
such that Σr2j = 1 (cf. Section 1 for the definition of δrΩ(z)). If t ∈ ]0, 1[ then
the set

D = {w ∈ Cn | |wj − zj | 6 trj |f(z)|, j = 1, . . . , n, z ∈ K}

is a compact set in Ω. For any u ∈ O(Ω) there is then a constant M such
that |u(w)| 6 M for any w ∈ D, and by the Cauchy inequalities it follows
that

(3.1) |Dαu(z)|t|α|rα|f(z)||α| 1
α!
6M, for any z ∈ K.

Since the function f |α|Dαu is holomorphic on Ω, (3.1) still holds if z ∈ K̂Ω .
We have therefore proved that the Taylor series of u at any point ζ ∈ K̂Ω

converges on the polydisc ζ + |f(ζ)|P (0, r). As Ω is a domain of holomorphy
this polydisc must be contained in Ω, which implies that |f(ζ)| 6 dist(ζ, ∂Ω)
for any ζ ∈ K̂Ω . �

End of the proof of Theorem 3.1. Fix points z0 ∈ Ω and w ∈ Cn r {0} and
choose r > 0 small enough that D = {z0 + τw | τ ∈ C, |τ | 6 r} is contained
in Ω. We set bD = {z0 + τw | τ ∈ C, |τ | = r}. Let f be a holomorphic
polynomial such that

(3.2) − log
(

dist(z0 + τw, ∂Ω)
)
6 Re f(τ) whenever |τ | = r.
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Consider a holomorphic polynomial F on Cn such that F (z0 + τw) = f(τ);
condition (3.2) can then be written as

|e−F (z)| 6 dist(z, ∂Ω) for any z ∈ bD.

By the maximum principle the holomorphically convex hull of bD relative
to Ω contains D. It then follows from Lemma 3.2 that

− log
(

dist(z0 + τw, ∂Ω)
)
6 Re f(τ) whenever |τ | 6 r.

Theorem 2.5 then implies that the function

τ 7−→ − log(dist(z0 + τw, ∂Ω))

is subharmonic on the open set of C on which it is defined. It follows that the
function − log(dist(z, ∂Ω)) is plurisubharmonic on Ω. �

We now give some other conditions which are equivalent to the hypothesis
of Theorem 3.1.

Definition 3.3. Let Ω be an open set in Cn. For any compact subset K of Ω
we define the psh-convex hull of K relative to Ω by

K̂p
Ω = {z ∈ Ω | u(z) 6 supK u, ∀u ∈ PSH(Ω)}.

Remark. As f ∈ O(Ω) implies that |f | ∈ PSH(Ω) it is clear that K̂p
Ω ⊂ K̂Ω .

An analytic disc in Cn is a non-constant holomorphic map ϕ : ∆ → Cn
where ∆ is the unit disc in C. If ϕ can be extended continuously to ∆ then
we will say that ϕ(∆) is a closed analytic disc and that ϕ(∂∆) is the boundary
of the disc.

Theorem 3.4. Let Ω be an open set in Cn. The following conditions are
then equivalent:

i) − log(dist(z, ∂Ω)) is continuous and plurisubharmonic on Ω.
ii) There is a continuous plurisubharmonic function u on Ω such that, for

any c ∈ R,
Ωc = {z ∈ Ω | u(z) < c} b Ω.

iii) For any compact set K in Ω we have K̂p
Ω b Ω.

iv) Let (δα)α∈A be a family of analytic discs contained in Ω. If
⋃
α∈A bδα b Ω

then
⋃
α∈A δα b Ω. (This result is called the “Kontinuitätssatz”.)

Proof. We prove first that i) implies ii). We set u(z) = |z|2− log(dist(z, ∂Ω)):
the function u is then continuous and plurisubharmonic on Ω by i) and it is
clear that it satisfies ii).
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Suppose that ii) holds. Let K be a compact set in D and let u be the
function whose existence is guaranteed by ii). Set c = maxK u. Then u 6 c

on K̂p
Ω by definition of the psh-convex hull and hence

K̂p
Ω ⊂ {z ∈ Ω | u(z) 6 c} b Ω.

Let us now prove that iii) implies iv). Let δ be a closed analytic disc
in Ω and let u ∈ PSH(Ω) be a plurisubharmonic function on Ω. Consider a
parameterisation ϕ : ∆ → Ω of δ. The function u ◦ ϕ is then subharmonic
and it follows that, for any z ∈ ∆,

u ◦ ϕ(z) 6 sup
ζ∈∂∆

u ◦ ϕ(ζ).

It follows that, for any p ∈ δ,

u(p) 6 sup
ξ∈∂δ

u(ξ),

which implies that δ ⊂ b̂δ
p

Ω . It follows that if (δα)α∈A is a family of closed

analytic discs in Ω then
⋃
α∈A δα ⊂

̂(
⋃
α∈A bδα)

p

Ω
, which proves that iii) im-

plies iv).
We end by proving that iv) implies that the function − log(dist(z, ∂Ω)) is

plurisubharmonic. As in the proof of Theorem 3.1, fix points z0 ∈ Ω and w ∈
Cn r {0} and choose r > 0 small enough that D = {z0 + τw | τ ∈ C, |τ | 6 r}
is contained in Ω. Let f be a holomorphic polynomial such that

− log
(

dist(z0 + τw, ∂Ω)
)
6 Re f(τ) whenever |τ | = r,

or in other words

(3.3) |e−f(τ)| 6 dist(z0 + τw, ∂Ω) whenever |τ | = r.

We want to prove that this inequality still holds if |τ | 6 r, which will
prove the subharmonicity of τ 7→ − log(dist(z0 + τw, ∂Ω)), which in turn will
establish i). Consider a point a ∈ Cn such that |a| < 1 and consider the map
τ 7→ z0 + τw+ ae−f(τ) defined whenever |τ | 6 r. We denote the image of this
map by Da. The sets Da are closed analytic discs in Cn; moreover, bDa b Ω
so Da b Ω for any a such that |a| < 1 by iv) applied to the family consisting
of the discs Da. Therefore,

z0 + τw + ae−f(τ) ∈ Ω whenever |a| < 1 and |τ | 6 r.

Letting |a| tend to 1 we get

|e−f(τ)| 6 dist(z0 + τw, ∂Ω) whenever |τ | 6 r,

or in other words − log(dist(z0 + τw, ∂Ω)) 6 Re f(τ) whenever |τ | 6 r. �
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Definition 3.5. An open set Ω in Cn is said to be pseudoconvex if one of
the equivalent conditions of Theorem 3.4 holds.

Definition 3.6. A continuous real-valued function ϕ defined on an open
set D in Cn is an exhaustion function for D if for any c ∈ R the set
Dc = {z ∈ D | ϕ(z) < c} is relatively compact in D.

Remarks.

1) An exhaustion function ϕ has the property that ϕ(z)→∞ as z approaches
the boundary of D.

2) A domain D is therefore pseudoconvex if and only if it has a continuous
plurisubharmonic exhaustion function.

Corollary 3.7. If Ω is a domain of holomorphy in Cn then Ω is pseudocon-
vex.

Proof. This follows immediately from Theorem 3.1 and the definition of pseu-
doconvexity. �

Remarks.

1) The converse of Corollary 3.7 holds and will be proved in Chapter VII.
2) If Ω is a holomorphically convex set in Cn then it is clearly pseudoconvex

since for any compact set K in Ω we have K̂p
Ω ⊂ K̂Ω . By this method we

can reprove Corollary 3.7 using Theorem 1.13 instead of Theorem 3.1.

Theorem 3.8. Let (Ωα)α∈A be a family of open pseudoconvex sets in Cn.
The interior Ω of the intersection of the sets Ωα is then also pseudoconvex.

Proof. This follows from i) of Theorem 3.4 and the fact that the upper bound
of a family of plurisubharmonic functions is plurisubharmonic if it is contin-
uous. In our case,

− log(dist(z, ∂Ω)) = sup
α∈A
− log(dist(z, ∂Ωα))

is indeed continuous. �

We will now prove that pseudoconvexity is in fact a local property of the
boundary.

Theorem 3.9. An open set Ω in Cn is pseudoconvex if and only if every
point ξ ∈ Ω has a neighbourhood Uξ such that Uξ ∩Ω is pseudoconvex.

Proof. Necessity. Simply take Uξ to be any convex neighbourhood of ξ since
Uξ∩Ω is then pseudoconvex because it is the intersection of two pseudoconvex
domains.

Sufficiency. We start by considering the case where Ω is bounded. Con-
sider a point ξ ∈ ∂Ω and let Uξ be a neighbourhood of ξ such that Uξ ∩ Ω
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is pseudoconvex. The function − log(dist(z, ∂(Uξ ∩ Ω))) is then plurisub-
harmonic on Uξ ∩ Ω. As dist(z, ∂(Uξ ∩ Ω)) = dist(z, ∂Ω) for any z close
enough to ξ, there is a neighbourhood U of ∂Ω such that the function
− log(dist(z, ∂Ω)) is plurisubharmonic on U ∩ Ω. As the open set Ω is
bounded, Ω r U is compact and the number m = supΩrU (− log(dist(z, ∂Ω))
is finite. It follows that

ϕ(z) = max(− log(dist(z, ∂Ω)), |z|2 +m+ 1)

is a plurisubharmonic exhaustion function for Ω which implies that Ω is pseu-
doconvex.

If Ω is not bounded then we apply the above argument to the open
set Ων = Ω ∩ B(0, ν) which is pseudoconvex because it is a bounded set
satisfying the conditions of the theorem. Since Ω is the increasing union
of the sets Ων , the sequence of functions (− log(dist(z, ∂Ων))) is a decreas-
ing sequence of plurisubharmonic functions which converges to the function
− log(dist(z, ∂Ω)). This function is therefore plurisubharmonic. It follows
that Ω is pseudoconvex. �

Theorem 3.10. Let Ω be a pseudoconvex open set in Cn and let K be a
compact set in Ω. For any neighbourhood U of K̂p

Ω in Ω there is a function ρ
such that

i) ρ is strictly plurisubharmonic and C∞ on Ω.
ii) ρ < 0 on K and ρ > 0 on Ω r U .

iii) For any c ∈ R, {z ∈ Ω | ρ(z) < c} b Ω.

Proof. The key to the proof of this theorem is the construction of a continuous
plurisubharmonic function ϕ for which ii) and iii) hold. As the open set Ω is
pseudoconvex, it has a continuous plurisubharmonic exhaustion function ψ.
After adding a constant to ψ if necessary, we can suppose that ψ < 0 on K.
Consider the set K ′ = {z ∈ Ω | ψ(z) 6 0}; the set K ′ is then a compact
set in Ω because ψ is an exhaustion function. Since U is a neighbourhood
of K̂p

Ω for any z ∈ K ′ ∩ (Ω r U) there is a function ϕz ∈ PSH(Ω) such that
ϕz(z) > 0 and ϕz < 0 on K. Moreover, the regularisation theorem 2.19 says
that we can assume ϕz is continuous. As the function ϕz is continuous it is
strictly positive on some neighbourhood of z and by the compactness of K ′

we can therefore find a finite number of strictly plurisubharmonic continuous
functions ϕ1, . . . , ϕN on Ω such that

max(ϕ1, . . . , ϕN ) > 0 on K ′ ∩ (Ω r U)
max(ϕ1, . . . , ϕN ) < 0 on K.and

The function ϕ = max(ψ,ϕ1, . . . , ϕN ) is then plurisubharmonic and continu-
ous on Ω and satisfies ii) and iii).

To get a C∞ plurisubharmonic function ρ satisfying ii) and iii) we simply
apply the following lemma.
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Lemma 3.11. Let u be a continuous plurisubharmonic exhaustion function
on a domain Ω ⊂ Cn. For any compact set K in Ω and any real number ε > 0
there is a C∞ strictly plurisubharmonic exhaustion function ρ on Ω such that

u 6 ρ on Ω and |ρ(z)− u(z)| < ε for any z ∈ K.

Proof. For any j ∈ N we set Ωj = {z ∈ Ω | u(z) < j}. Then Ωj b Ω and,
adding a constant to u if necessary, we can suppose that K ⊂ Ω0. Fix an
ε > 0. By Theorem 2.19 there is a sequence (uj)j∈N of C∞ functions on Ω such
that the functions uj are strictly plurisubharmonic on Ωj+2, u(z) < u0(z) <
u(z) + ε for any z ∈ Ω1 and u(z) < uj(z) < u(z) + 1 for any z ∈ Ωj , j > 1.
It follows that uj − j + 1 < 0 on Ωj−2 and uj − j + 1 > 0 on Ωj r Ωj−1

for any j > 2. Let χ be a C∞ function on R such that χ(t) = 0 for any
t 6 0 and χ(t), χ′(t) and χ′′(t) are strictly positive for any t > 0. Then
χ◦ (uj− j+1) ≡ 0 on Ωj−2 and χ◦ (uj− j+1) > 0 on ΩrΩj−2. Calculating
the Levi form we see that χ ◦ (uj − j + 1) is plurisubharmonic on Ωj+2 and
strictly plurisubharmonic and positive on Ωj r Ωj−1. We then recursively
choose integers mj such that for any ` > 2, ρ` = u0 +

∑`
j=2mjχ ◦ (uj − j+ 1)

is strictly plurisubharmonic on Ω`. We have therefore constructed a sequence
of functions (ρ`)`>2 such that ρ` = u0 on Ω0, ρ` > u and ρ` = ρ`−1 on Ω`−2.
The function ρ = lim`→∞ ρ` then has the required properties. �

Remark. It follows from Lemma 3.11 and the definition of pseudoconvex open
sets that an open set Ω in Cn is pseudoconvex if and only if it has a C2 strictly
plurisubharmonic exhaustion function. By the following Morse lemma every
open pseudoconvex set Ω in Cn has a C2 strictly pseudoconvex exhaustion
function ρ such that the set of its critical points, i.e. {z ∈ Ω | dρ(z) = 0}, is
discrete in Ω.

Lemma 3.12 (Morse lemma). Let Ω be an open set in Cn and let ρ be
a C2 strictly plurisubharmonic function on Ω. For any ε > 0 there is then
an R-linear form L : Cn → R such that maxz∈Cn,|z|=1 |L(z)| 6 ε, the set
Crit(ρ+L) = {z ∈ Ω | d(ρ+L)(z) = 0} is discrete in Ω and ρ+L is strictly
plurisubharmonic on Ω.

Proof. Since ρ is C2 the classical Morse lemma (cf. [Mi, §2, Lemme A], [Ra,
Appendix A] or [He/Le2], Appendix B) says that the critical points of ρ+ L
are isolated for almost any R-linear form L : Cn → R. For any ε > 0 we can
therefore find an R-linear form L : Cn → R such that maxz∈Cn,|z|=1 |L(z)| 6 ε
and Crit(ρ+L) is discrete. It follows from Definition 2.17 that ρ+L is strictly
plurisubharmonic because the second derivatives of L are zero. �

Corollary 3.13. Under the hypothesis of Theorem 3.10 there is a func-
tion ρ such that i), ii) and iii) of Theorem 3.10 hold and Crit(ρ) :=
{z ∈ Ω | dρ(z) = 0} is discrete in Ω.
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Corollary 3.14. If Ω is a pseudoconvex open set in Cn and K is a compact
set in Ω then K̂p

Ω = K̂p∩C∞
Ω . In particular K̂p

Ω is closed and is therefore
compact in Ω.

Proof. Since K̂p∩C∞
Ω = {z ∈ Ω | u(z) < supK u, ∀u ∈ PSH(Ω) ∩ C∞(Ω)} it is

obvious that K̂p
Ω ⊂ K̂

p∩C∞
Ω . Consider a point z ∈ Ωr K̂p

Ω ; applying Theorem
3.10 to the compact set K and the neighbourhood U = Ωr {z} in K̂p

Ω we see
that there is a function ϕ ∈ PSH(Ω) ∩ C∞(Ω) such that ϕ(z) > 0 and ϕ < 0
on K̂p

Ω . It follows that ϕ(z) < 0 on K and hence z /∈ K̂p∩C∞
D . �

Proposition 3.15. Let Ω be an open set in Cn. If there is a continuous
plurisubharmonic function ρ defined on a neighbourhood U∂Ω of the boundary
of Ω such that

Ω ∩ U∂Ω = {z ∈ U∂Ω | ρ(z) < 0}

then Ω is pseudoconvex.

Proof. Consider a point ξ ∈ ∂Ω and let ε > 0 be small enough that B(ξ, ε)
is relatively compact in U∂Ω . By Theorem 3.9, it is enough to prove that
Ω ∩B(ξ, ε) is pseudoconvex. Consider the plurisubharmonic function defined
in some neighbourhood of Ω∩B(ξ, ε) by

ϕ(z) = max(|z − ξ| − ε, ρ(z)).

Then ϕ = 0 on ∂(Ω ∩B(ξ, ε)) and ϕ < 0 on Ω ∩B(ξ, ε). Let K be a compact
subset of Ω ∩B(ξ, ε). Then supK ϕ = α < 0 and

K̂p
Ω∩B(ξ,ε) ⊂ {z ∈ Ω ∩B(ξ, ε) | ϕ(z) < α} b Ω ∩B(ξ, ε),

from which it follows that Ω ∩B(ξ, ε) is pseudoconvex. �

We now give a characterisation of pseudoconvex domains with C2 bound-
ary.

Theorem 3.16. Let Ω be an open set in Cn with C2 boundary and let ρ be a
real-valued C2 function defined on a neighbourhood U∂Ω of the boundary of Ω
such that U∂Ω ∩ Ω = {z ∈ U∂Ω | ρ(z) < 0} and dρ(z) 6= 0 for every z ∈ ∂Ω.
The open set Ω is then pseudoconvex if and only if

(3.4) Lzρ(w) > 0 for every z ∈ ∂Ω and w ∈ TC
z (∂Ω),

where Lzρ(w) =
∑n
j,k=1

∂2ρ
∂zj∂zk

(z)wjwk is the Levi form of ρ at the point z

and TC
z (∂Ω) the complex tangent space {w ∈ Cn |

∑n
j=1

∂ρ
∂zj

(z)wj = 0}.

Proof. Let ρ1 be another C2 defining function for Ω. We saw in Chapter II,
Lemma 8.2 that there is a strictly positive C1 function h on ∂Ω such that
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ρ1 = hρ. A straightforward calculation then proves that, for any z ∈ ∂Ω and
w ∈ TC

z (∂Ω),
Lzρ1(w) = h(z)Lzρ(w)

and hence (3.4) does not depend on the choice of defining function.
Necessity. Set ρ(z) = −dist(z, ∂Ω) if z ∈ Ω and ρ(z) = dist(z, ∂Ω)

if z ∈ Cn r Ω. Since ∂Ω is C2 the function ρ is C2 in a neighbourhood
U∂Ω of the boundary of Ω. As Ω is pseudoconvex the function − log(−ρ) is
plurisubharmonic and C2 on Ω and hence

n∑
j,k=1

[ 1
ρ2

∂ρ

∂zj
(z)

∂ρ

∂zk
(z)− 1

ρ

∂2ρ

∂zj∂zk
(z)
]
wjwk > 0

for any z ∈ U∂Ω ∩Ω and any w ∈ Cn. If z ∈ U∂Ω ∩Ω and
∑n
j=1

∂ρ
∂zj

(z)wj = 0
then

n∑
j,k=1

∂2ρ

∂zj∂zk
(z)wjwk > 0.

This equation holds for z ∈ ∂Ω on passing to the limit, but the condition
n∑
j=1

∂ρ

∂zj
(z)wj = 0

then implies that w ∈ TC
z (∂Ω).

Sufficiency. We argue by contradiction. Suppose that Ω is not pseudo-
convex and let U∂Ω be a neighbourhood of the boundary of Ω on which the
function ρ defined by

ρ(z) =

{
−dist(z, ∂Ω) if z ∈ Ω
dist(z, ∂Ω) if z ∈ Cn rΩ

is C2. As Ω is not pseudoconvex there is a point ξ ∈ Ω ∩ U∂Ω such that
the function − log(−ρ) is not plurisubharmonic at ξ (cf. Theorem 3.9). This
means that there is a w ∈ Cn r {0} such that

γ :=
∂2

∂λ∂λ
log(−ρ(ξ + λw))

∣∣
λ=0

> 0.

Letting λ tend to 0, Taylor’s formula says that

(3.5) log(−ρ(ξ + λw)) = log |ρ(ξ)|+ Re(αλ+ βλ2) + γ|λ|2 + o(|λ|2),

where α are β are constants (cf. Lemma 2.22). Choose η ∈ Cn such that
|η| = |ρ(ξ)| and ξ + η ∈ ∂Ω. Set ζs(λ) = ξ + λw + sηeαλ+βλ2

for any
0 < s 6 1. By (3.5) there is a ε > 0 such that if |λ| < ε and 0 < s 6 1 then

dist(ζs(λ), ∂Ω) > −ρ(ξ + λw)− s|η| |eαλ+βλ2
|

> |ρ(ξ)|(eγ|λ
2|/2 − s)|eαλ+βλ2

|(3.6)
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and it follows that

dist(ζs(λ), ∂Ω) > 0, whenever 0 < s < 1 and |λ| 6 ε.

As ζs(0) = ξ + sη ∈ Ω for any 0 < s < 1 we have ζs(λ) ∈ Ω for any
0 < s < 1 and |λ| 6 ε. Passing to the limit as s tends to 1 we get ζ1(λ) ∈ Ω
whenever |λ| 6 ε. As ξ ∈ U∂Ω , diminishing ε if necessary, we can assume that
ζ1(λ) ∈ Ω ∩ U∂Ω for |λ| 6 ε and we then have ρ(ζ1(λ)) = −dist(ζ1(λ), ∂Ω).
It follows by (3.6) that

(3.7) −ρ(ζ1(λ)) > ρ(ξ)(eγ|λ|
2/2 − 1)|eαλ+βλ2

|, for |λ| 6 ε.

The right-hand side of (3.7) is a strictly convex positive function of λ on some
neighbourhood of 0. Since ρ(ζ1(0)) = 0 the function −ρ ◦ ζ1 is strictly convex
at 0 and d(ρ ◦ ζ1)(0) = 0. In particular

∂2ρ(ζ1(λ))
∂λ∂λ

∣∣
λ=0

< 0 and
∂ρ(ζ1(λ))

∂λ

∣∣
λ=0

= 0.

Since ζ1(λ) is a holomorphic function of λ it follows that

n∑
j,k=1

∂2ρ

∂zj∂zk
(ξ + η)wjwk < 0 and

n∑
j=1

∂ρ

∂zj
(ξ + η)wj = 0

which contradicts (3.4) because ξ + η ∈ ∂Ω. �

Definition 3.17. Let Ω be a relatively compact open set in Cn with C2
boundary and let ρ be a real-valued C2 function defined on a neighbourhood
U∂Ω of the boundary of Ω such that U∂Ω ∩ Ω = {z ∈ U∂Ω | ρ(z) < 0} and
dρ(z) 6= 0 for every z ∈ ∂Ω. We say that Ω is strictly pseudoconvex if

(3.8) Lzρ(w) > 0 for any z ∈ ∂Ω and w ∈ TC
z (∂Ω) r {0}.

Remark. Of course, condition (3.8) is independent of the choice of defining
function ρ.

Theorem 3.18. A relatively compact open set Ω in Cn with C2 boundary
is strictly pseudoconvex if and only if it has a C2 strictly plurisubharmonic
defining function. If Ω is strictly pseudoconvex and ρ is a C2 defining function
for Ω, then the function ρ̃ = eλρ−1 is a C2 strictly plurisubharmonic defining
function for large enough λ.

Proof. Suppose that Ω has a C2 strictly plurisubharmonic defining function ρ.
For any z contained in some neighbourhood of ∂Ω and any w ∈ Cn r {0} we
then have Lzρ(w) > 0, so (3.8) holds.

Conversely suppose that Ω is strictly pseudoconvex. It will be enough
to prove that for large enough λ the function ρ̃ = eλρ − 1 is strictly
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plurisubharmonic on some neighbourhood U∂Ω of ∂Ω since Ω ∩ U∂Ω =
{z ∈ U∂Ω | ρ̃(z) < 0} and dρ̃(z) = λeρdρ(z) 6= 0 for any z ∈ ∂Ω. Then

∂2ρ̃

∂zj∂zk
(z) = λ

∂2ρ

∂zj∂zk
(z)eλρ + λ2 ∂ρ

∂zj
(z)

∂ρ

∂zk
(z)eλρ.

It follows that, for any z ∈ ∂Ω and w ∈ Cn,

(3.9) Lz ρ̃(w) = λLzρ(w) + λ2
∣∣∣ n∑
j=1

∂ρ

∂zj
(z)wj

∣∣∣2.
Consider the set

K =
{

(z, w) ∈ ∂Ω × Cn | |w| = 1 and
n∑

j,k=1

∂2ρ

∂zj∂zk
wjwk 6 0

}
.

Since K is compact and (3.8) says that
∣∣∑n

j=1
∂ρ
∂zj

(z)wj
∣∣ > 0 for any

(z, w) ∈ K so if λ is large enough then

max
(z,w)∈K

|Lzρ(w)| < λ min
(z,w)∈K

∣∣∣ n∑
j=1

∂ρ

∂zj
(z)wj

∣∣∣.
By (3.9) and Definition 2.17, ρ̃ is strictly plurisubharmonic in a neighbourhood
of ∂Ω. �

Theorem 3.19. Let Ω b Cn be a strictly pseudoconvex open set with C2
boundary. There is then a neighbourhood UΩ of Ω and a C2 strictly plurisub-
harmonic function ρ : UΩ → R such that dρ(z) 6= 0 for any z ∈ ∂Ω and

Ω = {z ∈ UΩ | ρ(z) < 0}
∂Ω = {z ∈ UΩ | ρ(z) = 0}.and

Proof. By Theorem 3.18, the open set Ω has a C2 strictly plurisubharmonic
defining function ρ0. In other words, ρ0 is defined on a neighbourhood U∂Ω
of the boundary of Ω, dρ0(z) 6= 0 for any z ∈ ∂Ω and Ω ∩ U∂Ω = {z ∈ U∂Ω |
ρ0(z) < 0}. Let δ > 0 be small enough that Kδ = {z ∈ U∂Ω | −δ 6 ρ0(z) 6 0}
is a compact set in U∂Ω , and choose a real-valued C∞ function χ on R such
that

χ(t) = −δ for any t 6 −δ,
χ(0) = 0,

d2χ

dt2
(t) > 0 for any t ∈ R

dχ

dt
(t) > 0 whenever −δ < t < +∞,and
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Define ρ1 by ρ1 = −δ on ΩrKδ and ρ1 = χ◦ρ0 on U∂Ω . It follows immediately
from the properties of χ that ρ1 is a C2 plurisubharmonic function on Ω∪U∂Ω
which is strictly plurisubharmonic on {z ∈ U∂Ω | ρ0(z) > −δ}, dρ1(z) 6= 0 for
any z ∈ ∂Ω and

Ω = {z ∈ Ω ∪ U∂Ω | ρ1(z) < 0}.
It follows from Theorem 3.10 that there is a C∞ strictly plurisubharmonic
function ρ2 on Ω such that Ωα = {z ∈ Ω | ρ2(z) < α} b Ω for any α ∈ R.
Choose β ∈ R large enough that ρ1 > −δ/2 on Ω r Ωβ and choose a real-
valued function ψ ∈ C∞(Cn) such that ψ = 1 on some neighbourhood of Ωβ
and ψ = 0 on some neighbourhood of Cn r Ω. Define ρ̃2 by ρ̃2 = ψρ2 on Ω
and ρ̃2 = 0 on Cn r Ω. The function ρ̃2 is strictly plurisubharmonic on
some neighbourhood of Ωβ and hence ρ1 +cρ2 is strictly plurisubharmonic on
some neighbourhood of Ωβ for any c > 0. As the function ρ1 is also strictly
plurisubharmonic on U∂ΩrΩβ and ρ̃2 = 0 on U∂ΩrΩ the function ρ̃ = ρ1+cρ̃2

is C2 and strictly plurisubharmonic on UΩ = U∂Ω ∪Ω for small enough c. For
small enough c we also have Ω = {z ∈ UΩ | ρ̃(z) < 0}. Choose a positive C∞
function ϕ on Cn such that Ω = {z ∈ Cn | ϕ(z) = 0} (cf. Lemma 1.4.13
in [Na2], for example). Passing to a smaller UΩ if necessary, the function
ρ = ρ̃+ εϕ is then the function we seek provided ε is small enough. �

Corollary 3.20. Let Ω b Cn be a strictly pseudoconvex open set with C2
boundary. For any compact set K ⊂ ∂Ω and any neighbourhood UK of K
in Cn there is a strictly pseudoconvex open set Ω̃ with C2 boundary such that

Ω ∪K ⊂ Ω̃ ⊂ Ω ∪ UK .

Proof. Consider an open set UΩ and a function ρ for which the conclu-
sions of Theorem 3.19 hold. Choose a positive C∞ function χ with com-
pact support in UK ∩ UΩ which is strictly positive on K. The set Ω̃ =
{z ∈ UΩ | ρ(z)− εχ(z) < 0} is then the open set we seek provided ε is small
enough. �

We will now study the link between strict convexity and strict pseudocon-
vexity.

Proposition 3.21. Any strictly convex domain Ω b Cn with C2 boundary is
strictly pseudoconvex.

Proof. This follows from the fact that a strictly convex C2 function is strictly
plurisubharmonic. �

We now prove that the converse is locally true up to holomorphic change
of coordinates.

Lemma 3.22. Let V be an open set in Cn and let ρ be a strictly convex C2
function on V . We set D = {z ∈ V | ρ(z) < 0}; for any compact convex set
K ⊂ D ∩ V and any neighbourhood UK of K there is then a strictly convex
open set Ω with C2 boundary such that K ⊂ Ω ⊂ UK ∩D.
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Proof. SinceK is convex there is a strictly convex open setΩ0
1 with C∞ bound-

ary such that K b Ω0
1 b UK ∩ V . Let ρ1 be a strictly convex C∞ function on

a neighbourhood U1 b UK ∩ V of Ω0
1 such that Ω0

1 = {z ∈ U1 | ρ1(z) < 0}.
Since no point of the boundary of Ω0

1 is a local minimum of ρ1 and ρ1 is
strictly convex dρ1(ζ) 6= 0 for any ζ ∈ ∂Ω0

1 . It follows that if ε > 0 is small
enough then Ωε1 = {z ∈ U1 | ρ1(z) < ε} b U1. Choose C∞ functions f and g
from R to R such that:

∂f

∂t
(t) > 0,

∂g

∂t
(t) > 0

∂2f

∂t2
(t) > 0 and

∂2g

∂t2
(t) > 0 for all t ∈ R,

− 1 < f(t) < 0 if t < 0, f(0) = 0, and f(t) > 0 if t > 0,
g(t) = 0 if t 6 0, g(t) > 0 if t > 0 and g(t) = 1 if t > ε.

Set ϕ(x, y) = f(x) + g(y) for any (x, y) ∈ R2. The function ϕ is then a
convex C∞ function on R2 such that

∂ϕ

∂x
(x, y) > 0 and

∂ϕ

∂y
(x, y) > 0 on R2,

ϕ(x, y) > 0 if max(x, y − ε) > 0 and ϕ(x, y) < 0 if x < 0 and y 6 0.

The function ψ(z) = ϕ(ρ(z), ρ1(z)) is then a strictly convex C2 function and
if Ω = {z ∈ U1 | ψ(z) < 0} then Ω0

1 ∩ D ⊂ Ω ⊂ Ωε1 ∩ D and hence K ⊂
Ω ⊂ UK ∩D. Since ψ is strictly convex and no point of the boundary of Ω
is a local minimum of ψ, dψ(z) 6= 0 for any z ∈ ∂Ω and it follows that Ω is a
strictly convex open set with C2 boundary. �

Theorem 3.23. Let V be an open set in Cn and let ρ be a C2 strictly
plurisubharmonic function on V such that dρ(z) 6= 0 for any z ∈ Γ =
{z ∈ V | ρ(z) = 0}. Set D = {z ∈ V | ρ(z) < 0}. For any point ξ ∈ Γ
there is then a neighbourhood Uξ of ξ and a strictly pseudoconvex open set
with C2 boundary, Ω b Cn, such that

i) Uξ ∩D ⊂ Ω ⊂ D.
ii) There is a biholomorphic map h defined on a convex neighbourhood of Ω

such that h(Ω) is strictly convex.

Proof. By Theorem 2.23 there is a biholomorphic map h from a convex neigh-
bourhood Vξ of ξ in Cn to an open set W in Cn such that ρ ◦ h−1 is strictly
convex on the open set W . Let U ′ b W be a ball centred on h(ξ). By
Lemma 3.22 there is a strictly convex open set Ω′ with C2 boundary such that
U
′ ∩ h(Vξ ∩D) ⊂ Ω

′ ⊂ h(Vξ ∩D). Setting Uξ = h−1(U ′) and Ω = h−1(Ω′)
proves the theorem. �

Corollary 3.24. A relatively compact open set Ω in Cn with C2 boundary is
strictly pseudoconvex if and only if for any point ξ ∈ ∂Ω there is a neigh-
bourhood Uξ of ξ in Cn and a biholomorphic map hξ defined on a convex
neighbourhood of Uξ such that hξ(Uξ ∩ Ω) is a strictly convex open set with
C2 boundary.
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Proof. The condition is necessary by Theorem 3.23. It is sufficient by defi-
nition of strictly pseudoconvex open sets because condition (3.8) is invariant
under holomorphic coordinate changes. �

Remark. The above proves that strict pseudoconvexity is the locally biholo-
morphically invariant version of strict convexity. A counter-example by
J.J. Kohn and L. Nirenberg shows that there is no similar relationship be-
tween convexity and pseudoconvexity even in the case where the boundary is
assumed C2 (cf. [Ko/Ni]).

Comments

Historically, the characterisation of existence domains of holomorphic func-
tions started with the work of F. Hartogs and E.E. Levi at the beginning
of the century. The characterisation of such domains in terms of holomor-
phic convexity is due to H. Cartan and P. Thullen [Ca/Th]. Plurisubharmo-
nic functions were introduced by K. Oka and P. Lelong, who described their
main properties [Lel1]. The plurisubharmonicity of the function − log δΩ ,
suggested by Hartogs [Har], was proved by K. Oka [Ok], P. Lelong [Lel2] and
H. Bremermann [Br2]. Levi’s condition for domains of holomorphy was dis-
covered in 1910 by E.E. Levi [Lev] in the two variable case.

All the concepts and theorems presented in this chapter can be found
in most books on several complex variable function theory, such as [He/Le1],
[Ho2], [Kr], [Na1] and [Ra]. We follow Range’s presentation [Ra] closely for the
Cartan–Thullen theorem and holomorphic convexity; for plurisubharmonic
functions and pseudoconvexity we closely follow Hörmander [Ho2] and we
closely follow Henkin and Leiterer [He/Le1] for strictly pseudoconvex domains
with C2 boundary.





VII

The Levi problem and the resolution of ∂ in
strictly pseudoconvex domains

This chapter is devoted to solving the Levi problem – or in other words, to
proving that any pseudoconvex open set in Cn is a domain of holomorphy. We
proceed by studying ∂ in pseudoconvex open sets using local integral representa-
tion formulas for strictly pseudoconvex domains and then applying H. Grauert’s
bumping technique.

We start by studying the Cauchy–Riemann equation in bounded strictly
convex domains with C2 boundary in Cn. Using the Cauchy–Fantappié formula
introduced in Chapter V, we prove that the solution is Hölder continuous of order
1/2 if the data is continuous on the closure of the domain. This result together
with the fact that locally strictly pseudoconvex domains with C2 boundary are
the same thing as strictly convex domains enables us to prove a finiteness result
for certain ∂-cohomology groups using functional analysis techniques. In Sec-
tion 4 we develop Grauert’s bumping method and show that these ∂-cohomology
groups are isomorphic to the Dolbeault cohomology groups defined in Chapter II.
And finally, a result of Laufer’s presented in Section 5 proves the vanishing of
Dolbeault cohomology groups on bounded strictly pseudoconvex open sets with
C2 boundary in Cn. Section 6 is devoted to the construction of a global inte-
gral formula for solving ∂ in bounded strictly pseudoconvex open sets with C2
boundary in Cn. We finally solve the Levi problem in Section 7. The last section
then generalises the above results to complex analytic manifolds. We get a char-
acterisation of Stein manifolds in terms of pseudoconvexity and prove vanishing
theorems for Dolbeault cohomology with compact support which, together with
the cohomological results in Chapter V, enable us to give geometric conditions
which imply the existence of extensions of CR functions.

1 Solving ∂ with Hölder estimates in strictly convex
open sets

Let D be a bounded strictly convex open set with C2 boundary in Cn. There
is then a real-valued C2 function ρ on Cn such that

D = {z ∈ Cn | ρ(z) < 0}, dρ(z) 6= 0 for any z ∈ ∂D,
2n∑

j,k=1

∂2ρ

∂xj∂xk
(z)tjtk > α|t|2 for any z ∈ ∂D and t ∈ R2n,and
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where α is some strictly positive real number and the coordinates xj = xj(z)
are the real coordinates of the point z ∈ Cn such that zj = xj(z) + ixj+n(z).
As we saw in Section 3 of Chapter V, the function

wρ(z, ζ) =
( ∂ρ
∂ζ1

(ζ), . . . ,
∂ρ

∂ζn
(ζ)
)

is a Leray section for the open set D. Since D is strictly convex we have the
following, more precise, estimate:

Lemma 1.1. There is a neighbourhood U∂D of the boundary of D and there
are strictly positive real numbers ε and β which have the property that, for
every ζ ∈ U∂D and z ∈ Cn such that |ζ − z| 6 ε,

(1.1) 2 Re〈wρ(ζ), ζ − z〉 > ρ(ζ)− ρ(z) + β|ζ − z|2.

Proof. Let xj = xj(ζ) be the real coordinates of ζ ∈ Cn such that ζj =
xj(ζ) + xj+n(ζ). Then

2 Re〈wρ(ζ), ζ − z〉 = Re
n∑
j=1

( ∂ρ
∂xj

(ζ)− i ∂ρ

∂xj+n
(ζ)
)(
xj(ζ − z) + ixj+n(ζ − z)

)
=

2n∑
j=1

∂ρ

∂xj
(ζ)xj(ζ − z).

The Taylor–Young formula then says that

ρ(z) = ρ(ζ)− 2 Re〈wρ(ζ), ζ − z〉+
1
2

2n∑
j,k=1

∂2ρ

∂xj∂xk
(ζ)xj(ζ − z)xk(ζ − z)

+O
(
|ζ − z|2

)
,

which implies that for small enough ε and for ζ contained in some neighbour-
hood U∂D of ∂D,

2 Re〈wρ(ζ), ζ − z〉 > ρ(ζ)− ρ(z) +
α

4
|ζ − z|2, if |ζ − z| 6 ε

since ρ is strictly convex. �

In Chapter V, we proved the following theorem.

Theorem 1.2. Let D be a bounded convex open set in Cn with C2 boundary
and let ρ be a C2 defining function for D. For any continuous differential
(p, q)-form f on D such that ∂f is also continuous on D, 0 6 p 6 n and
0 6 q 6 n,

f = Lf + T p1 ∂f on D if q = 0

f = ∂T pq f + T pq+1∂f on D if 1 6 q 6 n,
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where Lf =
∫
ζ∈∂D f(ζ) ∧Kwρ(·, ζ) and

T pq f = (−1)p+q
(∫

(ζ,λ)∈∂D×[0,1]

f(ζ) ∧Kηwρ (·, ζ, λ) +
∫
ζ∈D

f(ζ) ∧B(·, ζ)
)
.

In particular, if ∂f = 0 and q > 1 then u = T pq f is a solution of the equation
∂u = f on D. Moreover, if f is Ck on D then u = T pq f is Ck+α on D for
every α ∈ ]0, 1[.

The estimate given in Lemma 1.1 will provide us with an estimate for the
order 1/2 Hölder norm of solutions of ∂ on strictly convex domains with C2
boundary.

We proved in Chapter III, Proposition 2.1, that if D is a bounded open
set in Cn and f is a bounded differential form on D then the function

B̃Df =
∫
ζ∈D

f(ζ) ∧B(·, ζ)

has the property that
|B̃Df |α,D 6 Cα|f |0,D,

for any α ∈ ]0, 1[. We still have to deal with the quantity

R
wρ
∂Df =

∫
(ζ,λ)∈∂D×[0,1]

f(ζ) ∧Kηwρ (·, ζ, λ).

Lemma 1.3. Let D be a bounded open set in Cn with C1 boundary and let
U∂D and UD be neighbourhoods of ∂D and D respectively. Let w(z, ζ) =
(w1(z, ζ), . . . , wn(z, ζ)) be a C1 map from UD ×U∂D to Cn with the following
properties:

i) w(z, ζ) depends holomorphically on z in UD and dζw(z, ζ) therefore also
depends holomorphically on z in UD,

ii) w(z, ζ) is a Leray section for D,
iii) for any point ξ ∈ ∂D there is a neighbourhood Uξ of ξ and real-valued C1

functions t1(z, ζ), . . . , t2n−1(z, ζ) defined for any z and ζ in Uξ such that
a) for any z ∈ Uξ the functions t1(z, ·), . . . , t2n−1(z, ·) are real coordinates

on ∂D ∩ Uξ,
b) there is a δ > 0 such that, for any z ∈ D ∩ Uξ and any ζ ∈ ∂D ∩ Uξ,

(1.2) |〈w(z, ζ), ζ − z〉| > δ
(
|t1(z, ζ)|+ |t(z, ζ)|2 + dist(z, ∂D)

)
,

with |t(z, ζ)|2 =
∑2n−1
j=1 |tj(z, ζ)|2 and dist(z, ∂D)=inf{|z−x|, x ∈ ∂D}.

There is then a constant C such that for any continuous differential form f
on D

|Rw∂Df |1/2,D 6 C|f |0,D.
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Proof. Note that if n = 1 then Rw∂D = 0. Assume from now on that n > 2
and set Φ(z, ζ) = 〈w(z, ζ), ζ − z〉. The determinantal expression then gives us
that

(1.3) (2iπ)nRw∂Df(z)

=
∫

(ζ,λ)∈∂D×[0,1]

f(ζ) ∧ det
1,n−1

(
ηw(z, ζ, λ), (∂z,ζ + dλ)ηw(z, ζ, λ)

)
∧ ω(ζ − z)

where

ηw(z, ζ, λ) = (1− λ)
w(z, ζ)
Φ(z, ζ)

+ λ
ζ − z
|ζ − z|2

and
det

s1···sm
(a1, . . . , am) = det(a1, . . . , a1︸ ︷︷ ︸

s1

, . . . , am, . . . , am︸ ︷︷ ︸
sm

).

For simplicity, we assume that f has bidegree (0, q); we can therefore replace
ω(ζ − z) by ω(ζ) in (1.3). By hypothesis i), ∂zw = 0 and ∂zΦ = 0 so that

(dλ + ∂z,ζ)ηw(z, ζ, λ) =
( ζ − z
|ζ − z|2

− w

Φ

)
dλ+ (1− λ)

(∂ζw
Φ
− w

Φ

∂ζΦ

Φ

)
+ λ
(dζ − dz
|ζ − z|2

− ζ − z
|ζ − z|2

∂z,ζ |ζ − z|2

|ζ − z|2
)
.

Developing the determinant in (1.3), we get

Rw∂Df(z)

=
∫

(ζ,λ)∈∂D×[0,1]

f(ζ)∧
n−2∑
s=0

ps det
1,1,n−s−2,s

(w
Φ
,
ζ − z
|ζ − z|2

,
∂ζw

Φ
,
dζ − dz
|ζ − z|2

)
∧dλ∧ω(ζ)

where the functions ps are polynomials in λ. Integrating with respect to λ
gives us that

Rw∂Df(z) =
n−2∑
s=0

As

∫
ζ∈∂D

f(ζ) ∧ det1,1,n−s−2,s(w, ζ − z, ∂ζw, dζ − dz)
Φn−s−1|ζ − z|2s+2

∧ ω(ζ).

The coefficients of the differential form Rw∂Df are therefore linear combinations
of integrals of the following form:

(1.4) E(z) =
∫
∂D

fIψ

Φn−s−1|ζ − z|2s+2
∧
j 6=m

dζj ∧ ω(ζ),

where 0 6 s 6 n− 2 and 1 6 m 6 n, the function fI is one of the coefficients
of f and ψ is a product of functions of type wj , ζj − zj or ∂wj/∂ζk, j, k =
1, . . . , n. As ψ contains at least one factor of the form ζj − zj , there is a
constant C1 such that |ψ| 6 C1|ζ − z|.

To estimate the integrals appearing in (1.4) we use a lemma due to Hardy
and Littlewood.
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Lemma 1.4. Let D be a bounded domain in Rn with C1 boundary and let
g ∈ C1(D) be a function such that

|dg(x)| 6 Cg[dist(x, ∂D)]α−1,

where Cg is a positive constant and α ∈ ]0, 1[. Then g ∈ Λα(D). Moreover,
there is a compact set K in D and a constant C > 0 depending only on D
and α such that

|g|α,D 6 C[Cg + |g|K ].

Proof. Let us start by proving the following result:

(1.5)


There is a real number ε ∈ ]0, 1[ with the property that if g
is any C1 function on D such that |dg(x)| 6 Cg[dist(x, ∂D)]α−1

then |g(x)− g(y)| 6 CCg|x− y|α

for any x, y ∈ D such that |x− y| < ε

Since ∂D is C1, there is a sufficiently small ε > 0 and a constant C ′ > 0
such that for any x, y ∈ D which have the property that dist(x, ∂D) < ε,
dist(y, ∂D) < ε and |x− y| < ε there is a C1 function γx,y : [0, 3|x− y|]→ D
such that

γx,y(0) = x, γx,y(3|x− y|) = y,∣∣∣ d
dλ
γx,y(λ)

∣∣∣ 6 C ′ for any λ ∈ [0, 3|x− y|],

dist(γx,y(λ), ∂D) >


λ if λ ∈ [0, |x− y|],
|x− y| if λ ∈ [|x− y|, 2|x− y|],
3|x− y| − λ if λ ∈ [2|x− y|, 3|x− y|].

We therefore get

|g(x)− g(y)| =
∣∣∣ ∫ 3|x−y|

0

d

dλ
g
(
γx,y(λ)

)
dλ
∣∣∣

6
∫ 3|x−y|

0

|dg
(
γx,y(λ)

)
|
∣∣∣ d
dλ
γx,y(λ)

∣∣∣dλ
6 C ′

∫ 3|x−y|

0

|dg
(
γx,y(λ)

)
|dλ

6 C ′Cg
[ ∫ |x−y|

0

λα−1dλ+
∫ 2|x−y|

|x−y|
|x− y|α−1dλ

+
∫ 3|x−y|

2|x−y|
(3|x− y| − λ)α−1dλ

]
6
( 2
α

+ 1
)
C ′Cg|x− y|α.
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We set K = {x ∈ D | dist(x, ∂D) > ε/2}. The set K is compact because D is
bounded. Moreover, as g is C1, for any x, y ∈ K and |x− y| < ε,

|g(x)− g(y)| 6 C ′′|x− y| 6 C ′′|x− y|α for any ε < 1

which proves (1.5). It then follows from (1.5) that |g|D 6 |g|K+CCgεα < +∞
and hence if |x− y| > ε then

(1.6) ∆g(x, y) =
|g(x)− g(y)|
|x− y|α

6 2|g|Dε−α.

It follows from (1.5) and (1.6) that

sup
x,y∈D

∆g(x, y) 6 max(CCg, 2|g|Dε−α)

and the lemma follows. �

End of the proof of Lemma 1.3. By Lemma 1.4 it is enough to prove that for
any j = 1, . . . , n and z ∈ D,

(1.7)

∣∣∂E/∂zj(z)∣∣
and

∣∣∂E/∂zj(z)∣∣
}
6 C|f |0,D[dist(z, ∂D)]−1/2,

where C is a constant independent of z ∈ D and f . We have

∂

∂zj

ψ

Φn−s−1|ζ − z|2s+2
=

∂ψ/∂zj
Φn−s−1|ζ − z|2s+2

− (n− s− 1)(∂Φ/∂zj)ψ
Φn−s|ζ − z|2s+2

−
(s+ 1)(ζj − zj)ψ
Φn−s−1|ζ − z|2s+4

and since ∂Φ/∂zj = 0,

∂

∂zj

ψ

Φn−s−1|ζ − z|2s+2
=

∂ψ/∂zj
Φn−s−1|ζ − z|2s+2

− (s+ 1)(ζj − zj)ψ
Φn−s−1|ζ − z|2s+4

.

As ∂ψ/∂zj , ∂Φ/∂zj and ∂ψ/∂zj are bounded for (z, ζ) ∈ D × ∂D and |ψ| 6
C1|ζ − z|, there exists a constant C2 such that∣∣∣ ∂

∂zj

ψ

Φn−s−1|ζ − z|2s+2

∣∣∣ 6 C2

[ 1
|Φ|n−s−1|ζ − z|2s+2

+
1

|Φ|n−s|ζ − z|2s+1

]
∣∣∣ ∂
∂zj

ψ

Φn−s−1|ζ − z|2s+2

∣∣∣ 6 C2

|Φ|n−s−1|ζ − z|2s+2
.

We can therefore find a constant C3 such that ∂E/∂zj(z) and ∂E/∂zj(z)
are bounded by

(1.8) C3|f |0,D
[ ∫

∂D

dσ2n−1

|Φ|n−s−1|ζ − z|2s+2
+
∫
∂D

dσ2n−1

|Φ|n−s|ζ − z|2s+1

]
,

where dσ2n−1 is the volume form on ∂D.
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Let us prove that for any ξ ∈ ∂D there is a neighbourhood Uξ of ξ and a
constant Cξ such that, for any z ∈ D ∩ Uξ,∫

∂D∩Uξ

dσ2n−1

|Φ|n−s|ζ − z|2s+1
6 Cξ[dist(z, ∂D)]−1/2(1.9) ∫

∂D∩Uξ

dσ2n−1

|Φ|n−s−1|ζ − z|2s+2
6 Cξ[dist(z, ∂D)]−1/2.(1.10)

We start by proving (1.9). Fix ξ ∈ ∂D and consider a neighbourhood Uξ
of ξ and coordinates t1(z, ζ), . . . ,t2n−1(z, ζ) such that condition iii) of Lemma
1.3 holds. Let ϕ(z, ζ) be the function defined for any z ∈ Uξ and any ζ ∈
∂D ∩ Uξ with the property that, for any z ∈ Uξ,

dσ2n−1 = ϕ(z, ζ)dζt1(z, ζ) ∧ · · · ∧ dζt2n−1(z, ζ).

There is a γ > 0 such that |ζ − z| > γ|t(z, ζ)| for any z ∈ Uξ and any
ζ ∈ ∂D ∩ Uξ, and hence for any z ∈ D ∩ Uξ∫

∂D∩Uξ

dσ2n−1

|Φ|n−s|ζ − z|2s+1

6
1

δn−sγ2s+1

∫
∂D∩Uξ

ϕ(z, ζ)dζt1(z, ζ) ∧ · · · ∧ dζt2n−1(z, ζ)(
|t1(z, ζ)|+ |t(z, ζ)|2 + dist(z, ∂D)

)n−s|t(z, ζ)|2s+1
.

Restricting Uξ if necessary, we can find constants Γ and R such that
|ϕ(z, ζ)| 6 Γ for any z ∈ Uξ and ζ ∈ ∂D∩Uξ and for every z ∈ Uξ the surface
∂D ∩ Uξ is mapped by the diffeomorphism ζ 7→

(
t1(z, ζ), . . . , t2n−1(z, ζ)) to

an open set in the ball of centre 0 and radius R in R2n−1. Then∫
∂D∩Uξ

dσ2n−1

|Φ|n−s|ζ − z|2s+1

6
Γ

δn−sγ2s+1

∫
x∈R2n−1

|x|<R

dx1 ∧ · · · ∧ dx2n−1(
|x1|+ |x|2 + dist(z, ∂D)

)n−s|x|2s+1

but now(
|x1|+ |x|2 + dist(z, ∂D)

)n−s|x|2s+1 >
(
|x1|+ |x|2 + dist(z, ∂D)

)2|x|2n−3

and it follows that

(1.11)
∫
∂D∩Uξ

dσ2n−1

|Φ|n−s|ζ − z|2s+1

6
Γ

δn−sγ2s+1

∫
x∈R2n−1

|x|<R

dx1 ∧ · · · ∧ dx2n−1(
|x1|+ |x|2 + dist(z, ∂D)

)2|x|2n−3
.
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Similarly, to prove (1.10) we start by proving that

(1.12)
∫
∂D∩Uξ

dσ2n−1

|Φ|n−s−1|ζ − z|2s+2

6
Γ

δn−s−1γ2s+2

∫
x∈R2n−1

|x|<R

dx1 ∧ · · · ∧ dx2n−1(
|x1|+ |x|2 + dist(z, ∂D)

)
|x|2n−2

.

We now only have to estimate the right-hand sides of (1.11) and (1.12) to
complete the proof of (1.9) and (1.10).

Lemma 1.5. Consider numbers n > 1 and R > 0. There is a constant C > 0
such that, for any ε > 0,

i)
∫
x∈Rn
|x|<R

dx1 ∧ · · · ∧ dxn
(|x1|+ |x|2 + ε)2|x|n−2

6 Cε−1/2,

ii)
∫
x∈Rn
|x|<R

dx1 ∧ · · · ∧ dxn
(|x1|+ |x|2 + ε)|x|n−1

6 Cε−1/2.

Proof. Let us prove i). For n = 1,∫
|x|<R

dx

(|x|+ |x|2 + ε)2|x|−1
6
∫ R

0

2xdx
ε2 + x2

6 CD log ε 6 Cε−1/2.

For n > 2 we set x′ = (x2, . . . , xn) and integrating with respect to the vari-
able x1 then gives us∫

|x|<R

dx1 ∧ · · · ∧ dxn
(|x1|+ |x|2 + ε)2|x|n−2

6 C1

∫
|x′|6R

dx2 ∧ · · · ∧ dxn
(ε+ |x′|2)|x′|n−2

6 C1

∫ R

0

dr

∫
|x′|=r

dσn−2

(ε+ r2)rn−2

6 C2

∫ R

0

dr

ε+ r2
6 Cε−1/2.

Let us now prove ii). We have∫
|x|<R

dx1 ∧ · · · ∧ dxn
(|x1|+ |x|2 + ε)|x|n−1

6
∫
|x|6R

dx1 ∧ · · · ∧ dxn
(|x|2 + ε)|x|n−1

6
∫ R

0

dr

∫
|x|=r

dσn−1

(ε+ r2)rn−1

6 C0

∫ R

0

dr

ε+ r2
6 Cε−1/2. �
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End of the proof of Lemma 1.3. For any ξ ∈ ∂D let Uξ be a neighbourhood
of ξ such that (1.9) and (1.10) hold for any z ∈ Uξ ∩ D. If Vξ b Uξ is a
neighbourhood of ξ then the integrals∫

∂DrUξ

dσ2n−1

|Φ|n−s|ζ − z|2s+1
and

∫
∂DrUξ

dσ2n−1

|Φ|n−s−1|ζ − z|2s+2

are clearly bounded on Vξ ∩D and it follows that, for any z ∈ Vξ ∩D,∫
∂D

dσ2n−1

|Φ|n−s|ζ − z|2s+1
6 Cξ[dist(z, ∂D)]−1/2(1.13) ∫

∂D

dσ2n−1

|Φ|n−s−1|ζ − z|2s+2
6 Cξ[dist(z, ∂D)]−1/2.(1.14)

Since ∂D is compact there is a neighbourhood V of ∂D such that the left-
hand sides of (1.13) and (1.14) are bounded by C[dist(z, ∂D)]−1/2 for any
z ∈ V ∩D. As these two integrals are bounded on D r V this completes the
proof of the lemma. �

Theorem 1.6. Let D be a bounded strictly convex domain with C2 bound-
ary in Cn. There is then a constant C > 0 such that, for any continuous
differential form f on D,

(1.15) ‖Rwρ∂Df + B̃Df‖1/2,D 6 C|f |0,D.

In particular, if f is a continuous differential (p, q)-form on D where 0 6
p 6 n and 1 6 q 6 n such that ∂f = 0 then the solution of the equation
∂u = f given on D by u = (−1)p+q(Rwρ∂Df + B̃Df) has the property that

(1.16) |u|1/2,D 6 C|f |0,D.

Proof. By Theorem 1.2 and Lemma 1.3, (1.15) will be established if we can
prove that the Leray section wρ associated to the domain D verifies the hy-
potheses of Lemma 1.3.

Let ρ be a strictly convex defining function for D on Cn. The function

wρ(z, ζ) =
( ∂ρ
∂ζ1

(ζ), . . . ,
∂ρ

∂ζn
(ζ)
)

is then a Leray section for D so ii) holds. The section wρ is independent
of z, so i) also holds. It remains to prove iii). Let the coordinates xj = xj(ζ)
be the real coordinates of ζ ∈ Cn such that ζj = xj(ζ) + ixj+n(ζ). Set
t1(z, ζ) = Im〈wρ(ζ), ζ − z〉. Then

t1(z, ζ) =
n∑
j=1

1
2

[ ∂ρ
∂xj

(ζ)xj+n(ζ − z)− ∂ρ

∂xj+n
(ζ)xj(ζ − z)

]
dζt1(z, ζ)

∣∣
ζ=z

=
n∑
j=1

1
2

[ ∂ρ
∂xj

(z)dxj+n(z)− ∂ρ

∂xj+n
(z)dxj(z)

]
.and
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But now dζt1(z, ζ)
∣∣
ζ=z
∧ dρ(z) 6= 0 for any z ∈ ∂D because the coeffi-

cient of dxj(z) ∧ dxj+n(z) in the differential form dζt1(z, ζ)
∣∣
ζ=z
∧dρ(z) is

− 1
2

(
( ∂ρ∂xj (z))2 + ( ∂ρ

∂xj+n
(z))2

)
, which cannot vanish for all j = 1, . . . , n be-

cause dρ(z) 6= 0. Choose a point ξ ∈ ∂D. We can then find a neighbour-
hood Uξ of ξ and C1 functions t2, . . . , t2n−1 on Uξ such that for any z ∈ Uξ
the functions (t1(z, ·), t2, . . . , t2n−1) are local coordinates on ∂D ∩ Uξ. Set
tj(z, ζ) = tj(ζ) − tj(z) for any z, ζ ∈ Uξ and j = 2, . . . , 2n − 1. For any
z ∈ Uξ the functions (t1(z, ·), t2(z, ·), . . . , t2n−1(z, ·)) are then local coordi-
nates on ∂D ∩ Uξ. We now prove (1.2). Since tj(z, z) = 0, on restrict-
ing Uξ it follows from Taylor’s formula that there is a δ1 > 0 such that
|ζ − z| > δ1|t(z, ζ)| for any z, ζ ∈ Uξ. After again restricting Uξ, Lemma 1.1
implies that there is a δ2 such that, for any z, ζ ∈ Uξ,

2|〈wρ(ζ), ζ − z〉| > δ2
(
|t1(z, ζ)|+ ρ(ζ)− ρ(z) + |t(ζ − z)|2

)
,

which proves (1.2) since ρ = 0 on ∂D and on restricting Uξ we can assume
there is a δ3 > 0 such that −ρ(z) > δ3 dist(z, ∂D) for any z ∈ D ∩ Uξ. �

We end this discussion by proving – using a counter-example of E.M. Stein
– that the order 1/2 Hölder bound proved above cannot be improved.

Let D = {(z1, z2) ∈ Cn | |z1|2 + |z2|2 < 1} be the unit ball in C2. Let log
be the branch of the logarithm defined on C r R+ with argument between 0
and 2π. We set

f(z1, z2) =


dz2

log(z1 − 1)
if (z1, z2) ∈ D r {(1, 0)}

0 if (z1, z2) = (1, 0).

This is a C∞ differential (0, 1)-form on Dr {(1, 0)} since log(z1− 1) does not
vanish if z1 /∈ (1,+∞). Moreover, f is continuous on D because | log(z1 − 1)|
tends to ∞ as z1 → 1 and the fact that the function z 7→ 1/ log(z1 − 1) is
holomorphic on D implies that ∂f = 0 on D. We will prove that if α >
1/2 then there is no function u defined on D such that ∂u = f on D and
|u|α,D < +∞. Suppose that u is a solution of the equation ∂u = f such that
|u|α,D < +∞. Since ∂

(
z2/ log(z1 − 1)

)
= f , the function u − z2/ log(z1 − 1)

is then holomorphic on D. Let ε be a real number such that 0 < 2ε < 1; the
circles

{(z1, z2) ∈ C2 | z1 = 1− ε, |z2| =
√
ε}

{(z1, z2) ∈ C2 | z1 = 1− 2ε, |z2| =
√
ε}and



2 Local uniform approximation of ∂-closed forms 157

are then contained in D. Applying Cauchy’s theorem to the function z2 7→
u(z1, z2)− z2/ log(z1 − 1) on each of these circles, we get∫

|z2|=
√
ε

u(1− ε, z2)dz2 =
∫
|z2|=

√
ε

z2dz2
log(−ε)

=
2iπε

log(−ε)∫
|z2|=

√
ε

u(1− 2ε, z2)dz2 =
∫
|z2|=

√
ε

z2dz2
log(−2ε)

=
2iπε

log(−2ε)
.and

Since |u|α,D < +∞ there is a constant C > 0 such that, for any ε satisfying
0 < 2ε < 1, ∣∣∣∣ 1

log(−ε)
− 1

log(−2ε)

∣∣∣∣ < Cεα−1/2.

But now log(−ε) = Log |ε| + iπ and log(−2ε) = Log 2 + Log |ε| + iπ and it
follows that Log 2 6 Cεα−1/2| log(−ε) log(−2ε)|, which is impossible.

Using Corollary 3.22 of Chapter VI, Theorem 1.6 gives us a local resolution
result for bounded strictly pseudoconvex domains with C2 boundary.

Corollary 1.7. Let Ω be a bounded strictly pseudoconvex open set with C2
boundary in Cn and let f be a differential (p, q)-form where 0 6 p 6 n and
1 6 q 6 n which is continuous on Ω and ∂-closed on Ω. For any ξ ∈ ∂Ω
there is then a neighbourhood Uξ of ξ in Cn, a differential (p, q − 1)-form
uξ ∈ Λ1/2

p,q−1(Uξ ∩Ω) and a constant Cξ > 0 such that ∂uξ = f on Uξ ∩Ω and
|uξ|1/2,Uξ∩Ω 6 Cξ|f |0,Ω.

Proof. If ξ ∈ ∂Ω then Corollary 3.24 of Chapter VI says that there is a
neighbourhood Uξ of ξ in Cn and a biholomorphic map hξ defined in a neigh-
bourhood of Uξ such that hξ(Uξ ∩ Ω) is a bounded strictly convex domain
with C2 boundary. If we set uξ = h∗ξThξ∗f , where T = R

wρ
∂h(Uξ∩Ω) +B̃h(Uξ∩Ω),

then uξ has the required properties by Theorem 1.6. �

2 Local uniform approximation of ∂-closed forms in
strictly pseudoconvex domains

We start by proving that any holomorphic function defined in a neighbourhood
of some compact convex set in Cn can be uniformly approximated on this set
by holomorphic functions on Cn.

Proposition 2.1. Let K be a convex compact set in Cn and let V be a neigh-
bourhood of K. If 0 6 p 6 n then any holomorphic (p, 0)-form on V can be
uniformly approximated on K by holomorphic (p, 0)-forms defined on Cn.

Proof. Since K is a compact convex set in Cn and V is a neighbourhood of K
there is a convex open set D with C2 boundary such that K ⊂ D b V and
D = {z ∈ Cn | ρ(z) < 0}. Here, ρ is a C2 convex function on Cn such that



158 VII The Levi problem and the resolution of ∂

dρ(z) 6= 0 for any z ∈ Cn r D. Let h be a holomorphic (p, 0)-form on V ,
set Dα = {z ∈ Cn | ρ(z) < α} and let α0 be the supremum of the set of
real numbers α ∈ R such that h can be uniformly approximated on K by
holomorphic (p, 0)-forms defined on Dα. Since K ⊂ D b V we know that
α0 > 0.

We start by proving that α0 = +∞. Argue by contradiction and sup-
pose that α0 < +∞. For any α > 0, consider the Leray section wρ(ζ) =(
∂ρ
∂ζ1

(ζ), . . . , ∂ρ∂ζn (ζ)
)

for Dα. The function Φ(z, ζ) = 〈wρ(ζ), ζ − z〉 is then
holomorphic with respect to z on Cn. Let δ > 0 be a sufficiently small real
number: by definition of α0, the (p, 0)-form h can be uniformly approxi-
mated on K by holomorphic (p, 0)-forms defined on some neighbourhood of
Dα0−δ. It will be enough to show that any holomorphic (p, 0)-form defined
on a neighbourhood of Dα0−δ can be uniformly approximated on K by holo-
morphic (p, 0)-forms defined on Dα0+δ. If f is a holomorphic (p, 0)-form on a
neighbourhood of Dα0−δ then

f(z) =
(n− 1)!
(2iπ)n

∫
∂Dα0−δ

f(ζ)
ω′ζ(wρ(ζ)) ∧ ω(ζ)

Φn(z, ζ)
, for any z ∈ Dα0−δ.

by Leray’s formula. Since ∂Dα0−δ is compact, to construct the required
approximating form it will be enough to prove that for any given point
ξ0 ∈ ∂Dα0−δ the function 1/Φ(z, ζ) can be uniformly approximated on K×Vξ0
by functions which are holomorphic in z on Dα0+δ, where Vξ0 is some neigh-
bourhood of ξ0 in ∂Dα0−δ. Fix a point ξ0 ∈ ∂Dα0−δ and choose a finite
number of points ξ1, . . . , ξk such that

α0 − δ = ρ(ξ1) < · · · < ρ(ξk) = α0 + δ

sup
z∈K

∣∣∣1− Φ(z, ξj−1)
Φ(z, ξj)

∣∣∣ < 1 for any j = 1, . . . , k.and

We note that if
∣∣1−Φ(z,ξ0)

Φ(z,ξ1)

∣∣ < 1 for any z ∈ K then supz∈K
∣∣1− Φ(z,ζ)

Φ(z,ξ1)

∣∣ < r < 1
for any ζ in some neighbourhood Vξ0 of ξ0. Then, for any ζ ∈ Vξ0 ,

1
Φ(z, ζ)

=
1

Φ(z, ξ1)

∞∑
s=0

[
1− Φ(z, ζ)

Φ(z, ξ1)

]s
,

where the above sum converges uniformly on K × Vξ0 and

1
Φ(z, ξj−1)

=
1

Φ(z, ξj)

∞∑
s=0

[
1− Φ(z, ξj−1)

Φ(z, ξj)

]s
,

where the above sum converges uniformly with respect to z on K. It follows
that the function 1/Φ(z, ζ) can be uniformly approximated on K × Vξ0 by
polynomials in Φ(z, ζ), Φ(z, ξ1), . . . , Φ(z, ξk−1) and 1/Φ(z, ξk), all of which are
holomorphic functions on Dα0+δ. After integrating over ∂Dα0−δ using a finite
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partition of unity subordinate to a finite cover of ∂Dα0−δ by open sets of the
form Vξ0 , we get a uniform approximation of f on K by holomorphic (p, 0)-
forms on Dα0+δ. It follows that α0 = +∞.

To complete the proof it remains to show that for any ε > 0 there is a
sequence of holomorphic (p, 0)-forms gj defined on Dj+1, j = 0, 1, . . . , such
that g0 = h, D = D0 ⊂ V and

sup
z∈Dj

|gj(z)− gj+1(z)| < ε

2j+1
for any j = 0, 1, . . .

Indeed, the sequence (gj)j∈N would then converge uniformly on all compact
sets in Cn to a holomorphic (p, 0)-form g on Cn such that supK |h−g| < ε. To
construct this sequence, assume g0, . . . , gk already constructed (for k = 0 we
have g0 = h): since Dk is compact and convex the above method proves
that there are holomorphic (p, 0)-forms gk+1 defined on Dk+2 such that
|gk(z)− gk+1(z)| < ε/2k+1 for any z ∈ Dk. �

Theorem 2.2. Let D be a bounded strictly convex open set with C2 boundary
in Cn. If K is a compact set in D then every ∂-closed differential form on D
which is continuous on D is a uniform limit on K of continuous ∂-closed
differential forms on Cn.

Proof. After translating if necessary, we can assume that 0 ∈ D. Let λ > 1
be a real number and set Dλ = {z ∈ Cn | z/λ ∈ D}. The set Dλ is then a
bounded strictly convex open set with C2 boundary in Cn which contains D.
If f is a ∂-closed differential (p, q)-form on D which is continuous on D, where
0 6 p, q 6 n, then we set fλ = ϕ∗λf , where ϕλ is the homothety of ratio 1/λ.
The function fλ is then a ∂-closed differential (p, q)-form on Dλ. Fix ε > 0
and choose λ > 1 such that

(2.1) sup
D

|f − fλ| <
ε

2
.

Suppose initially that q = 0. The holomorphic (p, 0)-form fλ is defined
on Dλ, which is a neighbourhood of the compact convex set D. By Proposi-
tion 2.1, there is a holomorphic (p, 0)-form g on Cn such that

(2.2) sup
D

|fλ − g| <
ε

2
.

It then follows from (2.1) and (2.2) that supD |f − g| < ε.
If q > 1 then there is a form uλ ∈ C0p,q−1(D(λ+1)/2) such that ∂uλ = fλ

on D(λ+1)/2 because D(λ+1)/2 is a bounded strictly convex open set with C2
boundary contained in Dλ (cf. Th. 1.2). Since D(λ+1)/2 contains D we can
find a C∞ function χλ with compact support in D(λ+1)/2 which is equal to 1
on D. We then set g = ∂χλuλ and by (2.1) we have supD |f − g| <

ε
2 < ε. �
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Corollary 2.3. Let Ω be a bounded strictly pseudoconvex open set with C2
boundary in Cn. For any ξ ∈ ∂Ω there is a neighbourhood Uξ of ξ in Cn
such that any continuous differential form on Uξ ∩Ω which is ∂-closed on
Uξ ∩Ω is a uniform limit of continuous ∂-closed differential forms on Cn on
any compact set in Ω ∩ Uξ.

Proof. This follows immediately from Theorem 2.2 and Corollary 3.24 of
Chapter VI. �

3 Finiteness of Dolbeault cohomology groups of strictly
pseudoconvex domains

The aim of this section is to deduce finiteness theorems for certain groups
of ∂-cohomology from local resolutions of ∂ with Hölder estimates. To do
this we will need some ideas and results from functional analysis which are
summarised in Appendix C.

Let D be a bounded open set in Cn. We consider the Banach spaces
C0p,q(D) of continuous differential (p, q)-forms on D and the Banach spaces

Λ
1/2
p,q (D) of Hölder continuous differential (p, q)-forms of order 1/2 on D

(cf. Chap. III, §2). We set Λ1/2
p,−1(D) = 0 and if q > 1 we let F 1/2

p,q−1(D)

be the domain of definition of ∂, considered as an operator from Λ
1/2
p,q−1(D)

to C0p,q(D), i.e. the subspace of differential forms f ∈ Λ1/2
p,q−1(D) such that the

distribution ∂f is continuous on D and has a continuous extension to D. We
set E1/2

p,q (D) = ∂(F 1/2
p,q−1(D)). We let Z0

p,q(D) be the subspace of differential
forms f ∈ C0p,q(D) such that ∂f = 0 on D – this is a closed subspace of the
Banach space C0p,q(D). And finally, we let Hp,q

0,1/2(D) be the quotient space

Z0
p,q(D)/E1/2

p,q (D).

Proposition 3.1. Let D be a bounded strictly pseudoconvex open set with C2
boundary in Cn and let p and q be integers such that 0 6 p 6 n and 0 6 q 6 n.
The following then hold:

i) there are continuous linear operators T pq from C0p,q(D) to Λ
1/2
p,q−1(D) with

the property that, for any f ∈ C0p,q(D) such that ∂f ∈ C0p,q(D),

(3.1) f = ∂T pq f + T pq+1∂f +Kp
q f,

where Kp
q is a compact operator from C0p,q(D) to itself.

ii) if q > 1 then ∂T pq defines a continuous linear operator from Z0
p,q(D) to

itself whose image has finite codimension.
iii) the space E1/2

p,q (D) is a closed subspace of finite codimension in Z0
p,q(D).
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Proof. By Corollary 3.24 of Chapter VI there is a finite cover of D by open
sets U1, . . . , Um in Cn such that for any j = 1, . . . ,m there is a biholomorphic
map hj defined on a neighbourhood of U j such that hj(Uj ∩D) is a bounded
strictly convex open set with C2 boundary. It then follows from Theorems 1.2
and 1.6 that we can find continuous linear operators (T pq )j , j = 1, . . . ,m, from

C0p,q(D) to Λ1/2
p,q−1(Uj ∩D) such that, for any f ∈ C0p,q(D) and ∂f ∈ C0p,q+1(D),

(3.2) f = ∂(T pq )jf + (T pq+1)j∂f on Uj ∩D.

Choose C∞ functions (ϕj)j=1,...,m with compact support on Cn such that
D ∩ suppϕj ⊂ Uj and

∑m
j=1 ϕj = 1 on D and set T pq f =

∑m
j=1 ϕj(T

p
q )jf for

any f ∈ C0p,q(D). This defines a continuous linear operator from C0p,q(D) to

Λ
1/2
p,q−1(D) such that

f = ∂T pq f + T pq+1∂f −
m∑
j=1

∂ϕj ∧ (T pq )jf on D.

Set Kp
q f = −

∑m
j=1 ∂ϕj ∧ (T pq )jf for any f ∈ C0p,q(D). The operator Kp

q thus

defined is a continuous linear operator from C0p,q(D) to Λ1/2
p,q (D): by Ascoli’s

theorem it therefore defines a compact operator from C0p,q(D) to itself and i)
follows. Moreover, Kp

q sends Z0
p,q(D) to itself. Indeed, if f ∈ Z0

p,q(D) then

∂Kp
q f = −∂

( m∑
j=1

∂ϕj ∧ (T pq )jf
)

=
m∑
j=1

∂ϕj ∧ ∂(T pq )jf

=
m∑
j=1

∂ϕj ∧ f by (3.2) since f ∈ Z0
p,q(D)

= 0 since
∑m
j=1 ϕj = 1 on D.

By (3.1) we know that ∂T pq = I − Kp
q on Z0

p,q(D) for any q > 1 and as Kp
q

is compact the image of I − Kp
q has finite codimension in Z0

p,q(D), which
proves ii).

Condition iii) follows from Proposition 4 of Appendix C because E1/2
p,q (D),

which is the image under ∂ of F 1/2
p,q−1(D), is of finite codimension because it

contains the image of ∂T pq . �

Corollary 3.2. If D is a bounded strictly pseudoconvex open set with C2
boundary in Cn then

dimHp,q
0,1/2(D) < +∞ whenever 0 6 p 6 n and 1 6 q 6 n.
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4 Invariance of Dolbeault cohomology under strictly
pseudoconvex extensions

Using Grauert’s Beulenmethode, we will now prove that for any bounded
strictly pseudoconvex domain Ω in Cn the ∂-cohomology group Hp,q

0,1/2(Ω) is
isomorphic to the Dolbeault cohomology group Hp,q(Ω) defined in Chapter II.
Corollary 3.2 then implies that the Dolbeault cohomology groups of a bounded
strictly pseudoconvex domain in Cn are finite-dimensional.

Definition 4.1. By an elementary strictly pseudoconvex extension we mean
an ordered pair [θ1, θ2] of open sets in Cn with C2 boundary such that θ1 ⊂ θ2
and the following holds: there is an open set V containing θ2 r θ1, there are
strictly pseudoconvex domains D1 and D2 such that D1 ⊂ D2, θ2 = θ1 ∪D2,
θ1 ∩ D2 = D1 and (θ1 rD2) ∩ (θ2 r θ1) = ∅ and there is a biholomorphic
map h defined on a neighbourhood of V such that for j = 1, 2 the set h(Dj)
is a bounded strictly convex domain with C2 boundary in Cn.

Lemma 4.2. Let [θ1, θ2] be an elementary strictly pseudoconvex extension.
For any (p, q) such that 0 6 p 6 n and 0 6 q 6 n,

i) the restriction map Hp,q
0,1/2(θ2)→ Hp,q

0,1/2(θ1) is surjective if q > 1,
ii) the restriction map Hp,q

0,1/2(θ2) → Hp,q
0,1/2(θ1) is injective if q > 2 or if

q = 1 and θ1 is bounded and strictly pseudoconvex,
iii) the restriction map Z0

p,q(θ2)→ Z0
p,q(θ1) has dense image if θ1 is bounded

and strictly pseudoconvex.

Proof. Since (θ1 r θ2)∩ (θ2 r θ1) = ∅ we can find neighbourhoods V ′ and V ′′

of θ2 r θ1 such that V ′ b V ′′ b V and V ′′ ∩ (θ1 rD2) = ∅. Choose a C∞
function χ on Cn such that χ = 1 on V ′ and suppχ ⊂ V ′′.

Let us prove i). Consider an element f1 ∈ Z0
p,q(θ1), where 1 6 q 6 n:

we seek differential forms u1 ∈ Λ1/2
p,q−1(θ1) and f2 ∈ Z0

p,q(θ2) such that f2 =
f1 − ∂u1 on θ1. As D1 is the image under a biholomorphic map defined in a
neighbourhood of D1 of a bounded strictly convex domain with C2 boundary
there is a form u ∈ Λ1/2(D1) such that f1 = ∂u on D1 (cf. Theorem 1.6). Set

u1 =

{
0 on θ1 rD2

χu on D1

and f2 =

{
f1 − ∂u1 on θ1

0 on θ2 r θ1.

The differential forms u1 and f2 then satisfy the required conditions.
Let us prove ii). Let f2 ∈ Z0

p,q(θ2) and u1 ∈ Λ1/2
p,q−1(θ1) be such that ∂u1 =

f2 on θ1. We seek an element u2 ∈ Λ1/2
p,q−1(θ2) such that ∂u2 = f2 on θ2. As D2

is the image under a biholomorphic map defined in a neighbourhood of D2

of a bounded strictly convex domain with C2 boundary there is a function
u ∈ Λ1/2

p,q−1(D2) such that f2 = ∂u on D2 and hence u− u1 ∈ Z0
p,q−1(D1).
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If q > 2 then there is a form v ∈ Λ1/2
p,q−2(D1) such that ∂v = u−u1 on D1.

Therefore, u1 − ∂(χv) = u on V ′ ∩ θ1. Setting

u2 =

{
u1 − ∂(χv) on θ1

u on θ2 ∩ V ′

we get u ∈ Λ1/2
p,q−1(θ2) and ∂u2 = f2 on θ2.

Suppose that q = 1 and θ1 is bounded and strictly pseudoconvex. It
then follows from the definition of an elementary strictly pseudoconvex ex-
tension that θ2 is also bounded and strictly pseudoconvex and hence E1/2

p,1 (θ2)
is a closed subspace of Z0

p,1(θ2) by Proposition 3.1, iii). It is therefore
enough to construct a sequence (wk)k∈N of Hölder continuous differential
(p, 0)-forms of order 1/2 on θ2 such that the forms ∂wk are continuous on θ2
and limk→∞ |f2 − ∂wk|0,D2

= 0. The differential (p, 0)-form u− u1 is contin-
uous on D1 and ∂-closed on D1. It therefore follows from Theorem 2.2 that
there is a sequence (vk)k∈N of holomorphic (p, 0)-forms on V such that

lim
k→∞

|vk − (u− u1)|0,D1∩suppχ = 0.

We now define a sequence (wk)k∈N by setting wk = (1 − χ)u1 + χ(u − vk).
Then ∂wk = f2 + (∂χ)(u − u1 − vk) and the sequence (wk)k∈N therefore has
the required properties.

We end the proof of the lemma by proving iii). Consider an element f ∈
Z0
p,q(θ1). By Theorem 2.2, there is a sequence (vk)k∈N of ∂-closed continuous

(p, q)-forms on V such that limk→∞ |f − vk|0,θ1∩suppχ = 0. Then

lim
k→∞

|∂χ ∧ (f − vk)|0,θ2 = 0.

Set f̃k = (1 − χ)f + χvk: this is a sequence of continuous differential forms
on θ2 which converges uniformly to f on θ1 such that ∂f̃k = ∂χ ∧ (f − vk)
converges uniformly to 0 on θ2. By Proposition 5 of Appendix C, it fol-
lows from Proposition 3.1 that there is a continuous linear operator T from
Z0
p,q(θ2) to C0p,q−1(θ2) such that ∂T = I on E0

p,q(θ2) because θ1 and there-
fore θ2 are strictly pseudoconvex. We set uk = T (∂χ ∧ (f − vk)). Then
limk→∞ |uk|0,θ2 = 0 and ∂uk = ∂f̃k and it follows that if fk = f̃k − uk then
the sequence (fk)k∈N is contained in Z0

p,q(θ2) and converges uniformly to f

on θ1. �

Lemma 4.3. Let Ω be a bounded strictly pseudoconvex domain with C2
boundary in Cn and let ρ be a strictly plurisubharmonic defining function
for Ω, i.e. Ω = {z ∈ U∂Ω | ρ(z) < 0}. Set Ωε = {z ∈ U∂Ω | ρ(z) < ε} ∪ Ω.
For small enough |ε|, Ωε is a strictly pseudoconvex domain with C2 boundary.
There is then a real number ε0 > 0 such that whenever −ε0 6 α < 0 6 β 6 ε0
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there is a finite set of domains θ1, . . . , θN such that Ωα = θ1 ⊂ θ2 ⊂ · · · ⊂
θN = Ωβ and [θj , θj+1] is an elementary strictly pseudoconvex extension for
any j = 1, . . . , N − 1.

Proof. Theorem 3.23 of Chapter VI says that for any ξ ∈ ∂Ω there is a neigh-
bourhood Uξ of ξ in Cn and a holomorphic function hξ defined in some neigh-
bourhood of Uξ such that h(Uξ ∩Ω) is strictly convex and has C2 boundary.
As ∂Ω is compact we can extract a finite subcover (Ui)16i6n from the cover
(Uξ)ξ∈∂Ω . There is then a real number ε0 > 0 such that Ωε0rΩ−ε0 ⊂

⋃N
i=1 Ui.

Choose C∞ functions (χj)j=1,...,N with compact support in Cn such that
suppχj ⊂ Uj , j = 1, . . . , N , and

∑N
j=1 χj = 1 on Ωε0 r Ω−ε0 . Given α

and β such that −ε0 6 α < 0 < β 6 ε0 we set

θk = {z ∈ Cn | ρ(z)− α < (β − α)
∑k
j=1 χj(z)}.

Then Ωα = θ0 ⊂ · · · ⊂ θN = Ωβ and for any small enough ε0 the pair [θj+1, θj ]
is then an elementary strictly pseudoconvex extension. �

Definition 4.4. Let D b Ω b Cn be open sets in Cn. We say that Ω is a
strictly pseudoconvex extension of D if there is a neighbourhood U of Ω rD
and a strictly plurisubharmonic C2 function ρ on U such that

D ∩ U = {z ∈ U | ρ(z) < 0} and Ω ∩ U = {z ∈ U | ρ(z) < 1}.

We will say that the extension is non-critical if the function ρ has no critical
points.

The results proved below are still valid if the non-critical hypothesis is
dropped. They will be proved in full generality in Section 8.

Proposition 4.5. Let D and Ω be open sets in Cn, D b Ω b Cn, such
that Ω is a non-critical strictly pseudoconvex extension of D. Then,

i) for any (p, q) such that 0 6 p 6 n and 0 6 q 6 n, the restriction map
Hp,q

0,1/2(Ω)→ Hp,q
0,1/2(D) is an isomorphism,

ii) for any (p, q) such that 0 6 p 6 n and 0 6 q 6 n the restriction map
Z0
p,q(Ω)→ Z0

p,q(D) has dense image for the topology defined by the | |0,D
norm.

Proof. By definition of a non-critical strictly pseudoconvex extension there is
a neighbourhood U of Ω r D and a C2 strictly plurisubharmonic function ρ
on U without critical points such that D ∩ U = {z ∈ U | ρ(z) < 0} and
Ω ∩ U = {z ∈ U | ρ(z) < 1}. Set Ωt = D ∪ {z ∈ U | ρ(z) < t} for
any 0 6 t 6 1. Let T be the supremum of the set E of values t ∈ [0, 1]
such that there is a finite sequence θ1, . . . , θk of open sets in Cn such that
D = θ0 ⊂ · · · ⊂ θk = Ωt and [θj−1, θj ], j = 1, . . . , k, is an elementary strictly
pseudoconvex extension. Let us prove that T = 1. Indeed, if T < 1 then
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by Lemma 4.3 there is a ε0 > 0 such that we can pass from ΩT−ε to ΩT+ε

by a finite sequence of elementary strictly pseudoconvex extensions for every
ε < ε0. Choose a real number ε < ε0 such that T − ε ∈ E. Then T + ε is also
in E, which contradicts the fact that T is the supremum of E. It follows that
T = 1. Applying Lemma 4.3 to Ω = Ω1 with β = 0 and α ∈ E we get in fact
1 ∈ E.

We have therefore proved that there is a finite sequence θ0, . . . , θN of open
sets in Cn such that

D = θ0 ⊂ · · · ⊂ θN = Ω

and that each [θj−1, θj ] is an elementary strictly pseudoconvex extension
for j = 1, . . . , N . Each of the sets θj , j = 0, . . . , N , is then a bounded
strictly pseudoconvex open set and by Lemma 4.2 all the restriction maps
Hp,q

0,1/2(θj)
ϕj−→ Hp,q

0,1/2(θj−1) are isomorphisms if 0 6 p 6 n and 1 6 q 6 n. It
follows that the restriction map ϕ = ϕN ◦ · · · ◦ϕ1 : Hp,q

0,1/2(Ω)→ Hp,q
0,1/2(D) is

an isomorphism. Moreover, all the restriction maps Z0
p,q(θj)

ψj−→ Z0
p,q(θj−1)

have dense image if 0 6 p 6 n and 0 6 q 6 n and hence the restriction map
ψ = ψN ◦ · · · ◦ ψ1 : Z0

p,q(Ω)→ Z0
p,q(D) has dense image. �

Theorem 4.6. Let Ω be a bounded strictly pseudoconvex domain with C2
boundary in Cn. For any pair (p, q) such that 0 6 p 6 n and 1 6 q 6 n the
restriction map

Hp,q
0,1/2(Ω) −→ Hp,q(Ω)

is then an isomorphism.

Proof. Let U be a neighbourhood of ∂Ω. Choose D b Ω such that ΩrU b D
and Ω is a non-critical strictly pseudoconvex extension of D. We then have
restriction maps

Hp,q
0,1/2(Ω)

ϕ−→ Hp,q(Ω)
ψ−→ Hp,q

0,1/2(D).

Indeed, by the Dolbeault isomorphism, Hp,q(Ω) can be identified
with Z0

p,q(Ω)/Z0
p,q(Ω) ∩ ∂C0p,q−1(Ω) and ϕ is therefore well defined since

E
1/2
p,q (Ω) ⊂ Z0

p,q(Ω) ∩ ∂C0p,q−1(Ω). The restriction map ψ is also well defined
by the regularity of ∂ (cf. Chap. III, Remark 3.6). By Proposition 4.5, ψ ◦ ϕ
is an isomorphism so ϕ is injective and ψ is surjective. To prove the theorem
it is enough to show that ψ is injective which follows from the following
lemma. �

Lemma 4.7. Let D and Ω be two open sets in Cn such that D b Ω. We
suppose there is a neighbourhood U of ΩrD and a C2 strictly plurisubharmonic
function ρ without critical points such that D ∩ U = {z ∈ U | ρ(z) < 0} and
D ∪ {z ∈ U | ρ(z) 6 C} b Ω for any C > 0. The restriction map

Hp,q(Ω) −→ Hp,q
0,1/2(D)

is then injective for any (p, q) such that 0 6 p 6 n and 1 6 q 6 n.
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Proof. We can construct a sequence

D = D0 ⊂ D1 ⊂ · · · ⊂ Dk ⊂ · · ·

of bounded open sets in Cn such that Ω =
⋃
k>0Dk and the set Dk+1 is a

strictly pseudoconvex extension of Dk without critical points for any k ∈ N.
Let f ∈ Z0

p,q(Ω) have the property that f = ∂w0 on D, where w0 ∈ Λ1/2
p,q−1(D).

By Proposition 4.5 i) there is a sequence wk ∈ Λ1/2
p,q−1(Dk) such that f = ∂wk

on Dk, since every Dk is a non-critical strictly pseudoconvex extension of D0.
We will construct a sequence (uk)k∈N of differential forms uk ∈ C0p,q−1(Dk)
such that ∂uk = f on Dk and |uk+1 − uk|0,Dk 6

1
2k

. The sequence (uk)k∈N
thus constructed then converges uniformly on any compact set in Ω to a
differential form u ∈ C0p,q−1(Ω) such that ∂u = f on D. Set u0 = w0 and
assume u1, . . . , uk already constructed. The differential form wk+1 − uk is
then an element of Z0

p,q−1(Dk) and by Proposition 4.5 ii) there is an αk+1 ∈
Z0
p,q−1(Dk+1) such that

|wk+1 − uk − αk+1|0,Dk < 1/2k.

We therefore set uk+1 = wk+1 − αk+1 and we have ∂uk+1 = f on Dk+1 since
∂αk+1 = 0 on Dk+1 and |uk+1 − uk|0,Dk < 1/2k. �

Corollary 4.8. If Ω is a bounded strictly pseudoconvex open set with C2
boundary in Cn then

dimHp,q(Ω) < +∞, for any (p, q) such that 0 6 p 6 n and 1 6 q 6 n.

Proof. This follows immediately from Corollary 3.2 and Theorem 4.6. �

5 Vanishing theorems for Dolbeault cohomology of
strictly pseudoconvex domains in Cn

We now present a result of Laufer’s [Lau] which will enable us to deduce a
vanishing theorem for Dolbeault cohomology from the finiteness theorems in
Section 4. This result says that if Ω is an open set in Cn then the Dolbeault
cohomology groups Hp,q(Ω), 0 6 p 6 n and 1 6 q 6 n, are either 0 or
infinite-dimensional.

Theorem 5.1. Let Ω be an open set in C and let p and q be integers such
that 0 6 p 6 n and 1 6 q 6 n − 1. If E∞p,q(Ω) = ∂C∞p,q−1(Ω) is a finite-
codimensional subspace in Z∞p,q(Ω) then

E∞p,q(Ω) = Z∞p,q(Ω).
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Proof. Consider an element f ∈ Z∞p,q(Ω) r E∞p,q(Ω). Since E∞p,q(Ω) has finite
codimension in Z∞p,q(Ω) there is an integer N ∈ N∗ such that the subspace
of Z∞p,q(Ω) generated by f, z1f, . . . , z

N
1 f meets E∞p,q(Ω). We can therefore

find complex numbers α0, . . . , αN , not all zero, and a differential form u ∈
C∞p,q−1(Ω) such that

α0f + α1z1f + · · ·+ αNz
N
1 f = ∂u on Ω.

This can be written as P (z1)f ∈ E∞p,q−1(Ω) where P (z1) is the polynomial
α0 + α1z1 + · · · + αNz

N
1 . Denote by Nf the minimum of the degrees of

the non-zero polynomials P in the variable z1 such that P (z1)f ∈ E∞p,q(Ω)
and let Pf be a polynomial of degree Nf such that Pf (z1)f ∈ E∞p,q(Ω). Let
{f1, . . . , fk} ⊂ Z∞p,q(Ω) be a basis for an algebraic complement of E∞p,q(Ω) in
Z∞p,q(Ω) and set P = Pf1 · · ·Pfk . The polynomial P then has the property
that

P (z1)f ∈ E∞p,q(Ω) for every f ∈ Z∞p,q(Ω).

Let N0 be the smallest integer such that there is a non-zero polynomial P
in the variable z1 of degree N such that P (z1)f ∈ E∞p,q(Ω) for every f ∈
Z∞p,q(Ω). Assume that N0 > 1. Let P0 be a polynomial of degree N0 in
the variable z1 such that P0(z1)f ∈ E∞p,q(Ω) for every f ∈ Z∞p,q(Ω). Fix an
arbitrary differential form f ∈ Z∞p,q(Ω): there is then a form u ∈ C∞p,q−1(Ω)
such that

(5.1) P0(z1)f = ∂u on Ω.

Differentiating (5.1) with respect to z1, we get

∂P0

∂z1
(z1)f + P0(z1)

∂f

∂z1
= ∂

( ∂u
∂z1

)
on Ω,

where ∂f/∂z1 and ∂u/∂z1 are the differential forms obtained by differenti-
ating the coefficients of the differential forms f and u with respect to z1.
The differential form ∂f/∂z1 is again an element of Z∞p,q(Ω) and hence
P0(z1)∂f/∂z1 ∈ E∞p,q(Ω). It follows that the polynomial P̃0 = ∂P0/∂z1 has
the property that P̃0(z1)f ∈ E∞p,q(Ω) for any f ∈ Z∞p,q(Ω). As d0P̃0 = N0 − 1,
this contradicts the minimality of N0 and hence N0 = 0. This proves that
E∞p,q(Ω) = Z∞p,q(Ω). �

Corollary 5.2. If Ω is a bounded strictly pseudoconvex open set with C2
boundary in Cn then

Hp,q
0,1/2(Ω) = Hp,q(Ω) = 0, whenever 0 6 p 6 n and 1 6 q 6 n.

Proof. Since Hp,q(Ω) = Z∞p,q(Ω)/E∞p,q(Ω) it follows from Corollary 4.8 and
Theorem 5.1 that Hp,q(Ω) = 0. The corollary then follows from Theorem
4.6. �
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Theorem 5.3. Let Ω be a bounded strictly pseudoconvex open set with C2
boundary in Cn and let p and q be integers such that 0 6 p 6 n and 1 6 q 6 n.
There is then a continuous linear map T from Z0

p,q(Ω) to Λ1/2
p,q−1(Ω) such that

T (Z0
p,q(Ω)) ⊂ F 1/2

p,q−1(Ω) and ∂ ◦ T = I.

Proof. Corollary 5.2 says that Z0
p,q(Ω) = E

1/2
p,q (Ω). We then simply apply

Proposition 5 of Appendix C to prove the existence of the operator T . �

We end this section with a lemma which will be useful in Section 6.

Lemma 5.4. Let Ω be a bounded strictly pseudoconvex open set with C2
boundary in Cn and let UΩ be a neighbourhood of Ω. Then there is a contin-
uous linear operator T : Z∞0,1(UΩ)→ C∞(Ω) such that ∂Tf = f on Ω for any
f ∈ Z∞0,1(UΩ).

Proof. We will prove that the operator T : Z0
0,1(Ω) → Λ1/2(Ω) whose exis-

tence is established in Theorem 5.3 has the required properties. Consider an
element f ∈ Z∞0,1(UΩ). The form Tf is then defined and ∂Tf = f on Ω since
Z∞0,1(UΩ) ⊂ Z0

(0,1)(Ω). By Theorem 3.5 of Chapter III on the regularity of ∂
we have Tf ∈ C∞(Ω). The operator T therefore defines a linear operator
from Z∞0,1(UΩ) to C∞(Ω). The continuity of T as a linear operator between
the Fréchet spaces Z∞0,1(UΩ) and C∞(Ω) then follows from the closed graph
theorem. Indeed, let (fn)n∈N be a sequence of elements of Z∞0,1(UΩ) such
that the sequence (fn, T fn) converges to (f, g) in Z∞0,1(UΩ) × C∞(Ω). The
continuity of T on Z0

0,1(Ω) implies that Tfn converges uniformly to Tf on Ω
and as ∂Tf = f on Ω, the regularity of ∂ implies that Tf ∈ C∞(Ω). The
uniqueness of this limit then implies that (f, Tf) = (f, g), so (f, g) is in the
graph of T . �

Remark. An alternative proof of this lemma, not using the operator T of
Theorem 5.3, is given in [He/Le1] (cf. Lemma 2.4.1).

6 Integral formulae for solving ∂ with Hölder estimates
in strictly pseudoconvex domains

Let Ω be a bounded strictly pseudoconvex open set with C2 boundary in Cn.
We will construct a global support function Φ(z, ζ) for Ω, i.e. a C1 function
defined on UΩ×U∂Ω , where U∂Ω is a neighbourhood of ∂Ω and UΩ = U∂Ω∪Ω,
such that Φ depends holomorphically on z in UΩ and Φ(z, ζ) 6= 0 if z ∈ Ω,
ζ ∈ U∂Ω and z 6= ζ. In the integral formulae below, this function will play
the role of the function 〈w(z, ζ), ζ − z〉, where w is a Leray section for Ω.
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Lemma 6.1. Let θ be a bounded open set in Cn and let ρ be a strictly plurisub-
harmonic function defined on some neighbourhood of θ. Consider the function

(6.1) β =
1
3

min
ξ∈Cn
|ξ|=1

n∑
j=1

∂2ρ(ξ)
∂ζj∂ζk

ξjξk.

Let the functions ajk be C1 functions defined on some neighbourhood of θ such
that

(6.2) max
ζ∈θ

∣∣∣ajk(ζ)− ∂2ρ

∂ζj∂ζk
(ζ)
∣∣∣ < β

n2
for j, k = 1, . . . , n

and choose a real number ε > 0 small enough that

(6.3) max
ζ,z∈θ
|ζ−z|6ε

∣∣∣ ∂2ρ

∂xj∂xk
(ζ)− ∂2ρ

∂xj∂xk
(z)
∣∣∣ < β

2n2
for j, k = 1, . . . , 2n,

where the coordinates xj = xj(ξ) are the real coordinates of ξ ∈ Cn such that
ξj = xj(ξ) + ixj+n(ξ). For any z, ζ ∈ θ we set

F (z, ζ) = −
[
2

n∑
j=1

∂ρ

∂ζj
(ζ)(zj − ζj) +

n∑
j,k=1

ajk(ζ)(zj − ζj)(zk − ζk)
]
.

The, for any z, ζ ∈ θ such that |ζ − z| 6 ε,

(6.5) ReF (z, ζ) > ρ(ζ)− ρ(z) + β|ζ − z|2.

Remark. Since ρ is C2 and β > 0 (because ρ is strictly plurisubharmonic) we
can find functions ajk and a real number ε such that (6.2) and (6.3) hold.

Proof. Consider points ζ and z in θ such that |ζ − z| 6 ε. It then follows
from Lemma 2.22 of Chapter VI and Taylor’s formula that if F̂ρ is the Levi
polynomial of ρ then

Re F̂ρ(z, ζ) = ρ(ζ)− ρ(z) +
n∑

j,k=1

∂2ρ

∂ζj∂ζk
(ζ)(zj − ζj)(zk − ζk) +R(z, ζ),

where |R(z, ζ)| 6 β|ζ − z|2 by (6.3). By (6.1),

Re F̂ρ(z, ζ) > ρ(ζ)− ρ(z) + 2β|ζ − z|2,

but then |F̂ρ(z, ζ) − F (z, ζ)| 6 β|ζ − z|2 by (6.2) and hence ReF (z, ζ) >
ρ(ζ)− ρ(z) + β|ζ − z|2. �
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Theorem 6.2. Let Ω be a bounded strictly pseudoconvex domain with C2
boundary in Cn, let θ be a neighbourhood of ∂Ω and let ρ be a C2 strictly
plurisubharmonic function defined on a neighbourhood of θ such that

Ω ∩ θ = {z ∈ θ | ρ(z) < 0}.

Let ε, β and F (z, ζ) be chosen as in Lemma 6.1 with ε small enough that

{z ∈ Cn | |ζ − z| 6 2ε} ⊂ θ for all ζ ∈ ∂Ω.

There is then a C1 function Φ(z, ζ) defined on UΩ × U∂Ω, where U∂Ω is a
neighbourhood of ∂Ω contained in θ and UΩ = U∂Ω ∪Ω, such that

i) Φ(z, ζ) depends holomorphically on z in UΩ,
ii) Φ(z, ζ) 6= 0 for any z ∈ UΩ and ζ ∈ U∂Ω such that |ζ − z| > ε,
iii) there is a C1 function, M(z, ζ), which is defined and non-zero for any

z ∈ UΩ and ζ ∈ U∂Ω, such that |ζ − z| 6 ε, and which has the property
that

Φ(z, ζ) = F (z, ζ)M(z, ζ)

for any z ∈ UD and ζ ∈ U∂D such that |ζ − z| 6 ε.

Proof. It follows from estimate (6.5) that ReF (z, ζ) > ρ(ζ) − ρ(z) + βε2 for
any z, ζ ∈ θ such that ε 6 |ζ − z| 6 2ε. As ρ = 0 on ∂Ω our choice of ε
implies that we can find a neighbourhood V∂Ω of ∂Ω contained in θ which
is small enough that |ρ| 6 βε2/3 on V∂Ω and for any ζ ∈ V∂Ω the ball with
centre ζ and radius 2ε is contained in θ. Setting VΩ = Ω ∪ V∂Ω , we see that
for any (z, ζ) ∈ VΩ×V∂Ω such that |ζ−z| < 2ε, z and ζ are in θ and moreover
ReF (z, ζ) > βε2/3 for any z ∈ VΩ and ζ ∈ V∂Ω such that ε 6 |ζ − z| 6 2ε. It
follows that `n F (z, ζ), where `n is the principal branch of the logarithm, is
defined for all z ∈ VΩ and ζ ∈ V∂Ω such that ε 6 |ζ − z| 6 2ε. Choose a C∞
function χ on Cn such that χ(ξ) = 1 if |ξ| 6 5ε/4 and χ(ξ) = 0 whenever
|ξ| > 7ε/4. For any z ∈ VΩ and ζ ∈ V∂Ω we define f by

f(z, ζ) =

{
∂z[χ(ζ − z) `n F (z, ζ)] if ε 6 |ζ − z| 6 2ε,
0 otherwise.

The map ζ 7→ f(·, ζ) is then C1 on V∂Ω and its image is contained in Z∞0,1(VΩ).
Choose a neighbourhood U∂Ω b V∂Ω such that UΩ = Ω∪U∂Ω is bounded and
strictly pseudoconvex with C2 boundary. It follows from Lemma 5.4 that there
is a continuous linear operator T : Z∞0,1(VΩ) → C∞(UΩ) such that ∂Tϕ = ϕ
on UΩ for any ϕ ∈ Z∞0,1(VΩ). For any z ∈ UΩ and ζ ∈ U∂Ω we set

u(z, ζ) = (T (f(·, ζ))(z), M(z, ζ) = exp(−u(z, ζ))

and

Φ(z, ζ) =

{
F (z, ζ)M(z, ζ) if |ζ − z| 6 ε,
exp(χ(ζ − z) `n F (z, ζ)− u(z, ζ) if |ζ − z| > ε.

It is clear that Φ satisfies conditions i)–iii) of the theorem. �
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Remarks.

1) Note that we have not used the fact that ∂Ω is C2. Theorem 6.2 remains
true even if dρ vanishes on ∂Ω (cf. [He/Le1]).

2) We do not need the full force of Theorem 5.3 to prove Theorem 6.2 –
we only need to know that if a differential (0, 1)-form is ∂-closed in a
neighbourhood of a strictly pseudoconvex domain then it is exact on this
domain and the solution of the Cauchy–Riemann equation is given by a
linear operator.

Theorem 6.2 solves the Levi problem for bounded strictly pseudoconvex
domains with C2 boundary. (The general case will be studied in §7.)

Corollary 6.3. Let Ω be a bounded strictly pseudoconvex open set with C2
boundary in Cn. The open set Ω is then a domain of holomorphy.

Proof. Consider the function Φ which Theorem 6.2 associates to the domain Ω
and fix a point ξ0 ∈ ∂Ω. The function f(z) = 1/Φ(z, ζ0) is then holomorphic
on Ω and f(z) tends to infinity as z tends to ζ0 in D, so the function f(z)
cannot be extended to a holomorphic function on any neighbourhood of ζ0.

�

In order to apply the Cauchy–Leray–Koppelman formula on a strictly
pseudoconvex domain Ω we will now construct a Leray section for Ω associ-
ated to the support function Φ constructed in Theorem 6.2. Our aim is to
find a C1 map w on UΩ × U∂Ω , holomorphic with respect to z on UΩ , such
that 〈w(z, ζ), ζ − z〉 = Φ(z, ζ).

Lemma 6.4. Let Ω be a bounded strictly pseudoconvex open set with C2
boundary in Cn, set M1 = {z ∈ Cn | z1 = 0} and let UΩ be a neighbourhood
of Ω. For any holomorphic function f on M1 ∩ UΩ there is a holomorphic
function f̃ defined on Ω such that f̃ = f on M1 ∩Ω.

Proof. If U1 is a small enough neighbourhood of M1 ∩ Ω then on setting
F (z) = f(0, z2, . . . , zn) we get a holomorphic extension of f to U1. Choose
neighbourhoods U ′1 and U ′′1 of M1 ∩Ω such that U ′1 b U ′′1 b U1 and let χ be
a C∞ function on Cn such that χ = 1 on U ′1 and suppχ ⊂ U ′′1 . We then set

ϕ(z) =


F (z)∂χ(z)

z1
if z ∈ U1,

0 if z ∈ Cn r U1.

The form ϕ is then a differential (0, 1)-form which is ∂-closed and C∞ on a
neighbourhood U of Ω. By Corollary 5.2 applied to some strictly pseudo-
convex domain with C2 boundary containing Ω and contained in U there is
a continuous function u on Ω such that ∂u = ϕ on Ω, which implies that
∂(Fχ − z1u) = 0 on Ω. It follows that f̃ = Fχ − z1u is holomorphic on Ω

and since χ ≡ 1 on Ω ∩M1, f̃ = F = f on Ω ∩M1. �
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Lemma 6.5. Let Ω be a bounded strictly pseudoconvex open set with C2
boundary in Cn and set Mk = {z ∈ Cn | z1 = · · · = zk = 0} for any k
such that 1 6 k 6 n. Let UΩ be a neighbourhood of Ω. If f is a holomor-
phic function on UΩ such that f = 0 on Mk ∩UΩ then there are holomorphic
functions f1, . . . , fk on Ω such that f(z) =

∑k
j=1 zjfj(z) for any z ∈ Ω.

Proof. If k = 1 then we can set f1(z) = f(z)/z1. Arguing by induction, we
assume that the lemma is proved for Mk−1 in Cl, whenever k − 1 6 `. Let f
be a holomorphic function on UΩ such that f(z) = 0 whenever z ∈Mk ∩UΩ .
Choose a strictly pseudoconvex open set Ω̃ such that Ω b Ω̃ b UΩ . The set
Ω̃ ∩M1 is then a bounded strictly pseudoconvex open set in M1 = Cn−1. By
the induction hypothesis there are functions f̃j(z2, . . . , zn) for j = 2, . . . , k,
holomorphic on Ω̃ ∩ M1, such that f(z) =

∑k
j=2 zj f̃j(z2, . . . , zn) for any

z ∈ Ω̃ ∩ M1. Lemma 6.4 then says that there are holomorphic func-
tions fj on Ω for any j = 2, . . . , k such that fj(z) = f̃j(z2, . . . , zn) for any
z = (0, z2, . . . , zn) ∈ Ω ∩ M1. To complete the proof we then simply set
f1(z) = 1

z1
(f(z)−

∑k
j=2 zjfj(z)) for any z ∈ Ω. �

Theorem 6.6. Let Ω be a bounded strictly pseudoconvex open set with C2
boundary in Cn and let UΩ be a neighbourhood of Ω. If f is a holomorphic
function on UΩ then there are holomorphic functions hj defined on Ω × Ω
such that, for any (z, ζ) ∈ Ω ×Ω,

f(ζ)− f(z) =
n∑
j=1

hj(z, ζ)(ζj − zj).

Proof. Choose a bounded strictly pseudoconvex open set Ω̃ contained in C2n

such that Ω × Ω b Ω̃ b UΩ × UΩ and define new coordinates on C2n by
setting uj = ζj − zj and uj+n = zj for any j = 1, . . . , n. If we now define
a function F by F (z, ζ) = f(ζ) − f(z) then F is holomorphic on UΩ × UΩ
and F = 0 on UΩ × UΩ ∩ {u ∈ C2n | u1 = · · · = un = 0}. We can therefore
apply Lemma 6.5 to F , which proves the theorem on returning to the system
of coordinates (z, ζ). �

To construct the Leray section w associated to Φ we need a version of
Theorem 6.6 in which f depends once-continuously differentiably on some
parameter and the fj also depend once-continuously differentiably on this
parameter.

Theorem 6.7. Let X be a Ck manifold, k > 1, let Ω be a bounded strictly
pseudoconvex open set with C2 boundary in Cn and let UΩ be a neighbourhood
of Ω. If f is a Ck function on X with image in C∞(UΩ) such that f(·, x) is
holomorphic on UΩ for any x ∈ X then, for any j such that 1 6 j 6 n, there
are C∞ functions hj defined on (Ω×Ω)×X such that hj(·, x) is holomorphic
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on Ω ×Ω for any x ∈ X and that, for all x ∈ X and (z, ζ) ∈ Ω ×Ω,

f(ζ, x)− f(z, x) =
n∑
j=1

hj(ζ, z, x)(ζj − zj).

The proof of Theorem 6.7 simply repeats the proof of Theorem 6.6. We
now give a detailed proof of the paramterised version of Lemma 6.4, which is
the only parameterised result we will prove in detail.

Lemma 6.8. Let X be a Ck manifold, k > 1, let Ω be a bounded strictly
pseudoconvex open set with C2 boundary in Cn, set M1 = {z ∈ Cn | z1 = 0}
and let UΩ be a neighbourhood of Ω. If f is a Ck function on X with im-
age in C∞(UΩ ∩M1) such that f(·, x) is holomorphic on UΩ ∩M1 for any
x ∈ X then there is a Ck function f̃ on X with image in C∞(Ω) such that
f̃(·, x) is holomorphic on Ω for any x ∈ X and that, for any x ∈ X and
(0, z2, . . . , zn) ∈ Ω,

f̃
(
(0, z2, . . . , zn), x

)
= f

(
(0, z2, . . . , zn), x

)
.

Proof. The proof is similar to that of Lemma 6.4: we use the same notations
as in the proof of this lemma. Set

ϕ(z, x) =


F (z, x)∂χ(z)

z1
if x ∈ X and z ∈ U1,

0 if x ∈ X and z ∈ Cn r U1.

The form ϕ is then a ∂z-closed Ck differential form on X × U1. Choose a
strictly pseudoconvex open set Ω̃ with C2 boundary such that Ω ⊂ Ω̃ b U1.
The map x 7→ ϕ(·, x) is Ck on X and its image lies in Z∞0,1(U1). By Lemma 5.4,
there is therefore a continuous linear operator T from Z∞0,1(U1) to C∞(Ω̃) such
that ∂ ◦T = Id. Set u(·, x) = T (ϕ(·, x)). The function u is then a Ck function
on X with image in C∞(Ω̃) and the function f̃(z, x) = χ(z)F (z, x)−z1u(z, x)
is the function we seek. �

Corollary 6.9. Let Ω be a bounded strictly pseudoconvex domain in Cn and
let Φ be the support function associated to the domain Ω by Theorem 6.2. Sup-
pose that the function Φ is defined on UΩ×U∂Ω. There is then a neighbourhood
V∂Ω of ∂Ω such that V∂Ω b U∂Ω and a C1 map w defined on VΩ × V∂Ω (here
VΩ = V∂Ω ∪Ω) which is holomorphic with respect to z on VΩ such that

Φ(z, ζ) =
n∑
j=1

wj(z, ζ)(ζj − zj) = 〈w, ζ − z〉

for any z ∈ VD and ζ ∈ V∂D. Moreover, w is a Leray section for Ω.
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Proof. Applying Theorem 6.7 to Φ we get

Φ(ξ, ζ)− Φ(z, ζ) =
n∑
j=1

hj(ξ, z, ζ)(ξj − zj)

and since Φ(ζ, ζ) = 0 on taking ξ = ζ we get

Φ(z, ζ) =
n∑
j=1

wj(z, ζ)(ζj − zj),

where wj(z, ζ) = −hj(ζ, z, ζ) has the required properties. �

Remark. The Leray section w thus obtained can also be used for any strictly
pseudoconvex domain of the form

Ω r V∂Ω ∪ {z ∈ V∂Ω | ρ(z) < −δ}

for small enough δ > 0.

Using the global Leray section constructed above we can construct an
integral operator which enables us to solve ∂ with order 1/2 Hölder estimates.

Theorem 6.10. Let Ω be a bounded strictly pseudoconvex domain with C2
boundary in Cn and let w be the Leray section associated to Ω by Corollary
6.9. There is then a constant C such that

i) for any continuous differential form f on Ω the integral

Rw∂Ωf =
∫

(ζ,λ)∈∂Ω×[0,1]

f(ζ) ∧Kηw(·, ζ, λ)

has the property that

|Rw∂Ωf |1/2,Ω 6 C|f |0,r,

ii) for any continuous differential (p, q)-form f on Ω which is ∂-closed on Ω
such that 0 6 p 6 n and 1 6 q 6 n the form

u = (−1)p+q(Rw∂Ωf +BΩf)

is a solution of the equation ∂u = f on Ω and has the property that

|u|1/2,Ω 6 C|f |0,Ω .

Moreover, u ∈ Cαp,q−1(Ω) for any α ∈ ]0, 1[ and if f is Ck on Ω for some
k = 1, 2, . . . ,∞ then u ∈ Ck+αp,q−1(Ω) for any α ∈ ]0, 1[.
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Proof. By Theorem 3.3 of Chapter VI we only have to prove i). To do this
it will be enough to show that the Leray section w satisfies the hypotheses
of Lemma 1.3. As hypotheses i) and ii) follow from Corollary 6.9, it only
remains to prove iii).

Fix a point ξ ∈ Ω. By definition of w and Φ,

〈w(z, ζ), ζ − z〉 = F (z, ζ)M(z, ζ),

where F and M have the properties given in Lemma 6.1 and Theorem 6.2.
We can then choose a neighbourhood Uξ of ξ which is small enough that there
is a δ1 > 0 such that

(6.6) |〈w(z, ζ), ζ − z〉| > δ1|F (z, ζ)|

for any z, ζ ∈ Uξ. Set t1(z, ζ) = ImF (z, ζ) and let the coordinates xj = xj(ζ)
be the real coordinates of ζ ∈ Cn such that ζj = xj(ζ) + ixj+n(ζ). Then

t1(z, ζ) =
n∑
j=1

[∂ρ(ζ)
∂xj

xj+n(ζ − z)− ∂ρ

∂xj+n
(ζ)xj(ζ − z)

]
− Im

n∑
j,k=1

ajk(ζ)(ζj − zj)(ζk − zk)

and it follows that

dζt1(z, ζ)
∣∣
ζ=z

=
n∑
j=1

[∂ρ(z)
∂xj

dxj+n(z)− ∂ρ(z)
∂xj+n

dxj(z)
]
.

In particular, n‖dζt1(z, ζ)
∣∣
ζ=z
∧ dρ(z)‖ > ‖dρ(z)‖2 for every z ∈ ∂Ω because

the coefficient of dxj(z) ∧ dxj+n(z) in the differential form on the left-hand
side of the above equation is −

[
( ∂ρ∂xj (z))2 + ( ∂ρ

∂xj+n
(z))2

]
. Since dρ(z) 6= 0 for

any z ∈ ∂Ω because Ω has C2 boundary, on restricting Uξ we can find C1
functions t̃2, . . . , t̃2n−1 defined on Uξ such that for any z ∈ Uξ the functions
t1(z, ·), t̃2, . . . , t̃2n−1 are coordinates on Uξ∩∂Ω. We set tj(z, ζ) = t̃j(ζ)− t̃j(z)
for any z, ζ ∈ Uξ and any j = 2, . . . , 2n−1. Then for any z ∈ Uξ the functions
t1(z, ·), . . . , t2n−1(z, ·) are also coordinates on ∂Ω∩Uξ. To complete the proof
of the theorem we must prove that (1.2) holds for these coordinates. As
tj(z, z) = 0, on restricting Uξ Taylor’s formula implies there is a δ2 > 0 such
that |ζ − z| > δ2|t(z, ζ)| for every z, ζ ∈ Uξ. It then follows from (6.5) of
Lemma 6.1 that after again restricting Uξ we can find a δ3 > 0 such that, for
any z, ζ ∈ Uξ,

|F (z, ζ)| > δ3
(
|t1(z, ζ)|+ ρ(ζ)− ρ(z) + |t(z, ζ)|2

)
.

As ρ(ζ) = 0 for any ζ ∈ ∂Ω and as there is a δ4 > 0 such that −ρ(z) >
δ4 dist(z, ∂Ω) for any z ∈ D ∩ Uξ,

|F (z, ζ)| > δ3δ4
(
|t1(z, ζ)|+ |t(z, ζ)|2 + dist(z, ∂Ω)

)
for any z ∈ D ∩ Uξ and ζ ∈ ∂D ∩ Uξ. The result now follows from (6.6). �
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Remark. The advantage of Theorem 6.10 over the results proved in Section 5
is that the integral operator is much more explicit, which enables us to prove,
amongst other things, that the constant C depends continuously on the do-
main Ω in a certain sense.

7 The Levi problem in Cn

We start this section by proving the Oka–Weil approximation theorem. This
theorem will enable us to solve the Levi problem and prove the vanishing of
Dolbeault cohomology groups for pseudoconvex open sets in Cn in bidegree
(p, q) for 0 6 p 6 n and 1 6 q 6 n.

Theorem 7.1. Let Ω ⊂ Cn be a pseudoconvex open set and let K b Ω be
a compact set such that K = K̂p

Ω. For any 0 6 p 6 n any holomorphic
(p, 0)-form on a neighbourhood of K can be uniformly approximated on K by
holomorphic functions on Ω.

Proof. Let h be a holomorphic (p, 0)-form on a neighbourhood UK of K. By
Corollary 3.13 of Chapter VI, there is a C∞ strictly plurisubharmonic function
ρ : Ω → R such that

i) Ωα = {z ∈ Ω | ρ(z) < α} b Ω for any α ∈ R,
ii) the set Crit(ρ) = {z ∈ Ω | dρ(z) = 0} is discrete in Ω,

iii) ρ < 0 on K and ρ > 0 on Ω r UK .

Let α0 be the supremum of the set of α ∈ R such that h can be uniformly
approximated on K by holomorphic (p, 0)-forms on Ωα. Since h ∈ Cp,0(UK)
and ∂h = 0 on UK we have α0 > 0 because ρ > 0 on Ω r UK . To prove that
α0 = +∞ and establish the theorem we simply copy the proof of Theorem
2.1, defining the function Φ and the associated Leray section w as follows.
By Theorem 6.2, Corollary 6.9 and the estimate (6.5) there is a real number
δ > 0, a C1 function Φ(z, ζ) and a C1 map to Cn, w(z, ζ), defined for any z in
a neighbourhood of Dα0+δ and any ζ in a neighbourhood of Dα0+δ rDα0−δ,
such that

a) Φ(z, ζ) and w(z, ζ) are holomorphic in z,
b) Φ(z, ζ) = 〈w(z, ζ), ζ − z〉,
c) Φ(z, ζ) 6= 0 whenever α0 − δ 6 ρ(ζ) 6 α0 + δ and ρ(z) < ρ(ζ),
d) w(z, ζ) is a Leray section for Dα0−δ

By property ii) of ρ, we can assume that dρ(z) 6= 0 for any z ∈ ∂Dα0−δ and
then apply Leray’s formula to the domain Dα0−δ. �

Remark. Theorem 7.1 can be proved using Proposition 4.5 instead of §6. This
is the method of proof that will be used for ii) of Theorem 8.11.
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Theorem 7.2. Let Ω ⊂ Cn be a pseudoconvex open set. Then, for any com-
pact set K in Ω we have K̂p

Ω = K̂Ω.

Proof. We already know that K̂p
Ω ⊂ K̂Ω (cf. the remark following Definition

3.3 of Chapter VI). To prove the converse, choose a point ξ ∈ Ω r K̂p
Ω and

construct a holomorphic function h on Ω such that

(7.1) |h(ξ)| > max
z∈K
|h(z)|.

It follows from Corollary 3.13 and Lemma 2.24 of Chapter VI that there is
a strictly pseudoconvex open set G b Ω such that K b G, ξ ∈ ∂G and
ĜpΩ = G since G is defined by {z ∈ Ω | ρ(z) < 0} where ρ is some C∞
plurisubharmonic function on Ω. By Theorem 6.2 and estimate (6.5) there is
a C1 function Φ(z, ζ) defined for any ζ in some neighbourhood U∂G of ∂G and
any z in some neighbourhood UG of G such that Φ(z, ζ) is holomorphic in z
on UG, Φ(ζ, ζ) = 0 and Φ(z, ζ) 6= 0 for any ζ ∈ U∂G rG and z ∈ G. For any
ζ0 ∈ U∂G r G, 1/Φ(z, ζ0) is holomorphic in z on some neighbourhood of G.
As K b G, ξ ∈ ∂G and Φ(ξ, ξ) = 0 we can choose ζ0 ∈ U∂G rG close enough
to ξ so that

(7.2)
∣∣∣ 1
Φ(ξ, ζ0)

∣∣∣ > 1 + max
z∈K

∣∣∣ 1
Φ(z, ζ0)

∣∣∣.
As G = ĜpΩ it follows from Theorem 7.1 that there is a holomorphic function h
defined on Ω such that

∣∣h(z) − 1/Φ(z, ζ0)
∣∣ < 1/2 for any z ∈ G. By (7.2),

Condition (7.1) then holds. �

Corollary 7.3. An open set in Cn is a domain of holomorphy if and only if
it is pseudoconvex.

Proof. We saw in Chapter VI, Corollary 3.7 that any domain of holomorphy
is pseudoconvex. The converse follows immediately from Theorem 7.2, the
definition of pseudoconvex open sets (cf. Chap. VI, Def. 3.5) and the Cartan–
Thullen theorem (cf. Chap. VI, Th. 1.13). �

Theorem 7.4. Let D ⊂ Cn be a pseudoconvex open set, let p and q be integers
such that 0 6 p 6 n and 1 6 q 6 n and consider an element k where
k ∈ N ∪ {+∞}. For any Ck differential (p, q)-form f on D such that ∂f = 0
on D there is a solution u of the equation ∂u = f on D such that u ∈ Ck+αp,q−1(D)
for any α ∈ ]0, 1[.

Proof. By Corollary 3.13 of Chapter VI there is a C∞ strictly plurisubhar-
monic function ρ on D such that

i) Dα = {z ∈ D | ρ(z) < α} b D for any α ∈ R,
ii) the set Crit(ρ) = {z ∈ D | dρ(z) = 0} is discrete in D.
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By property ii) we can find a sequence (αν)ν∈N of real numbers tending
to infinity such that dρ(z) 6= 0 for any z ∈ ∂Dαν , the set Dαν is a strictly
pseudoconvex domain with C∞ boundary and

⋃
ν∈N Dαν . By Theorem 6.10,

for any ν ∈ N there are differential forms uν ∈ Ck+αp,q−1(Dαν ), 0 < α < 1, such
that ∂uν = f on Dαν . We will construct a solution u of ∂u = f on D using
the forms uν .

Suppose first that q > 2. We will construct a sequence (vν)ν>3 of differen-
tial forms which are solutions of ∂vν = f on Dαν such that vν ∈ Ck+αp,q−1(Dαν )
for any 0 < α < 1 and vν = vν+1 on Dαν−2 . The form u = limν→∞ vν will
be the solution we seek. Set v3 = u3 and assume that v3, . . . , v` have been
constructed for some ` > 3. The form v` − u`+1 is then ∂-closed on Dα` and
Theorem 6.10 says there is a solution to ∂ϕ = v` − u`+1 in Dα`−1 such that
ϕ ∈ Ck+αp,q−1(Dα`−1) for any 0 < α < 1. Choose a C∞ function χ with compact
support on Dα`−1 which is equal to 1 on Dα`−2 and set v`+1 = u`+1 + ∂(χϕ).
The differential form v`+1 then has the required properties.

Now consider the case where q = 1. We will construct a sequence (vν)ν>2

of solutions of ∂vν = f on Dαν such that vν ∈ Ck+αp,0 (Dαν ) and |vν(z) −
vν+1(z)| < 2−ν for any z ∈ Dαν−1 . Such a sequence converges uniformly on
all compact sets in D to a (p, 0)-form u which has the required properties
since the differences u− vν are holomorphic on Dν . Set v2 = u2 and assume
that v2, . . . , v` have been constructed for some ` > 2. The difference v`−u`+1

is then holomorphic on Dα` and by Theorem 7.1 there is a ∂-closed form
v ∈ Cp,0(D) such that |v`(z) − u`+1(z) − v(z)| < 2−` for all z ∈ Dα`−1 . We
then simply set v`+1 = u`+1 − v. �

Corollary 7.5. Let D be an open pseudoconvex set in Cn. The cohomology
group Hp,q(D) then vanishes for any (p, q) such that 0 6 p 6 n and 1 6 q 6 n.

Theorem 7.6. An open set D in Cn is a domain of holomorphy if and only if

H0,q(D) = 0 for 1 6 q 6 n− 1.

Proof. It follows from Corollaries 7.3 and 7.5 that the condition is necessary.
We will prove that the condition is sufficient by induction on the complex

dimension n. If n = 1 then the hypothesis is empty but the theorem holds
because every open set in C is a domain of holomorphy. Suppose that the
theorem holds for open sets in Cn−1 for some n > 2 and consider an open
set D in Cn such that H0,q(D) = 0 whenever 1 6 q 6 n− 1.

We start by showing that if L is an affine linear submanifold of Cn of
complex dimension n− 1 then any connected component of D∩L, considered
as an open set in L ' Cn−1, is a domain of holomorphy. By the induction
hypothesis, it is enough to prove that H0,q(D ∩L) = 0 for any 1 6 q 6 n− 2.
Without loss of generality we can assume that L = {z ∈ Cn | zn = 0}. Let ϕ
be a C∞ and ∂-closed differential (0, q)-form on D∩L such that 1 6 q 6 n−2;
the form ϕ can then be extended to a neighbourhood U of D ∩ L in D as
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a C∞ and ∂-closed differential form Φ of type (0, q) by considering ϕ as a form
independent of zn. Let χ be a C∞ function on D which is equal to 1 on some
neighbourhood of D ∩ L in D and which is supported on U . We set

Φ̃(z) =


1
zn
(
∂χ(z) ∧ Φ(z)

)
if z ∈ U

0 if z ∈ D r U.

This defines a C∞ and ∂-closed differential (0, q+ 1)-form on the whole of D.
Since H0,q+1(D) = 0 by hypothesis, there is a C∞ differential (0, q)-form Ψ̃

on D such that ∂Ψ̃ = Φ̃. Then

∂(χΦ− znΨ̃) = ∂χ ∧ Φ− zn∂Ψ̃ = zn(Φ̃− ∂Ψ̃) = 0

on D and as H0,q(D) = 0 there is a C∞ differential (0, q − 1)-form Ψ on D

such that χΦ− znΨ̃ = ∂Ψ . Restricting this identity to L and setting θ = Ψ
∣∣
L

we get a differential (0, q− 1)-form θ on D∩L such that ∂θ = ϕ which proves
that H0,q(D ∩ L) = 0.

Suppose now that D is not a domain of holomorphy. There are then two
open sets D1 and D2 such that ∅ 6= D1 ⊂ D2 ∩D, D2 is not contained in D
and for any holomorphic function on D there is a function g2 ∈ O(D2) such
that g = g2 on D1. Consider ξ ∈ D1 and let L be a linear affine submanifold
of Cn of complex dimension n−1 passing through ξ such that there is a point
ζ ∈ ∂(D∩L)∩D2. Since we have just proved that the connected components
of D ∩ L are domains of holomorphy in L ' Cn−1 there is a holomorphic
function f on D ∩ L which cannot be extended to a holomorphic function in
a neighbourhood of ζ. As H0,1(D) = 0 it follows from Lemma 6.4 that f is
the restriction to D ∩ L of a holomorphic function g on D. (In the above,
we proved Lemma 6.4 for a strictly pseudoconvex domain Ω, but in fact the
proof only uses the fact that H0,1(Ω) = 0.) But this function g can now be
extended to a holomorphic function in a neighbourhood of ζ, which contradicts
the assumptions on f . It follows that D is a domain of holomorphy. �

We end this section with a result which gathers together Corollary 7.3,
Theorem 7.6 and Theorem 1.13 of Chapter VI.

Corollary 7.7. Let D be an open set in Cn. The following are then equiva-
lent:

i) D is a domain of holomorphy,
ii) D is holomorphically convex,

iii) D is pseudoconvex,
iv) H0,q(D) = 0 if 1 6 q 6 n− 1.

8 The Levi problem for complex analytic manifolds

The aim of this section is to link holomorphic convexity to the existence of C2
plurisubharmonic exhaustion functions on complex analytic manifolds.
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A. Solving ∂ on complex analytic manifolds

Throughout this section X denotes a complex analytic manifold of dimen-
sion n.

Definition 8.1. A relatively compact open set D in X is said to be strictly
pseudoconvex if there is a C2 strictly plurisubharmonic function ρ defined on
a neighbourhood U∂D of the boundary of D such that D ∩U∂D = {z ∈ U∂D |
ρ(z) < 0} and dρ(z) 6= 0 for any z ∈ ∂D.

Remark. The set of (strictly) plurisubharmonic functions is well defined on a
complex analytic manifold because (strict) plurisubharmonicity is preserved
by holomorphic coordinate changes.

The definition of a strictly pseudoconvex open set given here coincides
with that of Chapter VI when X = Cn. Note further that any such domain
has C2 boundary.

Unlike the Cn case, it is not always possible to solve ∂ on strictly pseudo-
convex open sets in arbitrary complex analytic manifolds. However, Proposi-
tion 3.1 and its proof are still valid in this more general setting.

Theorem 8.2. Let D be a strictly pseudoconvex open set with C2 boundary,
relatively compact in X, and let p and q be integers such that 0 6 p 6 n and
0 6 q 6 n. Then:

i) there are continuous linear operators T pq from C0p,q(D) to Λ1/2
p,q−1(D) such

that, if f ∈ C0p,q(D) has the property that ∂f ∈ C0p,q(D), then

(8.1) f = ∂T pq f + T pq+1∂f +Kp
q f,

where Kp
q is a compact operator from C0p,q(D) to itself,

ii) if q > 1 then ∂T pq defines a continuous linear operator from Z0
p,q(D) to

itself whose image is of finite codimension,
iii) the space E1/2

p,q (D) is a closed subspace of Z0
p,q(D) of finite codimension.

We will now prove that if an open set D in X has a C2 strictly plurisub-
harmonic defining function defined not only on a neighbourhood of ∂D but
on a neighbourhood of D then we can solve ∂ on D. Note that any strictly
pseudoconvex domain in Cn has this property (cf. Chap. VI, Th. 3.19), but in
general this does not hold for a strictly pseudoconvex domain in an arbitrary
complex analytic manifold.

Definition 8.3. A real-valued continuous function on X is said to be an
exhaustion function if for every α ∈ R the set {z ∈ X | ρ(z) < α} is relatively
compact in X.

We will study those complex analytic manifolds which have C2 strictly
plurisubharmonic exhaustion functions.
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Proposition 8.4. If X has a C2 strictly plurisubharmonic exhaustion func-
tion then it has a C2 strictly plurisubharmonic exhaustion function whose set
of critical points is discrete.

This proposition follows immediately from the following Morse lemma.

Lemma 8.5. Let X be a complex analytic manifold and let ρ be a C2 strictly
plurisubharmonic function on X. If K is a compact set in X such that
dρ(z) 6= 0 for any z ∈ K then for any ε > 0 there is a C2 strictly plurisubhar-
monic function ρε on X such that

i) the function ρ − ρε and its first and second derivatives are bounded by ε
on X,

ii) the set Crit(ρε) = {z ∈ X | dρε(z) = 0} is discrete in X,
iii) ρε = ρ on K.

Proof. Let UK be a neighbourhood of K such that dρ 6= 0 on UK . There
are then two sequences of relatively compact open sets (Uj)j∈N∗ and (Vj)j∈N∗

in X such that

a) X r UK ⊂
⋃∞
j=1 Uj ,

b) for any j the open set Vj is a chart domain and Uj b Vj ,
c) Vj ∩K = ∅ for every j,
d) for any compact set L in X there are only a finite number of indices j

such that L ∩ Vj 6= ∅.

By the Lemmas 2.24 and 3.12 of Chapter VI, we can construct a sequence
(χj)j∈N of C∞ functions on X such that, for any j,

1) χj = 0 on some neighbourhood of X r Vj and hence χj = 0 on K,
2) the function ρ+ χ1 + · · ·+ χj is strictly plurisubharmonic on X and has

only a finite number of critical points on K ∪ U1 ∪ · · · ∪ U j ,
3) the function χj and its first and second derivatives are bounded by ε/2j

on X.

The function ρε = ρ+
∑∞
j=1 χj is then the function we seek. �

In complex analytic manifolds we will have to replace elementary strictly
pseudoconvex extensions by the more general strictly pseudoconvex extension
elements in order to be able to cross critical points.

Definition 8.6. A strictly pseudoconvex extension element is an ordered pair
[θ1, θ2] of open sets in X with C2 boundary such that θ1 ⊂ θ2 and the following
condition is satisfied: there is an open pseudoconvex set V contained in a chart
domain of X containing θ2 r θ1, there are strictly pseudoconvex domains D1

and D2 such that

D1 ⊂ D2, θ2 = θ1 ∪D2, θ1 ∩D2 = D1, (θ1 rD2) ∩ (θ2 r θ1) = ∅

and there is a biholomorphic map h defined on a neighbourhood of V with
image in Cn such that h(Dj), j = 1, 2, is a bounded strictly pseudoconvex
domain with C2 boundary in Cn.
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Lemma 4.2 remains valid for strictly pseudoconvex extension elements:
simply replace Theorem 1.6 by Theorem 5.3, Theorem 2.2 by Theorem 7.1
and Proposition 3.1 by Proposition 8.2 in the proof of Lemma 4.2. We will
now extend Lemma 4.3 to the case where the function ρ has isolated critical
points.

Lemma 8.7. Let ρ : X → R be a C2 strictly plurisubharmonic function such
that Crit(ρ) is discrete. We set Dα = {z ∈ X | ρ(z) < α} for any α ∈ R and
we assume that ∂D0 is compact. There is an ε > 0 such that for any α, β
satisfying −ε 6 α < 0 < β 6 ε there is a finite set of domains θ1, . . . , θN such
that Dα = θ1 ⊂ · · · ⊂ θN ⊂ Dβ and for any j = 1, . . . , N − 1, [θj , θj+1] is a
strictly pseudoconvex extension element.

Proof. As Crit ρ is discrete there is a ε0 > 0 such that Crit(ρ)∩ (Dε0 rD−ε0)
is finite and contained in ∂D0. Let ξ1, . . . , ξM be the critical points of ρ
contained in ∂D0 and choose pairwise disjoint open sets V1, . . . , VM in X
such that ξj ∈ Vj and Vj is contained in a chart domain of X for every
j = 1, . . . ,M . As ∂D0 is compact there are open sets VM+1, . . . , VN , each
contained in a chart domain of X, such that Crit(ρ) ∩

(⋃N
j=M+1 Vj) = ∅

and ∂D0 r
(⋃M

j=1 Vj) ⊂
⋃N
j=M+1 Vj . Let ε1 be such that 0 < ε1 < ε0 and

Dε1 r D−ε1 ⊂
⋃N
j=1 Vj . Choose C∞ functions (χj)j=1,...,N with compact

support in Cn such that suppχj ⊂ Vj for all j = 1, . . . , N and
∑N
j=1 χj = 1

on Dε1 r D−ε1 . Let ε be such that 0 < ε < ε1. Given α and β such that
−ε 6 α < 0 < β 6 ε we set

θk =
{
z ∈ Cn | ρ(z)− α < (β − α)

∑k
j=1 χj(z)

}
.

Then Dα = θ1 ⊂ · · · ⊂ θN ⊂ Dβ . Let (z1j , . . . , znj ) be holomorphic coordi-
nates on Vj and set

C =
N∑
j=1

sup
z∈Vj

n∑
rj ,sj

∣∣∣ ∂2χj(z)
∂zsj∂zrj

∣∣∣.
As ρ is strictly plurisubharmonic there is a γ > 0 such that, for every ξ ∈ Cn
and j = 1, . . . , N ,

inf
z∈Vj

N∑
rj ,sj

∂2ρ

∂zsj∂zrj
ξsξr > γ|ξ|2.

Take δ > 0 such that |dρ(z)| > 3δ
∑N
j=1 |dχj(z)| for any z ∈ Dε1 r D−ε1 .

If ε < min(δ, γ/3C) for every j = 1, . . . , N − 1 then [θj , θj+1] is a strictly
pseudoconvex extension element. �

Remark. If ∂D0∩Crit(ρ) = ∅ then we can take α = 0 or β = 0 in Lemma 8.7.

We can define strictly pseudoconvex extensions on complex analytic man-
ifolds as in Cn.
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Definition 8.8. Let D b Ω b X be open sets in X. We say that Ω is a
strictly pseudoconvex extension of D if there is a neighbourhood U of Ω rD
and a C2 strictly plurisubharmonic function ρ on U such that

D ∩ U = {z ∈ U | ρ(z) < 0} and dρ(z) 6= 0 if z ∈ ∂D
Ω ∩ U = {z ∈ U | ρ(z) < 1} and dρ(z) 6= 0 if z ∈ ∂Ω.

Remark. By Lemma 8.5 the function ρ can be chosen such that Crit(ρ) is
discrete. Using Lemma 8.7 instead of Lemma 4.3, the proof of Proposition 4.5
can then be extended to strictly pseudoconvex extensions in complex analytic
manifolds. This gives us the following proposition.

Proposition 8.9. Let D and Ω be open sets in X, D b Ω b X, such that Ω
is a strictly pseudoconvex extension of D. Then:

i) the restriction map

Hp,q
0,1/2(Ω) −→ Hp,q

0,1/2(D), 0 6 p 6 n, 1 6 q 6 n

is an isomorphism,
ii) for any pair (p, q) such that 0 6 p 6 n and 0 6 q 6 n the restriction map

Z0
p,q(Ω)→ Z0

p,q(D) has dense image.

Likewise, Lemma 4.7 still holds in the following form.

Proposition 8.10. Let D and Ω be two open sets in X such that D b Ω.
Suppose there is a neighbourhood U of Ω r D and a C2 strictly plurisubhar-
monic function ρ such that D ∩ U = {z ∈ U | ρ(z) < 0}, dρ(z) 6= 0 for any
z ∈ ∂D and D ∪ {z ∈ U | ρ(z) 6 C} b Ω for any C > 0. The restriction map

Hp,q(Ω) −→ Hp,q
0,1/2(D)

is then injective for any (p, q) such that 0 6 p 6 n and 1 6 q 6 n.

We can now prove the main result of this section.

Theorem 8.11. Let X be a complex analytic manifold with a C2 strictly
plurisubharmonic exhaustion function ρ and let D be an open set in X defined
by D = {z ∈ X | ρ(z) < α} such that dρ(z) 6= 0 if z ∈ ∂D. Then:

i) for any pair (p, q) such that 0 6 p 6 n and 1 6 q 6 n

Hp,q
0,1/2(D) = 0.

More precisely, there is a continuous linear map T from the Banach space
Z0
p,q(D) to the Banach space Λ1/2

p,q−1(D) such that

∂Tf = f on D for any f ∈ Z0
p,q(D).
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ii) any continuous differential (p, 0)-form on D, holomorphic on D, can be
uniformly approximated on D by holomorphic (p, 0)-forms on X.

iii) for any pair (p, q) such that 0 6 p 6 n and 1 6 q 6 n,

Hp,q(X) = 0.

Proof. By Lemma 8.5 applied to K = ∂D we can assume that Crit(ρ) is
discrete. Set α0 = minz∈Xρ(z). If z ∈ X is such that ρ(z) = α0 then z ∈
Crit(ρ). As this set is discrete there are only a finite number of such points z
in X. It follows that, for small enough ε > 0, Dα0+ε = {z ∈ X | ρ(z) < α0+ε}
is biholomorphic to a finite union of bounded strictly pseudoconvex domains
with C2 boundary in Cn so by Corollary 5.2 if 0 6 p < n and 1 6 q 6 n then

(8.2) Hp,q
0,1/2(Dα0+ε) = 0.

But as D is a strictly pseudoconvex extension of Dα0+ε, Proposition 8.9 im-
plies that if 0 6 p 6 n and 1 6 q 6 n then

Hp,q
0,1/2(D) = 0.

The existence of the operator T then follows from Theorem 8.2 and Proposi-
tion 5 of Appendix C. We have therefore proved i). Since the pair (Dα0+ε, X)
satisfies the hypotheses of Proposition 8.10, iii) follows from (8.2).

We now complete the proof of the theorem by proving ii). Since Crit ρ
is discrete, we can construct a sequence (βj)j∈N of real numbers β0 = α <
β1 < β2 < · · · tending to infinity such that Dβj = {z ∈ X | ρ(z) < βj}
and dρ(z) 6= 0 for any z ∈ ∂Dβj . The open set Dβj+1 is then a strictly
pseudoconvex extension of Dβj for any j ∈ N. By ii) of Proposition 8.9,
for any ε > 0 and any f ∈ Z0

p,0(D) we can construct a sequence (fj)j∈N of
differential forms such that fj ∈ Z0

p,0(Dβj ), f0 = f and |fj+1 − fj |0,Dβj <
ε/2j+1. The sequence (fj)j∈N then converges uniformly on all compact sets
to a holomorphic (p, 0)-form f̃ on X such that |f̃ − f |0,D < ε. �

B. The Levi problem

Throughout this section X will be a complex analytic manifold of dimension n.

Definition 8.12. For any compact set K in X we define

K̂X = {z ∈ X | ∀ f ∈ O(X), |f(z)| 6 sup
ζ∈K
|f(ζ)|}.

The set K̂X is called the holomorphically convex hull of K in X. If K = K̂X

then K is said to be O(X)-convex.

Definition 8.13. A complex analytic manifold X is holomorphically convex
if for any compact set K in X the set K̂X is compact.
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Definition 8.14. A complex analytic manifold X of dimension n is a Stein
manifold if

i) X is holomorphically convex,
ii) for any point z ∈ X there are n functions f1, . . . , fn ∈ O(X) which form a

local system of coordinates on a neighbourhood of z. (In other words there
is a neighbourhood U of z such that the map F : ζ 7→ (f1(ζ), . . . , fn(ζ))
is a biholomorphism between U and the open set F (U) in Cn.)

Example. By Theorem 1.13 of Chapter VI, any domain of holomorphy in Cn
is a Stein manifold.

Definition 8.15. A subset V of a complex analytic manifold X of dimen-
sion n is an analytic submanifold of dimension m < n if

i) V is closed,
ii) for any z ∈ V there is a neighbourhood ω of z and local coordinates

(z1, . . . , zn) on X such that

ω ∩ V = {ζ ∈ ω | zm+1(ζ) = · · · = zn(ζ) = 0}.

Note that if (f1, . . . , fn) is a local system of coordinates on X in a neigh-
bourhood of z ∈ V then there are m of these functions which form a local
system of coordinates on V in a neighbourhood of z. From this it is easy to
deduce the following result.

Proposition 8.16. Any complex analytic submanifold of a Stein manifold is
a Stein manifold. In particular, any complex analytic submanifold of Cn is a
Stein manifold.

Remark. Although it will not be proved in this book, it can be shown that
any Stein manifold is biholomorphic to a complex analytic submanifold of a
certain CN (cf. [Ho2, §5.3] for example).

Theorem 8.17. Let X be a Stein manifold, let K be a compact set in X and
let U be a neighbourhood of K̂X . There is then a C∞ strictly plurisubharmonic
function ϕ on X such that

i) ϕ < 0 on K and ϕ > 0 on X r U ,
ii) {z ∈ X | ϕ(z) < c} b X for any c ∈ R.

Proof. As K̂ is O(X)-convex and X is holomorphically convex we can find a
sequence (Kj)j∈N∗ of O(X)-convex compact sets such that K1 = K̂, Kj ⊂
◦
Kj+1 and X =

⋃∞
j=1Kj . Set U1 = U and Uj =

◦
Kj+1 for any j > 2. For

every j, choose functions fjk ∈ O(X) for k = 1, . . . , kj such that |fjk| < 1
on Kj and max16k6kj |fjk(z)| > 1 for any z ∈ Kj+2rU . (Such functions exist
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because K̂j = Kj .) Moreover, by ii) of Definition 8.14, on adding functions
we can assume that the rank of the matrix(∂fjk

∂z`
(z)
)
k=1,...,kj
`=1,...,n

is n for all z ∈ Kj . Taking powers of fjk we can even assume that

kj∑
k=1

|fjk(z)|2 < 2−j , for any z ∈ Kj(8.3)

kj∑
k=1

|fjk(z)|2 > j, for any z ∈ Kj+2 r Uj .(8.4)

By (8.3), the series
∑
j,k fjk(z)fjk(ζ) converges uniformly on every compact

set in X ×X and defines a function which is holomorphic in z and antiholo-
morphic in ζ: it follows that the function ϕ(z) = −1+

∑∞
j=1

(∑kj
k=1 |fjk(z)|2

)
is C∞ on X. It is clear that ϕ(z) > j − 1 for any z ∈ X r Uj by (8.4) and
hence ϕ > 0 on X r U and ϕ < 0 on K̂ which implies that ϕ < 0 on K by
(8.3). Moreover, ii) holds by (8.4), and ϕ is plurisubharmonic because it is the
supremum of a set of plurisubharmonic functions. It remains to show that ϕ
is strictly plurisubharmonic. Consider a point ζ ∈ X and let (z1, . . . , zn) be
holomorphic local coordinates on some neighbourhood of ζ. Assume that, for
every ξ ∈ Cn,

n∑
r,s=1

∂2ϕ

∂zs∂zr
(ζ)ξsξr = 0.

For every j we then have

kj∑
k=1

∣∣∣ n∑
r=1

∂fjk
∂zr

(ζ)ξr
∣∣∣2 =

∣∣∣ kj∑
k=1

n∑
r,s=1

∂2|fjk(ζ)|2

∂zs∂zr
ξsξr

∣∣∣ = 0

which implies that ξ = 0 because the matrix
(
∂fjk
∂z`

(z)
)
k=1,...,kj
`=1,...,n

has rank n if

z ∈ Kj . �

To prove the converse of Theorem 8.17 we will need the following lemma.

Lemma 8.18. Let X be a complex analytic manifold with a C2 strictly
plurisubharmonic exhaustion function ρ. The following then hold.

i) Consider a point ξ ∈ X, set α = ρ(ξ) and set Dα = {z ∈ X | ρ(z) < α}.
Assume that dρ(z) 6= 0 for any z ∈ ∂Dα. There is then a sequence of
holomorphic functions (fk)k∈N∗ on X and a constant C such that
a) fk(ξ) = 1 for any k ∈ N∗,
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b) |fk|0,Dα 6 C for any k ∈ N∗,
c) limk→∞ |fk|0,K = 0 for any compact set K ⊂ Dα r {ξ}.

ii) For any ξ ∈ X and any holomorphic function f on a neighbourhood
of ξ there is a sequence of holomorphic functions (fk)k∈N on X such that
limk→∞ ∂fk(ξ) = ∂f(ξ).

Proof.

i) Let λ = (λ1, . . . , λn) be holomorphic coordinates on a neighbourhood Vξ
of ξ. Set

u(z) = 2
n∑
j=1

∂ρ

∂λj
(ξ)(λj(z)− λj(ξ))

+
n∑

j,k=1

∂2ρ

∂λj∂λk
(ξ)(λj(z)− λj(ξ))(λk(z)− λk(ξ)).

The function u is then holomorphic on Vξ, u(ξ) = 0 and by Lemma 2.22
of Chapter VI,

Reu(z) = ρ(z)− ρ(ξ)

−
n∑

j,k=1

∂2ρ

∂λj∂λk
(ξ)(λj(z)− λj(ξ))(λk(z)− λk(ξ)) + 0(|λ(ξ)− λ(z)|2).

As ρ is strictly plurisubharmonic, on restricting Vξ we can find β > 0 such
that

(8.5) Reu(z) < ρ(z)− ρ(ξ)− β|λ(z)− λ(ξ)|2 for any z ∈ Vξ.

Then eu(ξ) = 1 and |eu(z)| < 1 for any z ∈ Dα ∩ Vξ r {ξ}. Choose a
neighbourhood Wξ b Vξ of ξ and a C∞ function χ on X such that χ = 1
on Wξ and suppχ b Vξ. The sequence (eku∂χ)k∈N∗ is then a sequence
of C∞ and ∂-closed differential (0, 1)-forms on X such that

lim
k→∞

|eku∂χ|0,Dα = 0.

Since dρ(z) 6= 0 if z ∈ ∂Dα we can apply Theorem 8.11 i) to obtain a se-
quence (vk)kN∗ of continuous functions on Dα such that ∂vk = eku∂χ

on Dα and limk→∞ |vk|0,Dα = 0. Setting f̃k = χeku − vk + vk(ξ),
we get holomorphic functions f̃k on Dα such that f̃k(ξ) = 1 for any
k ∈ N∗, supk∈N∗ |f̃k|0,Dα < +∞ and for any compact set K ⊂ Dα r {ξ},
limk→∞ |f̃k|0,K = 0. We then construct the required functions fk ∈ O(X)
using the approximation theorem 8.11 ii).

ii) Assume that f(ξ) = 0. Set α = ρ(ξ) and consider Vξ,Wξ, u and χ as in the
proof of i). Restricting Vξ if necessary, we can assume that f is holomor-
phic on Vξ. Setting ϕk = feku∂χ for any k = 1, 2, . . . we define a sequence
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of C∞ and ∂-closed (0, 1)-forms on X such that suppϕk b Vξ r Wξ. It
follows from (8.5) that there is a δ > 0 such that limk→∞ |ϕk|0,Dα+δ = 0.
By Lemma 8.5, we can assume that Crit(ρ) is discrete in X and hence
we can choose 0 < ε < δ small enough that dρ(z) 6= 0 if z ∈ ∂Dα+ε.
We can then apply 8.11 i) and find continuous functions vk on Dα+ε such
that ∂vk = ϕk on Dα+ε and limk→∞ |vk|0,Dα+ε = 0. As ϕk = 0 on
Wξ, the functions vk are holomorphic on Wξ and by the Cauchy inequal-
ities limk→∞ ∂vk(ξ) = 0. The functions f̃k defined by f̃k = χfeku − vk
are continuous on Dα+ε and holomorphic on Dα+ε and have the prop-
erty that ∂f̃k(ξ) = ∂f(ξ) − ∂vk(ξ). Using Theorem 8.11 ii) we can find
functions fk ∈ O(X) such that |fk − f̃k|0,Dα+ε < 1/k and it follows that
limk→∞ |∂fk(ξ)−∂f̃k(ξ)| = 0 by the Cauchy inequalities. The functions fk
thus constructed have the required properties.

Theorem 8.19. A complex analytic manifold X is Stein if and only if X has
a C2 strictly plurisubharmonic exhaustion function ρ. For any α ∈ R the sets
{z ∈ X | ρ(z) 6 α} are then O(X)-convex.

Proof. Theorem 8.17 tells us that this condition is necessary.
Suppose that X has a C2 strictly plurisubharmonic exhaustion function ρ.

Condition ii) of Definition 8.14 follows immediately from Lemma 8.18 ii) since
for any finite family of holomorphic functions in a neighbourhood of a point ξ
inX we can find holomorphic functions onX whose Jacobian at ξ is arbitrarily
close to the Jacobian at ξ of the initial family.

Set Dα = {z ∈ X | ρ(z) < α}, α ∈ R. It is enough to prove that for any
α ∈ R the sets Dα areO(X)-convex. Consider a point ξ ∈ XrDα. By Lemma
8.5, there is a C2 strictly plurisubharmonic exhaustion function ϕ on X such
that Crit(ϕ) is discrete and which is close enough to ρ that Dα b Ωϕ(ξ), where
Ωβ = {z ∈ X | ϕ(z) < β} for any β ∈ R. After adding a small constant to ϕ
we can assume that dϕ(z) 6= 0 for any z ∈ ∂Ωϕ(ξ). Applying Lemma 8.18 i)
to Ωϕ(ξ) we can then find a function f ∈ O(X) such that f(ξ) = 1 and |f | < 1
on Dα. �

Corollary 8.20. Let X be a Stein manifold and let z and ξ be two distinct
points of X. There is then a function f ∈ O(X) such that f(z) 6= f(ξ).

Proof. By Theorem 8.19, X has a C2 strictly plurisubharmonic exhaustion
function ρ. Lemma 8.5 implies there is a C2 strictly plurisubharmonic ex-
haustion function ϕ on X such that Crit(ϕ) is discrete. Without loss of gen-
erality we can assume that ϕ(z) 6 ϕ(ξ). Set Dϕ(ξ) = {ζ ∈ X | ϕ(ζ) < ϕ(ξ)}.
After adding a small constant to ϕ, we can assume that dϕ(ζ) 6= 0 for any
ζ ∈ ∂Ωϕ(ξ). Applying Lemma 8.18 i) to Ωϕ(ξ) and K = {z} we can find a
function f ∈ O(X) such that f(ξ) = 1 and hence |f(z)| < 1 and f(z) 6= f(ξ).

�

Corollary 8.21. If X is a Stein manifold of dimension n then

Hp,q(X) = 0 whenever 0 6 p 6 n and 1 6 q 6 n.
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Proof. This follows immediately from Theorem 8.11 iii) and Theorem 8.19.
�

Remark. Unlike open sets in Cn (cf. Corollary 7.7), the vanishing of the coho-
mology groups H0,q(X), 1 6 q 6 n− 1, does not characterise Stein manifolds
amongst complex analytic manifolds; these groups also all vanish when X is
a projective space, for example. A cohomological characterisation of Stein
manifolds does exist, however (cf. [Gu], vol III).

Proposition 8.22. Let X be a Stein manifold. Any strictly pseudoconvex
open set D b X is a Stein manifold.

Proof. Since D is strictly pseudoconvex there is a neighbourhood U∂D of the
boundary of D and a C2 strictly plurisubharmonic function ρ on U∂D such
that D ∩ U∂D = {z ∈ U∂D | ρ(z) < 0}. By Theorem 8.19, X has a C2
strictly plurisubharmonic exhaustion function ρ1. Fix a small enough ε > 0
that {z ∈ U∂D | −ε < ρ(z) < 0} b U∂D and choose a C∞ function χ on
[−∞, 0[ such that χ(t) = 0 for any t < −ε, χ(t) → +∞ as t → 0 and χ is
strictly convex on ] − ε, 0[. By Proposition 2.8 of Chapter VI χ ◦ ρ is then
strictly plurisubharmonic on {z ∈ U∂D | −ε < ρ(z) < 0} and ρ1 + χ ◦ ρ is a
C2 strictly plurisubharmonic exhaustion function for D. Theorem 8.19 then
implies that D is Stein. �

C. Vanishing theorems for compactly supported cohomology and
applications

It follows from Sections 8.1 and 8.2 that if X is a Stein manifold of dimension n
then for any pair (p, q), where 0 6 p 6 n and 1 6 q 6 n, we have

Hp,q(X) = 0.

We will now study the vanishing of the cohomology groups with compact
support Hp,q

c (X) on a complex analytic manifold X.

Proposition 8.23. Let X be a complex analytic manifold of dimension n and
let p and q be integers such that 0 6 p 6 n and 1 6 q 6 n. We assume that
the set

E0
n−p,n−q+1(X) = {u ∈ C0n−p,n−q+1(X) | u = ∂v, v ∈ C0n−p,n−q(X)}

is closed in C0n−p,n−q+1(X) for the topology of uniform convergence on every
compact set. If f ∈ C0p,q(X) is a ∂-closed continuous differential form with
compact support on X then the equation ∂g = f has a solution g ∈ C0p,q−1(X)
with compact support in X if and only if

∫
X
f ∧ ϕ = 0 for any ∂-closed form

ϕ ∈ C∞n−p,n−q(X) on X.
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Proof. We start by proving the condition is necessary. Assume there is a com-
pactly supported g ∈ C0p,q−1(X) such that ∂g = f on X. If ϕ ∈ C∞n−p,n−q(X)
is a ∂-closed form on X then∫

X

f ∧ ϕ =
∫
X

∂g ∧ ϕ =
∫
X

∂(g ∧ ϕ) = 0

by Stokes’ theorem because g has compact support.
Let us now prove that the condition is sufficient. Assume that

∫
X
f ∧

ϕ = 0 for any ∂-closed form ϕ ∈ C∞n−p,n−q(X). We define a linear form
on E0

n−p,n−q+1(X) as follows: if u ∈ E0
n−p,n−q+1(X) then we choose v ∈

C0n−p,n−q(X) such that ∂v = u and we set

F (u) =
∫
X

f ∧ v.

The map F is well defined. Indeed, by the Dolbeault isomorphism if
v, w ∈ C0n−p,n−q(X) are such that ∂v = ∂w = h then there is a ∂-closed
ϕ ∈ C∞n−p,n−q(X) such that v − w − ϕ = ∂θ for some θ ∈ C0n−p,n−q−1(X). It
then follows by Stokes’ formula that∫

X

f ∧ (v − w − ϕ) = 0

and by hypothesis
∫
X
f ∧ v =

∫
X
f ∧ w. As the space E0

n−p,n−q+1(X) is
assumed closed, the open mapping theorem implies that there is a continuous
linear map δ from E0

n−p,n−q+1(X) to C0n−p,n−q(X) such that ∂δ = I. The
map F is then equal to Φ ◦ δ where

Φ : C0
n−p,n−q(X) −→ C

is the continuous linear form v 7→
∫
X
f ∧ v. It follows that F is a continuous

linear form on E0
n−p,n−q+1(X). Applying the Hahn–Banach theorem we can

extend F to a continuous linear form F̃ on C0
n−p,n−q+1(X). The form F̃

therefore defines a compactly supported current such that

(−1)p+q−1∂F̃ (h) = F̃ (∂h) = F (∂h) =
∫
X

f ∧ h = 〈Tf , h〉,

for any form h ∈ Dn,n−q(X), i.e. (−1)p+q−1∂F̃ = Tf where Tf is the current
defined by f . The regularity of ∂ (cf. Chap. V, Cor. 4.2) then implies that
there is a g ∈ C0p,q−1(X) with compact support such that

(−1)p+q−1∂g = f in X. �

Theorem 8.24. Let X be a Stein manifold of dimension n. Then

Hp,q
c (X) = 0 whenever 0 6 p 6 n and 0 6 q 6 n− 1.
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Proof. The principle of analytic continuation tells us that

Hp,0
c (X) = 0 for any p, 0 6 p 6 n,

since a Stein manifold does not have any compact connected components.
Suppose that 1 6 q 6 n. Since X is Stein the Dolbeault isomorphism tells

us that
Hp,q

0 (X) ' Hp,q(X) = 0.

It follows that Z0
n−p,n−q+1(X) = E0

n−p,n−q+1(X) is closed in C0n−p,n−q+1(X)
for 0 6 p 6 n and 1 6 q 6 n. We can therefore apply Proposition 8.23. If
f ∈ C0p,q(X) is a ∂-closed differential form with compact support on X we will
calculate

∫
X
f ∧ ϕ for any ∂-closed ϕ ∈ C∞n−p,n−q(X). If 1 6 q 6 n − 1 then

Hn−p,n−q(X) = 0 and hence ϕ = ∂Ψ for some Ψ ∈ C∞n−p,n−q−1(X). Applying
Stokes’ theorem we get∫

X

f ∧ ϕ =
∫
X

f ∧ ∂Ψ =
∫
X

(−1)p+q∂(f ∧ Ψ) = 0

since f has compact support. There is therefore a compactly supported g ∈
C0p,q−1(X) such that ∂g = f and by Dolbeault’s isomorphism this implies that
Hp,q
c (X) = 0 (cf. Chap. VI, Cor. 4.3). �

This vanishing theorem allows us to give sufficient geometric conditions
for the Hartogs–Bochner phenomenon and the extension of CR functions to
hold using the results of Chapter V.

We deduce a Hartogs–Bochner theorem for Stein manifolds from Corollar-
ies 1.4 and 5.2 of Chapter V.

Theorem 8.25. Let X be a Stein manifold of dimension n where n > 2.
Hartogs’ phenomenon then holds for X. More precisely, for any relatively
compact domain D with Ck boundary (k > 1) in X such that X r D is
connected and for any CR function f of class Cs on ∂D where 0 6 s 6 k there
is a Cs function F on D which is holomorphic on D such that F

∣∣
∂D

= f .

Theorem 8.26. Let X be a Stein manifold of dimension n, n > 2, and
let K be a O(X)-convex compact set in X. Then for any relatively compact
domain D in X such that

1) ∂D rK is a Ck submanifold, k > 1, of X rK,
2) D rK = Int(D rK),
3) X r (D ∪K) is connected,

and for any Cs CR function f on ∂DrK there is a Cs function F on DrK
which is holomorphic on D rK such that F

∣∣
∂DrK = f .

Proof. By Theorem 5.1 of Chapter V, it is enough to prove that
H0,1
Φ (X rK) = 0.
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If X is Stein and of dimension n > 2 then by Theorem 8.24 H0,1
c (X) = 0.

If K is O(X)-convex then, by Theorem 8.17, K has a decreasing sequence
(Up)p∈N of Stein neighbourhoods such that

⋂
p∈N Up = K. Moreover,

H0,2
c (Up) = 0 for n > 3 and the hypotheses of Theorem 2.5 of Chapter V

hold. It follows that H0,1
Φ (X rK) = 0.

Consider now the case where n = 2. Let us prove that hypothesis ii) of
Theorem 2.5 of Chapter V is again satisfied for the neighbourhoods (Up)p∈N
of K given by Theorem 8.17. These neighbourhoods are of the form {ρp < c}
where ρp is a strictly plurisubharmonic exhaustion function on X. By Theo-
rem 8.11 ii), any holomorphic (r, 0)-form on Up is therefore a uniform limit on
any compact set in Up of holomorphic (r, 0)-forms on X. Let f ∈ C∞0,2(Up) be
a ∂-closed form with compact support on Up which can be written as f = ∂g
where the form g ∈ C∞0,1(X) has compact support on X. By Stokes’ formula,
such a form has the property that∫

X

f ∧ ϕ = 0

for any holomorphic (2, 0)-form ϕ on X. By Proposition 8.23, to prove that
f = ∂g0 for some compactly supported g0 ∈ C∞0,1(Up) on Up, it is enough to
check firstly that E0

2,1(Up) is closed, which is the case because Up is Stein (and
hence H2,1

0 (Up) = 0) and secondly that∫
Up

f ∧ ψ = 0

for any holomorphic (2, 0)-form ψ on Up. But by definition of Up, ψ =
limn→∞ ϕn, where the ϕn are holomorphic (2, 0)-forms on X and hence∫
Up
f ∧ ψ = limn→∞

∫
Up
f ∧ ϕn = limn→∞

∫
X
f ∧ ϕn = 0. �

Remark. For n > 3 we have not used the full force of the hypothesis that K
is O(X)-convex, we have simply used the fact that K has a decreasing se-
quence (Up)p∈N of Stein neighbourhoods such that K =

⋂∞
p=0 Up. A compact

set in a complex analytic manifold which has this property is called a Stein
compact. This notion will be useful in Chapter VIII. In particular, it follows
from Proposition 8.22 that if D is a relatively compact strictly pseudoconvex
domain in a complex analytic manifold then D is a Stein compact.

Comments

The Levi problem for domains in Cn was solved by Oka [Ok] in 1942 for n = 2,
and at the beginning of the 1950s for arbitrary n by Oka [Ok], H. Bremermann
[Br1] and F. Norguet [No]. In 1958, H. Grauert [Gr] solved the Levi problem
in Stein manifolds using the theory of coherent sheaves. The first proof of
the solvability of ∂ in pseudoconvex domains which does not use the solu-
tion of the Levi problem is due to L. Hörmander [Ho1]. This proof which
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appeared in 1965 is based on L2 bounds for the ∂-Neumann problem. The
first integral operators for solving ∂ in strictly pseudoconvex domains in Cn
were constructed at the start of the 1970s by H. Grauert and I. Lieb [Gr/Li]
and G.M. Henkin [He2]. Their construction uses an integral formula proved
independently by G.M. Henkin [He1] and E. Ramirez [Ram].

The methods used in Sections 1 to 4 can be used to study ∂ in q-convex do-
mains à la Andreotti–Grauert: for more information, we recommend [He/Le2]
to the interested. The proof of Theorem 5.1 is due to Laufer [Lau]. The reso-
lution of the Levi problem by the integral representation method can be found
in [He/Le1] and [Ra]: for more information on an alternative theory, namely
Hörmander’s L2 theory, see [Ho2]. The cohomological characterisation of do-
mains of holomorphy can be found in [Gu]. Theorem 8.26 is proved in [L-T2]
using a generalisation of the Bochner–Martinelli kernel to Stein manifolds.





VIII

Characterisation of removable singularities of
CR functions on a strictly pseudoconvex
boundary

We start this chapter by giving various characterisations of the compact sets K
in the boundary of a strictly pseudoconvex domain D in a Stein manifold of
dimension n which have the following property: any continuous CR function on
∂D rK can be extended holomorphically to the whole of D. We will obtain a
geometric characterisation of such sets for n = 2 and a cohomological character-
isation of such sets for n > 3. Amongst other things, we prove that the sufficient
cohomological condition given in Theorem 5.1 of Chapter V is necessary if the
ambient manifold is Stein and the domain D is assumed strictly pseudoconvex.
We end the section with a geometric characterisation of the compact sets K such
that any continuous CR function defined on ∂DrK which is orthogonal to the
set of ∂-closed (n, n−1)-forms whose support does not meet K can be extended
holomorphically to the whole of D. When K is empty this condition is just the
hypothesis of Theorem 3.2 of Chapter IV.

1 Reduction to continuous functions

Let X be a complex analytic manifold of dimension n, let D be a relatively
compact domain in X and let K be a compact subset of ∂D such that ∂DrK
is a Ck submanifold of XrK for some k > 1. The compact set K is said to be
a removable singularity for CR functions on ∂D of class Cs for some integer
0 6 s 6 k if any CR function of class Cs defined on ∂DrK can be extended
to a holomorphic function on D which is Ck on D rK.

In previous chapters we gave cohomological conditions (cf. Chap. V,
Th. 5.1 and Th. 2.5 and 2.6) and geometric conditions (cf. Chap. VII,
Th. 8.26) under which a compact set K in ∂D is a removable singular-
ity for CR functions on ∂D of class Cs. In this chapter we will study the
special case where D is a strictly pseudoconvex domain with Ck boundary
for some k > 2, and we will prove various characterisations of removable
singularities of CR functions in this case.

Note first that if D is a strictly pseudoconvex domain with Ck boundary
in X for some k > 2 and K is a compact set in ∂D then there is an open
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set Ω in D such that (∂DrK)∪Ω is a neighbourhood of ∂DrK in DrK
and for any integer 0 6 s 6 k any CR function of class Cs on ∂DrK can be
extended to a holomorphic function on Ω which is Cs on (∂DrK)∪Ω. This
follows immediately from the following proposition.

Proposition 1.1. Let D be a strictly pseudoconvex domain with Ck boundary
in X for some k > 2, and let x be a point of ∂D. There is then a neighbour-
hood Vx of x in X such that any CR function of class Cs on Vx ∩ ∂D can be
extended to a holomorphic function on Vx ∩D which is Cs on Vx ∩D.

Proof. By Theorem 3.23 of Chapter VI there is a neighbourhood Ux of x and
a choice of holomorphic coordinates on this neighbourhood in which ∂D is
convex. Suppose that these coordinates are chosen such that x = 0 and the
hyperplane tangent to ∂D at x has equation Re zn = 0. For small enough
ε 6= 0 we then have x ∈ {z ∈ Ux | Re zn > ε} ∩ D ⊂ Ux. We set Γx =
∂D ∩ {z ∈ Ux | Re zn > ε}. By the results of Section 6 of Chapter IV any
CR function of class Cs on Γx can be extended to a holomorphic function on
D ∩ {z ∈ Ux | Re zn > ε} which is Cs on D ∩ {z ∈ Ux | Re zn > ε}. It follows
that the open set Vx = {z ∈ Ux | Re zn > ε} has the properties we seek. �

This remark implies that when studying removable singularities of CR
functions on a strictly pseudoconvex boundary we can restrict ourselves to
continuous CR functions.

2 The two-dimensional case

Let X be a complex analytic manifold and let D be a relatively compact
domain in X. Let O(D) be the vector space of holomorphic functions defined
on some neighbourhood of D.

Definition 2.1. A subset E in D is O(D)-convex if and only if

E = ÊO(D) = {z ∈ D | |f(z)| 6 sup
x∈E
|f(x)|, f ∈ O(D)}.

Remark. If D is strictly pseudoconvex then the condition that a subset E
in D be O(D)-convex is equivalent to the condition that E be O(U)-convex
for some neighbourhood U of D, which can be chosen to be Stein if X is
Stein. This follows from ii) of Theorem 8.11 of Chapter VII, which in this
case implies that the holomorphic functions on some neighbourhood U of D
are dense in O(D). If X is Stein this neighbourhood can be chosen to be
Stein and to have the property that D is O(U)-convex. If D has a strictly
plurisubharmonic defining function ρ defined on a neighbourhood V∂D of ∂D,
i.e. D ∩ V∂D = {z ∈ V∂D | ρ(z) < 0} then we simply set U = D ∪ {z ∈ V∂D |
ρ(z) < ε} for small enough ε (cf. Chap. VII, Th. 8.19 and Prop. 8.22).
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Theorem 2.2. Let D be a relatively compact, strictly pseudoconvex domain
with Ck boundary in a Stein manifold X of dimension 2 where k > 2. For
any compact set K contained in ∂D the following are then equivalent.

i) K is a removable singularity for CR functions on ∂D,
ii) K is O(D)-convex.

Proof. Let us prove that ii) implies i). Let U be a Stein neighbourhood of D
such that K is O(U)-convex: by the above remark, some such neighbourhood
exists because D is strictly pseudoconvex and X is Stein. Theorem 8.26
of Chapter VII applied to the triple (U,D,K) (which clearly satisfies the
hypotheses of this theorem) then implies that K is a removable singularity
for CR functions on ∂D.

We now prove the converse. Since D is strictly pseudoconvex, Lemma 8.18
of Chapter VII implies that K̂O(D) ∩ ∂D = K. Let D′ be a strictly pseudo-

convex domain in X such that D ⊂ D′, D ∩ ∂D′ = K and K̂O(D
′
) = K̂O(D).

(To construct such a domain D′ it is enough to take a small C2 perturba-
tion of ∂D leaving K pointwise fixed: we can then pass from D to D′ by
a countable sequence of strictly pseudoconvex extension elements, and this
proves that O(D

′
) is dense in O(D).) By a theorem of Slodkowski’s which

is proved below for X = C2 the set D′ r K̂O(D
′
) is pseudoconvex and this

set is therefore a domain of holomorphy. There is therefore a holomorphic
function f on D′ r K̂O(D

′
) which cannot be extended to any open set con-

taining D′ r K̂O(D
′
). The function f is holomorphic on some neighbourhood

of ∂D rK and since K is a removable singularity for CR functions on ∂D it
can be extended holomorphically to D. It follows that D ⊂ D′ r K̂O(D), and

hence K̂O(D) = K. �

Corollary 2.3. Let X be a Stein manifold of dimension 2 and let D b X be
a strictly pseudoconvex domain with Ck boundary for some k > 2 such that D
is O(X)-convex. For any compact set K contained in ∂D the following are
then equivalent.

i) K is a removable singularity for CR functions on ∂D,
ii) K is O(X)-convex.

Example. If X = C2 and D = B is the unit ball in C2 then a compact set K
in the unit sphere is a removable singularity for CR functions if and only if K
is polynomially convex.

We now prove the result of Z. Slodkowski’s [Sl] which is used in the proof
of Theorem 2.2.

Lemma 2.4. If K is a compact subset in C2 and Ω is a pseudoconvex domain
in C2 such that K ∩Ω = ∅ then Ω r K̂ is pseudoconvex.

More generally, if D is a strictly pseudoconvex domain and K is a compact
set in ∂D then D r K̂O(D) is pseudoconvex.
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This lemma follows from the “Kontinuitätsatz” (cf. Chap. VI, Th. 3.4) and
Rossi’s local maximum principle.

The local maximum principle. Let X be a compact set in an open set U
in Cn and let S be a subset of X̂U . Then S ⊂ ( ̂∂S ∪ (S ∩X))U , where ∂S is
the boundary of S in X̂U .

We will not prove this result. The interested reader will find more details
in [Ros], [Sto] or [St].

Proof of Lemma 2.4. We argue by contradiction. Assume that Ω r K̂ is not
pseudoconvex and let ∆ be the unit disc in C. By the “Kontinuitätsatz”, on
changing holomorphic coordinates on C2 we may assume that the bidisc ∆2

does not meet K and there is a sequence (ϕj)j∈N of holomorphic functions
defined on a neighbourhood of ∆ in C such that |ϕj | < 1/2 on ∆ and if we
set Φj(s) = (s, ϕj(s)) then the map Φj maps ∆ to Ω r K̂ in such a way that

i) dist(Φj(eiθ), K̂) > δ > 0 for all θ ∈ R and
ii) Φj(0) tends to a point p0 ∈ K̂ as j tends to infinity.

Set fj(z1, z2) = 1/(z2 − ϕj(z1)): the function fj thus defined is holomorphic
on some neighbourhood of K̂ ∩∆2

. By Theorem 7.1 of Chapter VII we can
approximate fj uniformly on K̂ ∩ ∆2

by holomorphic functions on C2. As
|fj | 6 max(1/δ, 2) on K̂ ∩ ∂∆2 and the supremum of the functions |fj | on
K̂ ∩ ∆2

tends to infinity with j we can therefore construct a holomorphic
function f on C2 whose supremum on K̂ ∩ ∆2

is strictly greater than its
supremum on K̂ ∩ ∂∆2, which contradicts the local maximum principle.

The second part of the lemma is proved by simply replacing C2 by a
pseudoconvex open set U in C2 such that the holomorphic functions on U are
dense in O(D) and D is O(U)-convex in the above proof. �

3 A cohomological characterisation in dimension n > 3

When the dimension of the ambient manifold is greater than 3 we only get
a cohomological characterisation of removable singularities, not a geometric
characterisation.

Theorem 3.1. Let D be a relatively compact strictly pseudoconvex domain
with Ck boundary for some k > 2 in a Stein manifold X of dimension n > 3.
For any compact set K contained in ∂D the following are then equivalent.

i) K is a removable singularity for CR functions on ∂D,
ii) H0,1(X rK) = 0,

iii) H0,1
Φ (X rK) = 0.
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Proof. The fact that iii) ⇒ i) follows from Theorem 5.1 of Chapter V: the
hypotheses 2) and 3) of this theorem are satisfied because D is strictly pseu-
doconvex and K ⊂ ∂D. The fact that ii) implies iii) follows from Theorem
2.7 of Chapter V – since X is a Stein manifold we know that H0,1

c (X) = 0
(cf. Chap. VII, Th. 8.24). It only remains to prove that i) implies ii). We will
use the following lemma.

Lemma 3.2. Let X be a Stein manifold of dimension n > 3 and let K be a
Stein compact in X. Then

H0,1(X rK) = 0.

Proof. As K is a Stein compact by definition there is a decreasing sequence
(Up)p∈N of Stein neighbourhoods of K such that the closure of Up+1 is con-
tained in Up and K =

⋂
p∈N Up. Let f be a ∂-closed differential (0, 1)-form

of class C∞ on X r K. Choose a sequence (χp)p∈N of elements of D(X)
such that χp = 1 on some neighbourhood of Up+1 and χp = 0 on some
neighbourhood of X r Up and extend (1 − χp)f by 0 on Up+1. The form
∂(1− χp)f = ∂χp ∧ f is then a ∂-closed (0, 2)-form with compact support on
Up. Since Up is a Stein open set and n > 3 there is a C∞ differential (0, 1)-
form gp with compact support on Up such that ∂(1 − χp)f = ∂gp. It follows
that ∂(gp + (1 − χp)f) = 0 on X and as X is Stein there is a γp ∈ C∞(X)
such that gp + (1− χp)f = ∂γp on X. Note that γp+1 − γp is holomorphic on
XrUp and XrUp is connected because Up is pseudoconvex. It then follows
from Hartogs’ phenomenon for Stein manifolds (cf. Chap. VII, Th. 8.25) that
there is a holomorphic function hp on X such that hp

∣∣
XrUp

= γp+1− γp. Set
h = γ1 +

∑∞
j=1(γj+1 − γj − hj). This sum is locally finite on X r K and

therefore defines a C∞ function h on X rK. Moreover,

∂h = (1− χ1)f + g1 +
∞∑
j=1

(χj − χj+1)f + gj+1 − gj = f + lim
p→∞

gp = f. �

End of the proof of Theorem 3.1. As D is strictly pseudoconvex there are
strictly pseudoconvex domains D′ and D′′ such that D′′ ⊂ D ⊂ D′ and
D
′′ ∩ ∂D = K = D ∩ ∂D′. We will prove that for any ∂-closed differential

(0, 1)-form f of class C∞ on X rK there is a C∞ function g on X rK such
that ∂g = f . Since D′ is a Stein open set there is a function u1 ∈ C∞(D′) such
that ∂u1 = f on D′ (cf. Chap. VII, Cor. 8.21 and Prop. 8.22). As D

′′
is a Stein

compact because D′′ is strictly pseudoconvex it follows from Lemma 3.2 that
we can find a function u2 ∈ C∞(X rD

′′
) such that ∂u2 = f on X rD

′′
. The

function v = u1 − u2 is then defined and holomorphic on D′ rD
′′
, which is a

neighbourhood of ∂DrK. As K is a removable singularity for CR functions
on ∂D there is a function V ∈ O(D) extending v to D. Set

g = u1 − V on D′

= u2 on X rD
′′
.
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This defines a C∞ function on X rK such that ∂g = f on X rK. �

Remark. It follows from Theorem 3.1 that for n > 3 the fact that K is or is
not a removable singularity for CR functions on the boundary of a strictly
pseudoconvex domain D does not depend on D but only on K itself and the
inclusion of K in the manifold X.

4 Characterisation of weakly removable singularities

Let X be a complex analytic manifold of dimension n, let D be a relatively
compact domain in X and let K be a compact subset of ∂D such that Γ =
∂D r K is a Ck submanifold of X r K for some k > 1. The compact set K
is a weakly removable singularity for CR functions on ∂D if for any function
f ∈ C(Γ ) which is orthogonal to any ∂-closed C∞ form ϕ of bidegree (n, n−1)
defined in some neighbourhood of D with support disjoint from K, there is
a holomorphic function F on D which is continuous on D r K such that
F
∣∣
Γ

= f . (Here, when we say that two forms are orthogonal we mean that∫
Γ
fβ = 0). Note that any such function is CR because all ∂-exact forms

are ∂-closed. We proved in Section 3 of Chapter IV that if X = Cn then
K = ∅ is a weakly removable singularity for CR functions on ∂D and we
noted that CR functions are not always orthogonal to the set of ∂-closed
(n, n− 1)-forms, particularly if Γ is not connected.

We start with cohomological characterisations of these weakly removable
singularities.

Theorem 4.1. Let D be a relatively compact strictly pseudoconvex domain
with C2 boundary in a Stein manifold of dimension n > 2. For any compact
set K contained in ∂D the following are then equivalent.

i) K is a weakly removable singularity for CR functions on ∂D,
ii) H0,1(X rK) is Hausdorff,

iii) H0,1
Φ (X rK) is Hausdorff.

Proof. We start by proving that ii) implies iii). Let f be a C∞ differential
(0, 1)-form on XrK contained in the closure of ∂E0,0

Φ (XrK) whose support
is contained in some compact set L in X. Since H0,1(X r K) is Hausdorff
there is a g ∈ C∞(XrK) such that f = ∂g. The function g is holomorphic on
Xr(L∪K) and since X is a Stein manifold of dimension n > 2 it follows from
Hartogs’ phenomenon that there is a function g̃ ∈ O(X) equal to g outside a
compact set in X. If we set g0 = g − g̃ then f = ∂g0 and the support of g0 is
relatively compact in X. It follows that H0,1

Φ (X rK) is Hausdorff.
Let us now prove that iii) implies i). Let f be a continuous CR function

on Γ which is orthogonal to all ∂-closed differential (n, n−1)-forms of class C∞
whose support is disjoint from K. By Proposition 1.1, f has a holomorphic
extension f̃ to a neighbourhood U of Γ in D. Let χ be a C∞ function on
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X r K equal to 1 on some neighbourhood of X r (D ∪ K) and equal to 0
on D r U . The support of ∂χ is then relatively compact in D. Let E be
the closure of the set of ∂-exact differential (0, 1)-forms in (C∞0,1(X r K))Φ.
We will prove that f̃∂χ ∈ E. We argue by contradiction. If f̃∂χ /∈ E then
there is a continuous linear form T on (C∞0,1(X rK))Φ such that T

∣∣
E

= 0 and
〈T, f̃∂χ〉 6= 0. We can consider T as an (n, n−1)-current on XrK with closed
support in X, and 〈T, ∂g〉 = 0 for any function g ∈ C∞(XrK) with relatively
compact support in X, which implies that T is ∂-closed. By Corollary 4.2 i)
of Chapter V, there is a ∂-closed differential form ϕ of class C∞ on XrK and
a current S on X rK, both with closed support in X, such that T = ∂S+ϕ.
As f̃∂χ is ∂-closed in X rK we have

〈T, f̃∂χ〉 = 〈∂S, f̃∂χ〉+
∫
D

ϕ ∧ f̃∂χ =
∫
Γ

fϕ = 0

by Stokes’ formula and the hypothesis on f . This contradicts our choice of T ,
so f̃∂χ ∈ E. By hypothesis H0,1

Φ (X r K) is Hausdorff so f̃∂χ = ∂g, for
some C∞ function g on X r K with relatively compact support on X. The
function g is then holomorphic on some neighbourhood of X r (D ∪K) and
since X is Stein of dimension n > 2 it follows from Hartogs’ phenomenon
that there is a function g̃ ∈ O(X) such that g = g̃ on some neighbourhood
Xr(D∪K). Setting F = χf̃−g+ g̃ we get a holomorphic function on XrK

which is continuous on D r K and equal to f̃ on some neighbourhood of Γ
in D. This function is therefore equal to f on Γ .

We end by proving that i) implies ii). Since D is strictly pseudoconvex
there are strictly pseudoconvex domains D′ and D′′ such that D′′ ⊂ D ⊂ D′

and D
′′ ∩ ∂D = K = D ∩ ∂D′. Let f be a ∂-closed differential (0, 1)-form

of class C∞ on X rK such that f is the limit in C∞0,1(X rK) of a sequence
(∂gj)j∈N where each function gj is contained in C∞(X r K). Since D′ is a
Stein open set there is a u1 ∈ C∞(D′) such that f = ∂u1 on D′.

Suppose initially that n > 3. As D
′′

is a Stein compact, it follows from
Lemma 3.2 that H0,1(X rD

′′
) = 0. There is then a u2 ∈ C∞(X rD

′′
) such

that f = ∂u2 on XrD′′. The function v = u1−u2 is holomorphic on D′rD′′

which is a neighbourhood of Γ and if ϕ is a ∂-closed (n, n−1)-form of class C∞
with compact support in X rK then∫

Γ

vϕ =
∫
Γ

u1ϕ−
∫
Γ

u2ϕ =
∫
D

f ∧ ϕ+
∫
XrD

f ∧ ϕ

=
∫
X

f ∧ ϕ = lim
j→∞

∫
X

∂gj ∧ ϕ = 0

by applying Stokes’ theorem twice.
Let ϕ now be an arbitrary ∂-closed differential (n, n− 1)-form of class C∞

whose support does not meet K. Since D is strictly pseudoconvex D has a
basis of Stein neighbourhoods and there is therefore an (n, n − 2)-form ψ of
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class C∞ on some relatively compact neighbourhood V of D such that ϕ = ∂ψ
on V . Let χ be a C∞ function on X which vanishes on some neighbourhood
of D and is equal to 1 on XrV and set ϕ0 = ϕ−∂(χψ) = (1−χ)ϕ−∂χ∧ψ.
The form ϕ0 can be extended by 0 on XrK to a ∂-closed form with compact
support in X rK. Then∫

Γ

vϕ =
∫
Γ

vϕ0 +
∫
Γ

v∂(χψ) =
∫
Γ

v∂(χψ) = 0

since χ vanishes on some neighbourhood of D. Since K is a weakly removable
singularity there is a holomorphic function V on D′ such that V = v on
D′ rD

′′
. If we set

g = u1 − V on D′

= u2 on X rD
′′
,

then we get a C∞ function g on X rK such that ∂g = f , which proves that
H0,1(X rK) is Hausdorff.

The proof for n = 2 is similar but we need to prove that H0,1(X rD
′′
) is

Hausdorff. (Of course, this group vanishes for n > 3.) We will now prove this
fact. �

Proposition 4.2. Let X be a Stein manifold of dimension 2 and let K be a
Stein compact in X. For any p > 0 the group Hp,1(XrK) is then a Hausdorff
topological vector space.

Proof. We start by proving that for any compact set L in X r K the space
Dp,2L (X r K) ∩ ∂Dp,1(X r K) is a closed subspace of Dp,2L (X r K). It is
enough to show that if a function f ∈ Dp,2(X r K) supported in a compact
set L is the limit of a sequence of elements (fj)j∈N in Dp,2(X rK) which are
supported on L such that fj = ∂gj for some gj ∈ Dp,1(X rK) then f = ∂g
for some g ∈ Dp,1(X r K). We extend f to X by zero. If ϕ ∈ C∞n−p,0(X) is
a ∂-closed form then, by Stokes’ theorem,∫

X

f ∧ ϕ = lim
j→∞

∫
X

∂gj ∧ ϕ = 0.

As the manifold X is Stein Hn−p,1
0 (X) = 0 and it follows that E0

n−p,1(X)
is closed in C0n−p,1(X). Proposition 8.23 of Chapter VII and the regularity of ∂
then imply that f = ∂h for some h ∈ Dp,1(X). Since K is a Stein compact
there is a Stein open set U in X such that K ⊂ U ⊂ X r L. The form h
is ∂-closed on U and h = ∂u on U for some u ∈ C∞p,0. Let χ ∈ D(X) be a
function which is identically equal to 1 in some neighbourhood of K and which
is supported in U . We set g = h− ∂(χu): the form g is then a C∞ differential
(p, 1)-form on X with compact support on X rK such that ∂g = f .

The proposition then follows from the following general result. �
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Theorem 4.3. Let M be a complex analytic manifold of dimension n and
let p and q be integers such that p > 0 and 1 6 q 6 n. We assume that

Fp,q(M): For any compact set L in M , Dp,qL (M)∩ ∂Dp,q−1(M) is a closed
subspace of Dp,qL (M).
The group Hn−p,n−q+1(M) is then Hausdorff. In particular, Hp,q

c (M) is Haus-
dorff if and only if Hn−p,n−q+1(M) is Hausdorff.

Lemma 4.3.1. Let L be a compact subset of M such that Dp,qL (M) ∩
∂Dp,q−1(M) is a closed subspace of Dp,qL (M). There is then a compact
subset L0 in M such that L ⊂ L0 and

Dp,qL (M) ∩ ∂Dp,q−1(M) = Dp,qL (M) ∩ ∂Dp,q−1
L0

(M)

Proof. Let (Kj)j∈N be an exhaustion of M by compact sets. Then

Dp,qL (M) ∩ ∂Dp,q−1(M) = ∪j∈NDp,qL (M) ∩ ∂Dp,q−1
Kj

(M).

Since Dp,qL (M) ∩ ∂Dp,q−1(M) is a Fréchet space by hypothesis there is an
index j0 such that Dp,qL (M)∩∂Dp,q−1

Kj0
(M) is of the second Baire category and

by the open mapping theorem L0 = Kj0 is then the compact set we seek. �

A pair (L,L0) satisfying the conclusion of Lemma 4.3.1 is called a (p, q)-
admissible pair.

Lemma 4.3.2. If M is such that Fp,q(M) holds, U is an open subset in M
and L is a compact subset of M such that (U,L) is (p, q)-admissible then

i) For any neighbourhood U0 of L and any differential form f ∈
C∞n−p,n−q+1(U0) such that

∫
U0
f ∧ ϕ = 0 for any ϕ ∈ Dp,q−1

L (M) ∩ Ker ∂
there is a g ∈ C∞n−p,n−q(U) such that ∂g = f|U .

ii) For any neighbourhood U0 of L the vector space C∞n−p,n−q(M) ∩ Ker ∂ is
dense in C∞n−p,n−q(U0) ∩ Ker ∂ for the Fréchet vector space topology on
C∞n−p,n−q(U).

Proof. Let us prove i). The hypotheses imply that the operator ∂ from the set
{ϕ ∈ Dp,q−1

L (M) | supp(∂ϕ) ⊂ U} to Dp,q
U

(M) ∩ ∂Dp,q−1(M) is a continuous
surjective linear map between Fréchet spaces. It is therefore an open map. It
follows that the linear form F on Dp,q

U
(M)∩∂Dp,q−1(M) defined by F (∂ϕ) =∫

U0
f ∧ ϕ for any ϕ ∈ Dp,q−1

L (M) is continuous and therefore by the Hahn–
Banach theorem it has a continuous extension to Dp,q

U
(M). Let G be the

(n − p, n − q)-current on U defined by this extension. Then ∂G = f|U . The
Dolbeault isomorphism then completes the proof of i).

To prove ii), let us first prove that if U0 ⊂ Ũ0 are two neighbourhoods of
L in M then the vector space C∞n−p,n−q(Ũ0)∩Ker ∂ is dense in C∞n−p,n−q(U0)∩
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Ker ∂ for the Fréchet space topology on C∞n−p,n−q(U). We use the Hahn–
Banach theorem. Let T be a continuous linear form on C∞n−p,n−q(U) – or
in other words, let T be a (p, q)-current on M compactly supported in U

– such that T (ϕ) = 0 for any differential form ϕ ∈ C∞n−p,n−q(Ũ0) ∩ Ker ∂.
The current T is then ∂-closed and by the Dolbeault isomorphism there is
a differential form f ∈ Dp,q

U
(M) and a (p, q − 1)-current S on M supported

in U such that f = T + ∂S. We deduce that, for any differential form ϕ ∈
C∞n−p,n−q(Ũ0) ∩Ker ∂, ∫

eU0

f ∧ ϕ = T (ϕ)± S(∂ϕ) = 0.

An argument similar to that used for i) then proves there is a differential
form g with compact support such that f = ∂g and since (U,L) is admissible
we can assume that g is supported in L. It remains to show that T (ϕ) = 0
for any differential form ϕ ∈ C∞n−p,n−q(U0) ∩Ker ∂. But

T (ϕ) =
∫

eU0

f ∧ ϕ± S(∂ϕ) =
∫

eU0

∂g ∧ ϕ = 0

by Stokes’ formula.
Set U−1 = U and K−1 = L. It follows from Lemma 4.3.1 that we can

find an increasing sequence (Uj)j∈N of open sets Uj b M and an increasing
sequence (Kj)j∈N of compact sets in M such that for any j > −1, Uj ⊂
Kj ⊂ Uj+1 and the pair (U j ,Kj) is (p, q)-admissible. For every j > −1, fix
a metric ρj on C∞n−p,n−q(Uj) defining its Fréchet space topology. Consider a
form f0 ∈ C∞n−p,n−q(U0))∩Ker ∂ and a real number ε > 0: we can recursively
construct a sequence (fj)j∈N of elements in C∞n−p,n−q(Uj)) ∩Ker ∂ such that

ρk(fj , fj+1) 6
ε

2j+1
, for any k such that − 1 6 k < j,

and it follows that

ρk(fi, fj) 6
j−1∑
l=i

ρk(fl, fl+1) 6
j−1∑
l=i

ε

2l+1
6

ε

2i
,

for any k such that −1 6 k < i < j. The sequence (fj)∞j=k+1 is therefore
Cauchy for any k > −1 and converges to a form Fk ∈ C∞n−p,n−q(Uk) ∩ Ker ∂
such that ρk(fk+1, Fk) 6 ε/2k+1. It follows that Fk = Fk+1|Uk

for any k. We

can therefore define a form F ∈ C∞n−p,n−q(M) ∩ Ker ∂ by setting F|Uk = Fk.
This form has the property that ρk(fk+1, F ) 6 ε/2k+1 for any k > −1 and in
particular ρ−1(f0, F ) 6 ε. �

We can now prove Theorem 4.3. We will prove that under the hypothesis
of the theorem the space

E∞n−p,n−q+1(M) = {u ∈ C∞n−p,n−q+1(M) | u = ∂v, v ∈ C∞n−p,n−q(M)}
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is equal to the closed subspace Z̃∞n−p,n−q+1(M) in Z∞n−p,n−q+1(M) consisting
of differential forms f such that

∫
M
f ∧ ϕ = 0 for all ϕ ∈ Dp,q−1(M) such

that ∂ϕ = 0 in M . Stokes’ theorem implies that E∞n−p,n−q+1(M) is contained
in Z̃∞n−p,n−q+1(M). We now consider the inverse inclusion. Fix a form f ∈
Z̃∞n−p,n−q+1(M). It follows from Lemma 4.3.1 that we can find an increasing
sequence (Uj)j∈N of open subsets Uj bM and an increasing sequence (Kj)j∈N
of compact subsets of M such that Uj ⊂ Kj ⊂ Uj+1 and the pair (U j ,Kj)
is (p, q)-admissible for any j ∈ N. Applying i) of Lemma 4.3.2 to each triple
Uj−1 ⊂ Kj−1 ⊂ Uj we get a sequence (gj)j∈N of elements of C∞n−p,n−q(Uj) such
that ∂gj = f|Uj for all j. Now for any j > 0, fix a metric ρj on C∞n−p,n−q(Uj)
defining its Fréchet space topology. Claim ii) of Lemma 4.3.2 enables us to
recursively construct a sequence (hj)j∈N of elements of C∞n−p,n−q(M) ∩Ker ∂
such that, for any j > 2,

ρi(gj−1 + hj−1, gj + hj) 6
1
2j

for any i such that 0 6 i 6 j − 2.

This proves that there is a differential form g ∈ C∞n−p,n−q(M) such that
limν→∞ ρj(g, gν + hν) = 0 and ∂g = f .

For the second part of the theorem, the fact that the condition is sufficient
follows from Proposition 8.23 of Chapter VII and the Dolbeault isomorphism.
Conversely, if the cohomology group Hp,q

c (M) is Hausdorff then for any com-
pact set L in M the subspace Dp,qL (M) ∩ ∂Dp,q−1(M) is closed in Dp,qL (M),
so this condition is necessary by the first part of the theorem. �

We end this section with a geometric characterisation and an intrinsic
cohomological characterisation of weakly removable singularities.

If F is a closed set in X then we let C∞p,q(F ) be the space of germs of
differential (p, q)-forms on F , i.e. the inductive limit over open sets U in X
containing F of the family C∞p,q(U), where the map iUV : C∞p,q(U) → C∞p,q(V )
for any V ⊂ U is simply the restriction map. The operator ∂ : C∞p,q(F ) →
C∞p,q+1(F ) is well defined. It is also a continuous map such that ∂ ◦ ∂ = 0. We
can therefore consider the cohomology group

Hp,q(F ) = Z∞p,q(F )/∂C∞p,q−1(F ),

where Z∞p,q(F ) = {u ∈ C∞p,q(F ) | ∂u = 0}. The group Hp,q(F ) is equipped
with a natural quotient topology.

Theorem 4.4. Let D be a relatively compact strictly pseudoconvex domain
with C2 boundary in a Stein manifold of dimension n > 2. For any compact
set K contained in ∂D the following are then equivalent.

i) K is a weakly removable singularity for CR functions on ∂D,
ii) D ⊂ Γ̂O(D), where Γ̂O(D) = ∪{ÊO(D) | E ⊂ Γ compact }.
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iii) For any compact set L ⊂ DrK there is a compact set ΓL ⊂ Γ such that
L ⊂ (Γ̂L)O(D).

iv) Hn,n−1(K) = 0.

Proof. We first prove that iv) implies i). By the equivalence between i) and ii)
of Theorem 4.1, it is enough to show that if the group Hn,n−1(K) is zero then
H0,1(X r K) is Hausdorff. We will prove that for any compact subset L in
X r K, Dn,nL (X r K) ∩ ∂Dn,n−1(X r K)is a closed subset of Dn,nL (X r K)
if iv) holds and by Theorem 4.3 this will prove this first implication. Let f
be a C∞-smooth, ∂-closed differential form of bidegree (n, n) with support
in L such that f = limj→0 ∂gj , where (gj)j∈N is a sequence of C∞-smooth
differential forms of bidegree (n, n−1) with compact support in XrK. From
Stokes’ formula it follows that∫

X

f ∧ ϕ = lim
j→0

∫
X

∂gj ∧ ϕ = 0

for any C∞-smooth, holomorphic function ϕ on X. Since X is a Stein mani-
fold, Proposition 8.23 then implies that there exists a C∞-smooth differential
form g of bidegree (n, n−1) with compact support in X such that ∂g = f . In
particular g is ∂-closed on a neighbourhood U of K and by iv) there exist a
neighbourhood V ⊂ U of K and a C∞-smooth differential form h of bidegree
(n, n− 2) on V such that ∂h = g on V . Let χ be a function of class C∞ with
compact support in V identically equal to 1 in a neighbourhood of K, we
define χh on X by extending it by zero. The differential form u = g − ∂(χh)
is then of class C∞ on X, vanishes in a neighbourhood of K and its restriction
to X rK is a differential form of bidegree (n, n− 1) with compact support in
X rK which satisfies ∂u|XrK = f .

Let us now prove that i) implies ii). Suppose that K is a weakly remov-
able singularity for CR functions on ∂D and let A(D ∪ Γ ) be the algebra of
continuous functions on Γ ∪D which are holomorphic on D. As K is a weakly
removable singularity, A(D∪Γ )∩C(Γ ) is a closed subalgebra of C(Γ ). (In fact
it is the intersection of the closed subspaces Fϕ = {f ∈ C(Γ ) |

∫
Γ
fϕ = 0},

where ϕ runs over the set of ∂-closed differential (n, n− 1)-forms of class C∞
defined on some neighbourhood of D whose support does not meet K.) It
follows that the restriction map ρ from A(D∪Γ ) to A(D∪Γ )∩C(Γ ) is a topo-
logical isomorphism: we denote its inverse by χ. If z is a point of D then the
Hahn–Banach theorem implies there is a continuous linear form ψ : C(Γ )→ C
equal to the map f |Γ 7→ χ(f |Γ )(z) = f(z) on A(D∪Γ )∩C(Γ ). By the Riesz
representation theorem there is therefore a measure µz of finite mass with
compact support on Γ such that

f(z) =
∫
Γ

fdµz for any f ∈ A(D ∪ Γ ).

Since A(D ∩ Γ ) is an algebra,

fk(z) =
∫
Γ

fkdµz for any f ∈ A(D ∪ Γ )
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and any k ∈ N. It follows that, for any k ∈ N,

|f(z)| 6 sup{|f(ζ)| | ζ ∈ suppµz}‖µz‖1/k.

If we let k tend to infinity we get

|f(z)| 6 sup{|f(ζ)| | ζ ∈ suppµz} for any f ∈ A(D ∪ Γ ),

which proves that z ∈ ( ̂suppµz)O(D) and hence D ⊂ Γ̂O(D) by definition of

Γ̂O(D).
We now prove that ii) ⇒ iii). We will need two lemmas.

Lemma 4.5. Let D be a relatively compact strictly pseudoconvex domain with
C2 boundary in a Stein manifold X of dimension n > 2 and let K be a compact
set contained in ∂D. For any compact set E ⊂ ∂D r K we can find a pair
(D′, E′) such that

i) D′ is a relatively compact strictly pseudoconvex domain with C2 boundary
containing D such that ∂D′ ∩D = K and O(D

′
) |D is dense in O(D)

ii) E′ is a compact subset of ∂D′ rK such that E ⊂ Ê′O(D
′
).

Proof. We get D′ by making a small C2 perturbation of ∂D leaving K point-
wise fixed. We can then pass from D to D′ by a sequence of pseudoconvex
extension elements, which implies that O(D

′
) |D is dense in O(D). For any

x ∈ E consider the neighbourhood Vx of x in X constructed in Proposition
1.1. We can assume that V x does not meet K. As E is compact, E is covered
by a finite number V1, . . . , Vp of such sets Vx and we set E′ =

⋃p
i=1(V i∩∂D′).

If D′ is close enough to D then V i ∩ D′ is a domain of the type studied in
Section 6 of Chapter V for any i = 1, . . . , p and hence E ⊂ Ê′O(D

′
). �

Lemma 4.6. Let Y be a Stein open set in a Stein manifold of dimension
n > 2 and let E be a compact set in Y . We set Eε = {z ∈ X | dist(z, E) 6 ε}
and we choose ε > 0 small enough that Eε is again a compact set in Y . Then

(ÊY )ε = (Êε)Y .

Proof. Set K = (Êε)Y : this is a O(Y )-convex compact set and it therefore has
a basis U of Stein neighbourhoods such that for any U ∈ U the set O(Y ) |U is
dense in O(U). (This follows immediately from Theorem 8.17 and Proposition
8.9 of Chapter VII.) Then

dist(ÊY , ∂K) = inf
U∈U

dist(ÊY , ∂U) = inf
U∈U

dist(ÊU , ∂U)

since ÊY = ÊU because O(Y ) |U is dense in O(U). As any element U in U is
a domain of holomorphy because it is Stein it follows from Theorem 1.13 of
Chapter VI that

dist(ÊY , ∂K) = inf
U∈U

dist(E, ∂U).

But if U ∈ U then U contains Eε and hence dist(ÊY , ∂K) > ε from which it
follows that (ÊY )ε ⊂ K. �
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End of the proof of Theorem 4.4. Suppose that D ⊂ Γ̂O(D). For any a ∈
D r K there is then a compact set Ea in Γ such that a ∈ (Êa)O(D). By
Lemma 4.5 we can find a strictly pseudoconvex domain D′ containing D

such that ∂D′ ∩D = K and O(D
′
) |D is dense in O(D), and a compact set

E′a ⊂ Γ ′ = ∂D′ rK such that Ea ⊂ (Ê′a)O(D
′
). Then

a ∈ (Êa)O(D) = (Êa)O(D
′
) ⊂ (Ê′a)O(D

′
).

As mentioned in Section 1 of this chapter, we can find a Stein neighbour-
hood U of D

′
such that ĈO(D

′
) = ĈU for any compact set C in D

′
. With the

notations of Lemma 4.6 we choose ε small enough that (E′a)ε ∩ D = ∅ and(
(̂E′a)ε

)
U
∩K = ∅, which is possible because E′a is a compact set in Cn rD

and the points of K are peak points of O(D
′
). Lemma 4.6 then implies that

B(a, ε) ⊂
(
(̂E′a)U

)
ε
⊂
(
(̂E′a)ε

)
U

and by the local maximum principle D ∩ B(a, ε) ⊂ (Γ̂a)U , where Γa =(
(̂E′a)ε

)
U
∩∂D is a compact set in Γ . If L is a compact set in ∂DrK then L

is covered by a finite number of open sets Va in D of the form D∩B(a, ε) and
it follows that there is a compact set ΓL ⊂ Γ such that L ⊂ (Γ̂L)O(D).

We end by proving that iii) implies iv). Consider a ∂-closed C∞ differential
(n, n−1)-form ϕ on a neighbourhood U of K and let λ be a C∞ function with
compact support on U which is equal to 1 on some neighbourhood V of K.
The map f 7→

∫
D
f∂λ ∧ ϕ is a continuous linear form on O(D). We set

L = D∩ supp ∂λ: the set L is a compact set disjoint from K and by iii) there
is a compact set ΓL ⊂ Γ such that∣∣∣ ∫

D

f∂λ ∧ ϕ
∣∣∣ 6 C sup

z∈L
|f(z)| 6 C sup

z∈ΓL
|f(z)|.

It follows from the Hahn–Banach theorem and the Riesz representation theo-
rem that there is a measure µL on ΓL such that 〈µL, f〉 =

∫
D
f∂λ∧ϕ for any

f ∈ O(D). If χD is the characteristic function of D then σ = χD∂λ ∧ ϕ− µL
is a measure on D ∪ Γ such that 〈σ, f〉 = 0 for every f ∈ O(D). As the open
set D is strictly pseudoconvex there is a strictly pseudoconvex domain G′

such that suppσ ⊂ G′, K ∩ G′ = ∅ and O(D) is dense in O(G′) |G′∩(D∪Γ ).
(To get G′, we simply push the boundary of D slightly towards the interior
of D in a neighbourhood of K and push it slightly towards the exterior of D
near the support of σ.) The measure σ then defines an (n, n)-current Tσ with
compact support in G′ such that 〈Tσ, f〉 = 0 for any f ∈ O(G′). As G′ is
Stein there is an (n, n − 1)-current S with compact support in G′ such that
Tσ = ∂S. But now Tσ is a C∞ differential form on D ∩G′, so it follows from
the regularity of ∂ (cf. Chap. VI, Corollary 4.2 ii)) that there is a C∞ differ-
ential form ϕ0 on D ∩ G′ which vanishes on some neighbourhood of K such
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that ∂ϕ0 = Tσ on D ∩G′. Now consider a strictly pseudoconvex domain G′′

such that K ⊂ G′′ ⊂ D ∪ V . Restricting the relation ∂ϕ0 = Tσ to G′′ we
get ∂λ ∧ ϕ = ∂ϕ0 or alternatively ∂(λϕ − ϕ0) = 0 on G′′ (here we implic-
itly define λϕ on the whole of G′′ by extending it by 0). Since G′′ is Stein,
Hn,n−2(G′′) = 0 and there is therefore a C∞ differential (n, n − 2)-form ψ
on G′′ such that λϕ− ϕ0 = ∂ψ on G′′. As λ = 1 and ϕ0 = 0 on some neigh-
bourhood of K we have ∂ψ = ϕ on some neighbourhood of K, which proves
that Hn,n−1(K) = 0. �

Comments

The study of removable singularities for CR functions defined on the boundary
of a domain started with the work of G. Lupacciolu and G. Tomassini [Lu/To]
in 1984 and developed quickly in the following years. The most important
results on the subject were proved by G. Lupacciolu [Lu1, Lu2]. A panorama
of all known results on the subject is presented in [Ci/St].
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Differentiable manifolds and differential forms

This appendix contains some of the basic tools of differential geometry used in
this book. After introducing the concept of a differentiable manifold we define
the algebra of differential forms and prove Stokes’ theorem, which is the main
result of this appendix.

1 Differentiable manifolds

Definition 1.1. A chart h on a topological space X is a homeomorphism
from an open set U of X to an open set of Rn for some integer n. The open
set U is the domain of the chart h. We sometimes denote the chart h by the
pair (U, h).

If V is an open set in X and V ⊂ U then h
∣∣
V

is a chart whose domain
is V .

Definition 1.2.

a) Two charts on X, h and h′, which have the same domain U are said
to be q-compatible for some integer q ∈ N∗ ∪ {∞} if the two inverse
homeomorphisms

h′ ◦ h−1 : h(U) −→ h′(U)

h ◦ h′−1 : h′(U) −→ h(U)

are Cq as maps from an open set in Rp to an open set in Rp′ .
b) Two charts (U, h) and (U ′, h′) are said to be q-compatible if U ∩ U ′ = ∅

or h
∣∣
U∩U ′ and h′

∣∣
U∩U ′ are q-compatible as in a).

Remark. If n and n′ are the integers associated to compatible charts h and h′

then n = n′. Indeed as q > 1 the differential map d(h′ ◦ h−1)(x) is a linear
bijection from Rn to Rn′ for any x ∈ h(U) so n = n′.
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Definition 1.3. A Cq atlas on X is a set of charts which are pairwise q-
compatible and whose domains form an open cover of X. Two Cq atlases are
said to be compatible if their union is a Cq atlas.

Remark. Compatibility is an equivalence relation on the set of Cq atlases onX.

Definition 1.4. A Cq differentiable manifold is a Hausdorff topological space
which is a countable union of compact subsets equipped with an equivalence
class of Cq atlases.

Examples.

1) Any non-empty open set D in Rn has a natural C∞ manifold structure.
The chart {(D, IdD)} is an atlas for this structure.

2) The sphere in R3 is a C∞ manifold with an atlas containing two charts.
3) Suppose that D is a relatively compact open set in Rn such that for any

P ∈ ∂D there is a neighbourhood Wp of P such that ∂D ∩Wp can be
written in the form ∂D ∩Wp =

{
x ∈ Wp | rp(x) = 0

}
where rp is a Ck

function (1 6 k 6 ∞) on Wp and drp 6= 0 on ∂D ∩Wp. The set ∂D is
then a Ck manifold. (This follows from the implicit function theorem.)

If X is a differentiable manifold then for any x ∈ X there is a chart (U, h)
such that x ∈ U and h is a map from U to Rn. This integer n only depends
on x: we call it the dimension of X at x. It is clear that n is constant on any
connected component of X.

Definition 1.5. A differentiable manifold all of whose connected components
are of dimension n is said to be of dimension n.

Definition 1.6. Let X and Y be two Cq differentiable manifolds. A map
f : X → Y is said to be Cp for some integer p 6 q if it is continuous and the
following condition holds: for any pair of charts (U, h) and (V, k) of X and Y
such that f(U) ⊂ V the map

k ◦ (f
∣∣
U

) ◦ h−1 : h(U) −→ k(V )

is Cp as a map from an open set of Rn to an open set of Rm.

We note that it is enough to check these properties on every chart in some
atlas.

If Y = R or C then a Cp map from X to Y is called a Cp function on X.

Definition 1.7. Let (U, h) be a Cq chart on a differentiable manifold X of
class Cq. The map h is then a Cq map from U to Rn

U −→ h(U) ⊂ Rn

x 7−→ h(x) = (x1(x), . . . , xn(x)),

where each xj : U → R (j = 1, . . . n) is a Cq function on U . The functions
x1, . . . , xn are called the local coordinates on U defined by the chart (U, h).
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2 Partitions of unity

In this section, we construct a tool – the partition of unity – which enables
us to localise problems on a manifold. In particular, it enables us to restrict
to chart domains.

Lemma 2.1. Let A be a compact set in Rn and let U be an open set contain-
ing A. There is a real C∞ function with compact support in U whose image
is contained in [0, 1] and which is equal to 1 on A.

Proof. Consider the function defined on R by

θ(t) =

{
Ce−1/(1−t2) if |t| < 1,
0 if |t| > 1,

where C is a constant such that
∫

R θ(t) dt = 1. This function is C∞ on R and
is supported on the interval [−1, 1]. For any real number ε > 0 the function
x 7→ θε(x) = θ(|x|/ε) (where |x| = (x2

1+ · · ·+x2
n)1/2) is C∞ on Rn. Its support

is the closed ball of centre 0 and radius ε and its image is contained in [0, 1].
Let B be a relatively compact open set in Rn such that A b B b U . Set

ψ = χB ∗ θε,

where χB is the characteristic function of B. The function ψ is C∞ on R and
its image is contained in [0, 1]. If ε < 1

2 min
(

dist(B, {U),dist(A, {B)
)

then
the support of ψ is a compact set contained in U and ψ is constant and equal
to 1 on A. �

Lemma 2.2. Let U be a locally finite open cover of a differentiable mani-
fold X. We can choose open sets U ′ for every U ∈ U such that U

′ ⊂ U and
the family of open sets U ′ is again an open cover of X.

Proof. We assume without loss of generality that X is connected. Passing
to a subsequence if necessary, we may assume that U is countable since X
is a countable union of compact sets. (We take U ′ = ∅ for any U we have
suppressed.) We write U = {U1, U2, U3, . . .}.

Set C1 = U1 r (
⋃
k>2 Uk): C1 is a closed subset of U1 and X = C1 ∪ U2 ∪

U3 ∪ · · · . Let U ′1 be an open set such that C1 ⊂ U ′1 ⊂ U
′
1 ⊂ U1.

Set C2 = U2 r (U ′1 ∪ (
⋃
k>3 Uk)): C2 is a closed subset of U2 and X =

U ′1 ∪ C2 ∪ U3 ∪ · · · . Let U ′2 be an open set such that C2 ⊂ U ′2 ⊂ U
′
2 ⊂ U2.

Iterating this construction we get a family (U ′k)k∈N of open sets in X such
that U

′
k ⊂ Uk. It remains to prove that this family is an open cover of X.

For any x ∈ X, there is a largest integer n such that x ∈ Un, since U is
locally finite. By construction of the sets U ′k,

x ∈ U ′1 ∪ · · ·U ′n ∪
( ⋃
k>n+1

Uk

)
.
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It follows that x ∈
⋃
k>1 U

′
k because x cannot disappear when we replace Uk

by U ′k for any k > n+ 1 – by definition of n we know that x /∈ (
⋃
k>n+1 Uk).

�

Theorem 2.3. Let X be a differentiable manifold. For any open covering
(Ωi)i∈I of X we can find functions (αi)i∈I such that

1) αi is C∞ and has compact support in Ωi,
2) only a finite number of the functions αi are not identically zero on any

compact set in X,
3) αi(x) > 0 and

∑
i∈I αi(x) = 1 for any x ∈ X.

Definition 2.4. A family of functions (αi)i∈I satisfying the conditions of
Theorem 2.3 is called a locally finite partition of unity subordinate to the open
cover (Ωi)i∈I .

Proof (of Theorem 2.3). Suppose initially that the open cover (Ωi)i∈I is lo-
cally finite (i.e. every compact set only meets a finite number of sets Ωi), all
the sets Ωi are relatively compact in X and the closure of each Ωi is con-
tained in a chart domain. Applying Lemma 2.2, we can find a new open cover
(Ω′i)i∈I indexed by the same set such that Ω

′
i ⊂ Ωi. By Lemma 2.1, there

are C∞ functions (ϕi)i∈I with image contained in [0, 1] such that the support
of ϕi is contained in Ωi and ϕi is equal to 1 on Ω′i. The sum ϕ =

∑
i∈I ϕi

is well defined on X since for any x ∈ X only a finite number of the values
ϕi(x) are non-zero. This function is everywhere > 1. The functions αi = ϕi

ϕ
satisfy the conditions of the theorem.

Suppose now that the open cover (Ωi)i∈I is arbitrary. As X is a count-
able union of compact sets we can find a locally finite refinement of (Ωi)i∈I ,
(Gj)j∈J , indexed by a set J and a map from J to I, j 7→ i(j) such that
each Gj is relatively compact in X, the set Gj is contained in a chart domain
and Gj ⊂ Ωi(j) for any j ∈ J . By the first part of the proof there is a partition
of unity (γj)j∈J subordinate to the cover (Gj)j∈J . Set αi =

∑
i(j)=i γj for ev-

ery i ∈ I. The family (αi)i∈I then satisfies the conditions of the theorem. �

3 Cotangent space at a point and differential forms of
degree 1

Let X be a Cq differentiable manifold of dimension n and consider a point
x ∈ X. We consider the set of pairs (U, f) such that U is an open set in X
containing x and f is a function such that f ∈ Cp(U) for some p 6 q. We
define an equivalence relation on this set by setting (U, f) ∼ (U ′, f ′) if and
only if there is an open set W ⊂ U ∩ U ′ such that x ∈ W and f

∣∣
W

= f ′
∣∣
W ′

.
A germ of a Cp function at x is an equivalence class for the above relation;
when there is no risk of confusion we will often identify a germ with one of
its representatives.
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Definition 3.1. For any p > 1 a Cp function f defined on a neighbourhood W
of a point x ∈ X is said to be stationary at x if there is a chart (U, h) such
that x ∈ U ⊂ W and all the first-order partial derivatives of f ◦ h−1 vanish
at h(x). A germ of a Cp function (p > 1) at x is stationary if and only if any
of its representatives is stationary at x. (Note that if one representative is
stationary then all the others are as well.)

Let Cpx(X) be the set of germs of Cp functions at x and let Spx(X) be the
subset of Cpx(X) consisting of stationary germs. The set Cpx(X) is an R-vector
space and Spx(X) is a subspace of Cpx(X). We note that Cpx(X)/Spx(X) '
C1x(X)/S1

x(X) for any p > 1.

Definition 3.2. Let X be a Cq manifold for some q > 1. The vector space
T ∗x (X) = C1x(X)/S1

x(X) is called the cotangent space to X at x. If f ∈ C1x(X)
then we denote its image in T ∗x (X) by (df)x. Elements of T ∗x (X) are called
differentials at x.

Let (U, h) be a chart such that x ∈ U and consider the map

θh,x : T ∗x (X) −→ L(Rn,R)

(df)x 7−→ d(f ◦ h−1)(h(x)).

The map θh,x is linear and injective. If (x1, . . . , xn) are the local coordinates
at x defined by the chart (U, h) then the family of forms d(xj ◦ h−1)(h(x))
is a basis for L(Rn,R). This means that θh,x is also surjective, so it is an
isomorphism. The vector space T ∗x (X) has dimension n and (dx1)x, . . . , (dxn)x
is a basis of T ∗x (X).

We now express an element (df)x of T ∗x (X) in terms of this basis:

d(f ◦ h−1)(h(x)) =
n∑
j=1

∂f ◦ h−1

∂xj
(h(x))d(xj ◦ h−1)(h(x)),

so (df)x =
∑n
j=1

∂f◦h−1

∂xj
(h(x))(dxj)x.

Definition 3.3. We define T ∗(X) to be the disjoint union of the spaces
T ∗x (X) for all x ∈ X. This union is called the cotangent space of X. We
denote the natural projection from T ∗(X) to X by p.

Definition 3.4. Let X be a Cq differentiable manifold for some q > 1. Let A
be an open set in X. A differential form of degree 1 on A is a map ω : A →
T ∗(X) such that p ◦A = Id.

Let (U, h) be a chart on X and let (x1, . . . , xn) be the associated local
coordinates. If ω is a differential form of degree 1 on A then, for any x ∈ A∩U ,

ω
∣∣
A∩U (x) =

n∑
j=1

aj(x)(dxj)x.
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Let dxj be the differential form of degree 1 defined on U by x 7→ (dxj)x.
We can then write

ω
∣∣
A∩U =

n∑
j=1

ajdxj ,

where the functions aj are defined on A ∩ U .
The form ω is said to be C` for some ` < q if the functions aj are C` on

A ∩ U . A straightforward calculation shows that this is independent of the
choice of coordinates.

Example 3.5. If f is a C1 function on an open set A in X then the map
x 7→ (df)x defines a differential form of degree 1 which is continuous on A.
This form is called the differential of the function f . If A is an open set in Rn
then the differential df thus defined is simply the differential map of f . (Here
we have identified T ∗xX with L(Rn,R) for all x ∈ A.)

4 The tangent space at a point and vector fields

Let X be a Cq differentiable manifold of dimension n for some q > 1 and let x
be a point in X.

A curve in X passing through x ∈ X is a C1 map α from an open interval I
in R to X such that 0 ∈ I and α(0) = x. We define an equivalence relation
on the set of curves in X passing through x by α ∼ β if and only if for any
C1 function f defined in a neighbourhood of x,

d

dt
(f ◦ α)(0) =

d

dt
(f ◦ β)(0).

We leave it to the reader to check that if X is an open set in Rn then α ∼ β
if and only if α′(0) = β′(0).

Definition 4.1. The set of equivalence classes of curves in X passing
through x for the above relationship is called the tangent space to X at x.
We denote it by Tx(X).

If ν ∈ Tx(X) and f is a C1 function defined in a neighbourhood of x then
we set

ν(f) =
d

dt
(f ◦ α)(0),

for any representative α of ν. This can be interpreted as a directional deriva-
tive. When X = Rn, it is easy to check that

ν(f) = lim
t→0

f(x+ tα′(0))− f(x)
t

.
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Note that ν(f) = ν(g) if f and g are functions in C1x(X) and f−g ∈ S1
x(X).

If ν ∈ Tx(X) we can therefore define a map, also denoted by ν, from T ∗x (X)
to R by

ν : (df)x 7−→
d

dt
(f ◦ α)(0),

where f represents the element (df)x in T ∗x (X) and α represents ν. Let us
check that if ν1 and ν2 give rise to the same map from T ∗x (X) to R then they
are equal in Tx(X). Let αi be a representative of νi for i = 1, 2. If ν1 and ν2
are equal as maps from T ∗x (X) to R then, for any C1 function f defined in a
neighbourhood of x,

d

dt
(f ◦ α1)(0) =

d

dt
(f ◦ α2)(0)

but this implies that α1 and α2 are in the same class and hence ν1 = ν2 in
TxX. A tangent vector to X at x can therefore be thought of as a linear form
on T ∗x (X).

Proposition 4.2. Consider a tangent vector ν ∈ Tx(X) and let f and g be
C1 functions defined in a neighbourhood of x. Then, for any a, b ∈ R,

ν(af + bg) = aν(f) + bν(g)
ν(fg) = ν(f)g(x) + f(x)ν(g).

(A map with these properties is called a derivation at x.)

Proof. This is a straightforward application of the definitions. �

Example. Let (U, h) be a chart at x ∈ X such that h(x) = 0 and let
(x1, . . . , xn) be the local coordinates defined by this chart. Let ( ∂

∂xj
)x be

the class of the curve t 7→ h−1(0, . . . , 0, t
rgj
, 0, . . . , 0) for all j = 1, . . . , n. If f

is a C1 function on some neighbourhood of x then, for any j = 1, . . . , n,( ∂

∂xj

)
x
(f) =

∂

∂xj
(f ◦ h−1)(0).

Proposition 4.3. The vectors ( ∂
∂x1

)x, . . . ,( ∂
∂xn

)x form a basis for (T ∗x (X))∗,
the dual of T ∗x (X).

Proof. It is enough to check that the vectors ( ∂
∂x1

)x, . . . ,( ∂
∂xn

)x are dual to
the basis ((dxj)x)j=1,...,n of T ∗x (X). To do this we calculate ( ∂

∂xj
)x(xk):

( ∂

∂xj

)
x
(xk) = 0 if j 6= k and

( ∂

∂xj

)
x
(xk) = 1 if j = k

which proves the proposition. �
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Theorem 4.4. The tangent space to X at x can be identified with the dual
of the cotangent space to X at x. In other words, TxX = (T ∗x (X))∗.

Proof. By the remark following Definition 4.1 and the first part of Proposition
4.2 we know that Tx(X) injects into (T ∗x (X))∗. It remains to prove the oppo-
site inclusion. Let (U, h) be a chart of X such that x ∈ U, h(x) = 0 and h(U)
is the open set {x ∈ Rn | supj=1,...,n |xj | < 1}. By Proposition 4.3, for any
L ∈ (T ∗x (X))∗ there are real numbers a1, . . . , an such that L =

∑n
j=1 aj(

∂
∂xj

)x.
Consider a set of functions γj , j = 1, . . . , n, defined on an open interval I of R
containing 0 such that |γj(t)| < 1 for any t ∈ I and γj(t) = ajt in some
neighbourhood of 0. Let Γ be the curve in X passing through x defined by
Γ = h−1 ◦ γ, where γ(t) = (γ1(t), . . . , γn(t)). The form L is then equal to the
class of Γ and it follows that (T ∗x (X))∗ ⊂ Tx(X). �

Remark. The space T ∗x (X) is therefore the dual of Tx(X) and the bases
((dxj)x)j=1,...,n and (( ∂

∂xj
)x)j=1,...,n are dual bases.

It follows that, for any (df)x ∈ T ∗x (X),

(df)x =
n∑
j=1

( ∂

∂xj

)
x
(df)x(dxj)x =

n∑
j=1

( ∂

∂xj

)
x
f(dxj)x.

We can define the C-vector space of complex differential 1-forms at the
point x ∈ X by considering complex-valued functions. We denote this space
by CT ∗xX: it can be identified with the space of R-linear maps from TxX to C.
The vector space CT ∗xX is in fact the complexification C⊗R T ∗xX of the real
vector space T ∗xX. It is a vector space of complex dimension n. We can also
consider the complexification CTxX of the real vector space TxX. An element
ν ∈ CTxX can be uniquely written in the form ν = ν1 + iν2 where ν1, ν2 ∈
TxX. A complex-valued differential 1-form ω can be naturally extended to a
C-linear map ωC : CTxX → C on setting ωC(ν1 + iν2) = ω(ν1) + iω(ν2). It is
easy to show that CT ∗xX and CTxX are naturally dual as C-vector spaces.

Definition 4.5. We define T (X) to be the disjoint union of the spaces Tx(X)
for all x ∈ X. It is called the tangent space of X and we denote the natural
projection from T (X) to X by p.

Definition 4.6. Let X be a Cq differentiable manifold for some q > 1, and
let A be an open set in X. A vector field on A is a map V : A→ T (X) such
that p ◦ V = Id.

Let (U, h) be a chart on X and let (x1, . . . , xn) be the associated local
coordinates. If V is a vector field on A and x is a point in A ∩ U then

V
∣∣
A∩U (x) =

n∑
j=1

aj(x)
( ∂

∂xj

)
x
.
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Let ∂
∂xj

be the vector field defined on U by x 7→ ( ∂
∂xj

)x. We can then write

V
∣∣
A∩U =

n∑
j=1

aj
∂

∂xj
,

where the functions aj are defined on A ∩ U .
The vector field V is said to be C` for some ` < q if the functions aj are

all C` on A ∩ U .

5 The algebra of differential forms

Let X be a Cq differentiable manifold for some q > 1, and let x be a point
of X.

We consider the rth exterior product over R of the cotangent space T ∗x (X)
to X at x, which we denote by ΛrT ∗x (X). The reader will find the definitions
and main properties of the rth exterior product of a vector space in [Lan]. In
our setting we will use the following interpretation of the rth exterior power,
which is the most concrete one.

By definition Λ0T ∗x (X) = R and for any r > 1 we identify ΛrT ∗x (X) with
the R-vector space of r-linear alternating forms on Tx(X). This is possible
because T ∗x (X) is dual to Tx(X). By an r-linear alternating form on Tx(X)
we mean an r-linear map

ω : Tx(X)× · · · × Tx(X)︸ ︷︷ ︸
r times

−→ R

such that, for any ν1, . . . , νr ∈ Tx(X) and any permutation σ of {1, . . . , r},

ω(νσ(1), . . . , νσ(r)) = sign(σ)ω(ν1, . . . , νr),

where sign(σ) is the signature of the permutation σ. In particular,
ω(ν1, . . . , νr) = 0 if νi = νj for some pair (i, j) such that i 6= j.

Remark. We have Λ1T ∗x (X) = T ∗x (X) and ΛrT ∗x (X) = {0} for any r >
dimT ∗x (X) = dimX.

The exterior algebra of T ∗x (X) is the sum Λ•T ∗x (X) =
⊕

r>0 Λ
rT ∗x (X).

A. Exterior product

The exterior product of an r-form ω in ΛrT ∗x (X) and an s-form η in ΛsT ∗x (X)
is an (r + s)-form denoted by ω ∧ η and defined by

ω ∧ η(ν1, . . . , νr+s) =
1
r!s!

∑
σ

sign(σ)ω(νσ(1), . . . ,νσ(r))η(νσ(r+1), . . . ,νσ(r+s)),
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where the sum is taken over all permutations σ of the set {1, . . . , r + s}. If r
or s is zero – if r = 0, for example – then ω is a real number and we set
ω ∧ η = ωη.

The above equation, together with the distributivity law for addition, al-
lows us to define the exterior product of any two elements in Λ•T ∗x (X). This
produces an internal composition law on Λ•T ∗x (X) which we denote by ∧. It
is easy to check that ∧ is associative but not commutative. However, we do
have

ω ∧ η = (−1)rsη ∧ ω if ω ∈ ΛrT ∗x (X) and η ∈ ΛsT ∗x (X).

Let (U, h) be a chart of X in a neighbourhood of x and let (x1, . . . , xn) be
the associated local coordinates. For any r ∈ {1, . . . , n} the family of elements
of the form

{(dxj1)x ∧ · · · ∧ (dxjr )x, 1 6 j1 < · · · < jr 6 n}

is a basis of ΛrT ∗x (X). In particular, dimΛrT ∗x (X) =
(
n
r

)
and any r-form ω

in ΛrT ∗x (X) can be written in the form

ω =
∑
J

aJ(dxJ)x,

where the sum is taken over all strictly increasing r-tuplets (j1, . . . , jr) of
{1, . . . , n}r. Here, we set

(dxJ)x = (dxj1)x ∧ · · · ∧ (dxjr )x if J = (j1, . . . , jr).

We note that the coordinates aJ of ω in this basis are given by

aJ = ω
(( ∂

∂xj1

)
x
, . . . ,

( ∂

∂xjr

)
x

)
where J = (j1, . . . , jr).

Definition 5.1. Let X be a Cq differentiable manifold for some q > 1 and
let A be an open set in X. A differential r-form or a differential form of
degree r on A is a map ω : A → Λ•T ∗(X) =

⋃
x∈X Λ

•T ∗x (X) such that
p ◦ ω = Id, where p is the natural projection from Λ•T ∗(X) to X.

Let (U, h) be a chart of X and let (x1, . . . , xn) be the associated local
coordinates. If ω is a differential r-form on A then for any point x ∈ A ∩ U

ω
∣∣
A∩U (x) =

∑
J=(j1,...,jr)
j1<···<jr

aJ(x)(dxJ)x.

Let dxJ be the differential form of degree r defined by x 7→ (dxJ)x. Then

ω
∣∣
A∩U =

∑
J=(j1,...,jr)
j1<···<jr

aJdxJ ,
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where the functions aJ are defined on A ∩ U . The differential form ω is said
to be C` for some ` < q if and only if the functions aJ are C` on A ∩ U . Let
C`r(A) be the vector space of differential forms of degree r which are C` on A.

If ω ∈ C`r(A) and η ∈ C`s(A) then the differential form ω ∧ η defined by
ω∧η(x) = ω(x)∧η(x) for any x ∈ A is contained in C`r+s(A). The differential
form dxJ , where J = (j1, . . . , jr), is the exterior product dxj1 ∧ · · · ∧ dxjr .

Consider the vector space
⊕

r>0 C`r(A). The exterior product ∧ de-
fined above is an internal composition law on

⊕
r>0 C`r(A) and the space⊕

r>0 C`r(A) is therefore an algebra called the algebra of C` differential forms
on A. This algebra is denoted by C`•(A).

B. Exterior derivative

As seen in example 3.5, the differential df of a C1 function f on an open set A
in X defines a continuous 1-form on A; there is therefore a map d : C1(A)→
C01(A) which satisfies the Leibniz rule

d(fg) = gdf + fdg.

(This can be easily checked using the definition.)
We want to extend d to the whole of the algebra C`•(A) for any ` > 1.

Theorem 5.2. Let X be a Cq differentiable manifold for some q > 2 and
let ` be an integer such that 0 6 ` < q. There is then a unique linear map
d : C1• (X)→ C0• (X) such that

i) df is the differential of f for any f ∈ C1(X)
ii) if 1 6 ` < q and r > 0 then dω ∈ C`−1

r+1(X) for any ω ∈ C`r(X),
iii) if f ∈ C`(X) and 2 6 ` 6 q then d(df) = 0,
iv) if ω1 ∈ C1r (X) and ω2 ∈ C1s (X) then

d(ω1 ∧ ω2) = dω1 ∧ ω2 + (−1)rω1 ∧ dω2.

The map d thus defined is called the exterior derivative on X.

Proof. We note first that if d exists then it is a local operator. In other
words, if ω1 and ω2 are two differential forms of degree r on X which are
equal on an open set U in X then dω1 and dω2 are equal on U .We prove this
by showing that if ω ∈ C1r (X) vanishes on U then dω = 0 on U . Consider
a point x ∈ U and a function f ∈ C1(X) such that f(x) = 0 and f ≡ 1 on
some neighbourhood of XrU : if ω ∈ C1r (X) vanishes on U then we can write
ω = fω. By property 4) of d,

dω = d(fω) = df ∧ ω + fdω

and since f(x) = 0 and ω(x) = 0, we get dω(x) = 0.
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To prove the uniqueness of any operator d satisfying 1), 2), 3) and 4) it
is therefore enough to consider the case where X is a chart domain U of X.
If (U, h) is a chart of X and (x1, . . . , xn) are the associated local coordinates
then ω ∈ C1r (U) can be written in the form

ω =
∑
J

aJdxJ ,

where for any J = (j1, . . . , jr) ∈ Nr such that j1 < · · · < jr, dxJ = dxj1 ∧
· · · ∧ dxjr and aJ ∈ C1(U).

Since d is linear and d(dxj) = 0 on applying 4) we get

dω =
∑
J

daJ ∧ dxJ

and d is therefore entirely determined by its value on functions.
As the operator d, if it exists, is local and unique, it is enough to show

that it exists on any chart domain U . Moreover, by linearity it is enough to
define d on C1r (U). Let (U, h) be a chart of X and let (x1, . . . , xn) be the
associated local coordinates. If ω ∈ C1r (U),

ω =
∑

J=(j1,...,jr)
j1<···<jr

aJdxJ on U

then we set

dω =
∑

J=(j1,...,jr)
j1<···<jr

daJ ∧ dxJ =
∑

J=(j1,...,jr)
j1<···<jr

n∑
j=1

∂aJ
∂xj

dxj ∧ dxJ on U.

It is easy to check that the map d satisfies 1), 2), 3) and 4). �

Corollary 5.3. If 2 6 ` 6 q then d(dω) = 0 for any ω ∈ C`•(X).

Proof. It will be enough to prove the result in a chart domain. Let (U, h) be
a chart and let (x1, . . . , xn) be the associated local coordinates. If ω ∈ C`r(X)
then

ω
∣∣
U

=
∑

J=(j1,...,jr)
j1<···<jr

aJdxJ

dω
∣∣
U

=
∑

J=(j1,...,jr)
j1<···<jr

daJ ∧ dxJ .and

Then
d(dω

∣∣
U

) =
∑

J=(j1,...,jr)
j1<···<jr

(d(daJ) ∧ dxJ − daJ ∧ d(dxJ))

using 4) and the linearity of d. By property 3) of d, d(daJ) = 0 and as
d(dxJ) = d(dxj1 ∧ · · · ∧ dxjr ) it follows from 4) and 3) that d(dxJ) = 0. We
finally get d(dω

∣∣
U

) = 0. �
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C. Pullback

Let X and Y be two differentiable manifolds and let µ : X → Y be a C1 map.
For any x ∈ X the map µ induces a map dµx from TxX to Tµ(x)Y , defined as
follows: dµx(ν) is the class of the curve µ ◦ α, where α represents ν ∈ TxX.
Transposing, we get a map µ∗x : ΛrT ∗µ(x)Y → ΛrT ∗xX, defined by

µ∗xω(ν1, . . . , νr) = ω
(
dµx(ν1), . . . , dµx(νr)

)
, for any ν1, . . . , νr ∈ TxX.

If ω is a differential form on an open setW in Y then we define a differential
form µ∗ω on µ−1(W ) by setting (µ∗ω)(x) = µ∗x(ω(µ(x))) for any x in µ−1(W ).
This is the pullback of ω under µ. We check that µ∗f = f ◦µ for any function
f ∈ C1(Y ) and, since the operator d is just the usual derivative in this case,

d(µ∗f)(x) = d(f ◦ µ)(x) = df(µ(x)) ◦ dµ(x) = µ∗(df)(x).

Let (U, h) and (V, k) be two charts of X and Y respectively defining local
coordinates (x1, . . . , xn) and (y1, . . . , ym). We assume that µ(U) ⊂ V . Let ω
be a differential form on an open set W in Y whose restriction to V ∩W can
be written in the form

ω
∣∣
V ∩W =

∑
J=(j1,...,jr)
j1<···<jr

bJdyj1 ∧ · · · ∧ dyjr .

Then
µ∗ω =

∑
J=(j1,...,jr)
j1<···<jr

bJ ◦ µ d(yj1 ◦ µ) ∧ · · · ∧ d(yjr ◦ µ).

Proposition 5.4. Let X and Y be two Cq differentiable manifolds and let µ
be a Cq map from X to Y .

i) The pullback µ∗ is a homomorphism of algebras from C0• (Y ) to C0• (X) such
that

µ∗(C`r(Y )) ⊂ C`r(X) for any 0 6 ` < q and r > 0.

ii) µ∗ commutes with the exterior derivatives dX and dY on X and Y . More
precisely, if ω is a C` differential form on Y for some 1 6 ` < q then

dX(µ∗ω) = µ∗(dY ω).

iii) If Z is a Cq differentiable manifold and λ : Y → Z is a Cq map then

(λ ◦ µ)∗ = µ∗ ◦ λ∗.

Proof. i) follows from the explicit expression in local coordinates.
We get ii) by taking a chart domain V on Y . Writing ω ∈ C`r(Y ) in the

form
ω =

∑
J=(j1,...,jr)
j1<···<jr

bJdyJ on V
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we see that

µ∗ω =
∑

J=(j1,...,jr)
j1<···<jr

bJ ◦ µ d(yj1 ◦ µ) ∧ · · · ∧ d(yjr ◦ µ)

dX(µ∗ω) =
∑

J=(j1,...,jr)
j1<···<jr

d(bJ ◦ µ) ∧ d(yj1 ◦ µ) ∧ · · · ∧ d(yjr ◦ µ)

=
∑

J=(j1,...,jr)
j1<···<jr

µ∗(dbJ) ∧ µ∗(dyj1) ∧ · · · ∧ µ∗(dyjr )

= µ∗
( ∑
J=(j1,...,jr)
j1<···<jr

dbJ ∧ dyJ
)

= µ∗(dY ω)

since µ∗ is an algebra homomorphism and ii) holds for functions.
We prove iii) by simply applying the definition of the pullback map. �

6 Integration of differential forms

In this section we will show how to integrate differential n-forms on an oriented
differentiable manifold of dimension n.

A. Orientable manifolds

Definition 6.1. A Cq manifold X of dimension n is said to be orientable if
there is a continuous differential form Ω of degree n on X which does not
vanish on X. Two differential forms Ω1 and Ω2 define the same orientation
on X if there is a continuous positive function f on X such that Ω1 = fΩ2.
An orientable manifold on which we have chosen an orientation is said to be
oriented.

Remark. The vector space ΛnT ∗x (X) has dimension 1 for any x ∈ X, so any
continuous non-vanishing n-forms Ω1 and Ω2 on X differ by a continuous
non-vanishing function on X. This function therefore has constant sign on
any connected component of X. If X is orientable and connected there are
therefore exactly two possible orientations on X.

If X is oriented by Ω then the system of local coordinates (x1, . . . , xn)
associated to the chart (U, h) is said to be positively oriented if the differential
form dx1 ∧ · · · ∧ dxn defines the same orientation as Ω,

Let µ : (X1, Ω1)→ (X2, Ω2) be a C1 diffeomorphism between two oriented
differentiable manifolds X1 and X2. We say that µ is orientation preserving
if µ∗Ω2 = fΩ1 for some positive function f on X1.
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Examples.

1) If (t1, . . . , tn) are the usual coordinates on Rn then the differential n-form
dt1 ∧ · · · ∧ dtn defines an orientation on Rn.

2) A non-empty open set D in Rn is an oriented manifold with the orientation
induced by the orientation on Rn.

3) If D ⊂ Rn is an open set with Ck boundary for some k > 1 then the
usual orientation on D induces an orientation on bD in the following way.
Consider a point x ∈ bD and let r be a Ck defining function for D in a
neighbourhood U of x. In other words,

U ∩D = {y ∈ U | r(y) < 0} and dr(y) 6= 0 for any y ∈ U ∩ bD.

Restricting U , we can assume there is a positively oriented system of
coordinates defined by a chart (U, h) such that h = (r, x2, . . . , xn). The
(n−1) last coordinates then form a system of local coordinates on bD∩U .
We orient bD∩U using the (n−1)-form i∗(dx2∧· · ·∧dxn), where i is the
inclusion of bD ∩U in U . This orientation is independent of the choice of
defining function r on D and can be extended to the whole of bD using a
partition of unity (cf. Chap. II, §8).

If X is a Cq manifold of dimension n for some q > 1 and if (Ui, hi) and
(Uj , hj) are two charts in X then

hi ◦ h−1
j : hj(Ui ∩ Uj) −→ Rn

is a Cq map. We set

dij(x) = det[J(hi ◦ h−1
j )(hj(x))] for any x ∈ Ui ∩ Uj ,

where J is the Jacobian matrix.

Proposition 6.2. The manifold X is orientable if and only if X has an atlas
{(Ui, hi)}i∈I such that dij(x) > 0 for every i, j ∈ I and any x ∈ Ui ∩ Uj.

Proof. We can assume that X is connected. Let Ω be a continuous differential
form of degree n on X which does not vanish on X. If (Ua, ha) is a chart whose
associated local coordinates are (x1, . . . , xn) then we set Ωa = dx1∧· · ·∧dxn.
This is a continuous n-form without zeros on Ua. For any a ∈ X there is
a chart (Ua, ha) such that a ∈ Ua and Ω = gaΩa, where ga is a continuous
strictly positive function on Ua. (We simply replace ha(x) = (x1, . . . , xn) by
(x1, . . . , xn−1,−xn) if necessary.) Moreover, Ωa = dabΩb on Ua ∩ Ub, and it
follows that dab = gb

ga
> 0 on Ua ∩ Ub.

Conversely, suppose that {(Ui, hi)}i∈I is an atlas of X such that dij > 0
on Ui ∩ Uj for any i, j ∈ I. As above, we set Ωi = dx1 ∧ · · · ∧ dxn, where
the (x1, . . . , xn) are the local coordinates associated to the chart (Ui, hi). Let
(χi)i∈I be a Cq partition of unity subordinate to the open cover (Ui)i∈I and
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set Ω =
∑
i∈I χiΩi. The differential form Ω is Ck−1 and has degree n on X.

Moreover, for any a ∈ X, if Ia denotes the set of indices i ∈ I such that
a ∈ suppχi, then

Ω(a) =
∑
i∈Ia

χi(a)Ωi(a) =
(∑
i∈Ia

χi(a)dii0(a)
)
Ωi0(a)

for any i0 ∈ Ia. Since
∑
i∈Ia χi(a) = 1, dii0(a) > 0 for any i ∈ I and χi > 0,

we have Ω(a) 6= 0. �

B. Integration of differential forms

We start by defining integration of differential forms on open sets in Rn and
then extend it to differentiable manifolds.

1) Open sets in Rn. Let U be an open set in Rn and let η ∈ C0n(U) be a
continuous differential form of degree n with compact support in U . There is
then a unique continuous function f with compact support on U such that

η = fdx1 ∧ · · · ∧ dxn.

We set ∫
U

η =
∫
U

fdx1 · · · dxn,

where the right-hand side is the integral of f on U with respect to Lebesgue
measure on Rn.

If W is an open set in Rn and F : W → F (W ) = U is a C1 diffeomorphism
then the change of variable formula for the Lebesgue integral on Rn says that∫

F (W )

f(x)dx1 · · · dxn =
∫
W

f(F (t))|det(dF (t))|dt1 · · · dtn.

If F is orientation-preserving then

det(dF (t)) > 0 for all t ∈W

and therefore∫
W

f(F (t))|det(dF (t))|dt1 · · · dtn =
∫
W

f ◦ FdF1 ∧ · · · ∧ dFn

=
∫
W

F ∗(fdx1 ∧ · · · ∧ dxn)

and hence
∫
F (W )

η =
∫
W
F ∗(η).
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2) Manifolds. Let X be an oriented Cq differentiable manifold of dimension n
and let (U, h) be a chart on X whose local system of coordinates (x1, . . . , xn) is
positively oriented. If ω ∈ C0n(U) is a continuous differential form of degree n
with compact support on U then we set∫

U

ω =
∫
h(U)

(h−1)∗ω,

where the right-hand side is the integral of the form (h−1)∗ω on the open set
h(U) in Rn defined in 1).

We now check that this definition is independent of the choice of chart
(U, h). Let (U, k) be another chart whose local system of coordinates is posi-
tively oriented. The map F = h ◦ k−1 : k(U) → h(U) is then an orientation-
preserving C1 diffeomorphism and by 1)∫

h(U)

(h−1)∗ω =
∫
k(U)

F ∗(h−1)∗ω =
∫
k(U)

(h−1 ◦ F )∗ω =
∫
k(U)

(k−1)∗ω

which proves that our definition of the integral is independent of the choice
of chart.

We now consider the problem of integrating differential forms whose sup-
port is not contained in a chart domain.

Let X be an orientable Cq differentiable manifold of dimension n. By
Proposition 6.2 there is then an atlas U of X whose chart domains are con-
nected and have the property that for any two charts (U, k) and (U ′, h′) in U
we have detJ(h′ ◦ h−1)(y) > 0 whenever y = h(x) for some x ∈ U ∩ U ′,
where J denotes the Jacobian matrix. Suppose that X is connected and ori-
ented and consider an atlas U = (Ui, hi)i∈I corresponding to the orientation
on X. Let (χi)i∈I be a partition of unity subordinate to the atlas (Ui)i∈I .
If ω is a continuous differential form of degree n with compact support in X
then we set ∫

X

ω =
∑
i∈I

∫
Ui

χiωi.

It is easy to show that this definition is independent of the choice of the
partition of unity and the atlas. If X is not connected then we set

∫
X
ω =∑

i∈I
∫
Xi
ω, where the sets Xi are the connected components of X.

The expression
∫
X
ω defined above is called the integral of the differen-

tial n-form ω on the oriented manifold X. We note that if we change the
orientation on X then the integral is multiplied by −1.

Remark. We have only defined the integral of continuous differential forms
with compact support: it is clear that this definition can be extended to other
classes of forms, such as forms with L1 coefficients, as in the case of Rn.
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7 Stokes’ theorem

We will not prove the most general version of Stokes’ theorem in this section,
but only the special case used in this book.

Theorem 7.1. Let X be an oriented Cq differentiable manifold of dimen-
sion n for some q > 2, and let D b X be a relatively compact open set in X
with C1 boundary. If ω ∈ C1n−1(D) then∫

bD

ω =
∫
D

dω.

Remarks.

1) The regularity hypothesis on ω means that ω is defined and continuous on
D and the coefficients of ω in the local system of coordinates associated
to a chart (U, h) are C1 on U ∩D. In other words, the partial derivatives
of the coefficients of ω defined on U ∩D can be extended continuously to
U ∩D.

2) The orientation of bD is assumed to be the orientation induced by the
orientation of D. We set ∫

bD

ω =
∫
bD

i∗ω,

where i is the inclusion of bD in X.

Proof (of Theorem 7.1). As the set D is compact, we can find a finite number
of charts (Ui, hi)16i6` of X such that D⊂

⋃`
i=1 Ui and if Ui ∩ bD 6=∅ for

some i then hi = (r, h′i), where h′i : Ui → Rn−1 is defined by restricting the
local coordinates on bD to Ui ∩ bD and D ∩ Ui = {x ∈ Ui | −1 < r(x) < 0}.
Let (χi) be a Cq partition of unity subordinate to the open cover (Ui)16i6`.
By linearity it is enough to prove that∫

bD∩Ui
χiω =

∫
D∩Ui

d(χiω) for any 1 6 i 6 `.

We start by considering the case where bD ∩ Ui 6= ∅. The chart (Ui ∩
bD, h̃i = h′i

∣∣
bD∩Ui

) is then a positively oriented chart of bD. For ease of
notation we write U instead of Ui, h instead of hi and χ instead of χi.

We set (h−1)∗(χω) =
∑n
j=1 gj(t)dt1 ∧ · · · ∧ dtj−1 ∧ dtj+1 ∧ · · · ∧ dtn, where

the functions gj ∈ C1(U ∩D) have compact support. Then

(h̃−1)∗i∗(χω) = g1(0, t2, . . . , tn)dt2 ∧ · · · ∧ dtn

(h−1)∗d(χω) = d((h−1)∗χω) =
n∑
j=1

(−1)j−1 ∂gj
∂tj

dt1 ∧ · · · ∧ dtn.and
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As h(D ∩ U) ⊂ {t ∈ Rn | −1 < t1 < 0}, we have∫
D∩U

d(χω) =
n∑
j=1

(−1)j−1

∫
{t∈Rn|−1<t1<0}

∂gj
dtj

dt1 · · · dtn.

As the functions gj have compact support, we have∫
R

∂gj
∂tj

dtj = 0, j = 2, . . . , n and
∫ 0

−1

∂g1
∂t1

dt1 = g(0, t2, . . . , tn),

from which it follows that∫
D∩U

d(χω) =
∫

Rn−1
g1(0, t2, . . . , tn)dt2 · · · dtn

=
∫

eh(bD∩U)

(h̃−1)∗i∗(χω) =
∫
bD∩U

χω.

Assume now that Ui ∩ bD = ∅. We can assume that Ui ⊂ D and since∫
bD∩Ui χiω = 0 it is enough to prove that

∫
Ui
d(χiω) = 0. Repeating the

above calculations, we are led to integrate differentials of C1 functions with
compact support in Rn, where the index j = 1 now has the same behaviour
as the others. It follows that

∫
Ui
d(χiω) = 0. �

Remarks 7.2.

1) If X is a compact manifold and X = D then bD = ∅ and
∫
X
dω = 0 for

any form ω ∈ C1n−1(X).
2) It is easy to extend Stokes’ theorem to domains with piecewise C1 bound-

aries in the following way. There is a finite cover {U1, . . . , U`} of bD by
open sets in X and there are functions ri ∈ C1(Ui) such that

D ∩
( ⋃̀
i=1

Ui

)
=
{
x ∈

⋃̀
i=1

Ui | ri(x) < 0,∀x ∈ Ui,∀ i = 1, . . . , `
}

and dri1 ∧ · · · ∧ driν 6= 0 on Ui1 ∧ · · · ∧Uiν for every subset {i1, . . . , iν} in
{1, . . . , `}. We set Σi = {x ∈ Ui | ri(x) = 0} and Si = Σi ∩ bD: the sets
◦
Si are then manifolds and bD =

⋃`
i=1 Si. If we set

∫
bD
ω =

∑`
i=1

∫
◦
Si
ω

then Stokes’ formula still holds.
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Sheaf theory

This appendix contains the sheaf theoretic results needed to understand the
proof of the Dolbeault isomorphism in Chapter V.

Definition 1. Let X be a topological space. A presheaf F on X is given by
the following data:

i) a non-empty set F(U) for every open set U in X,
ii) a restriction map

ρUV : F(V ) −→ F(U)

for every pair (U, V ) of open sets in X such that U ⊂ V which has the
properties that
a) for any open set U in X ρUU = I,
b) whenever U ⊂ V ⊂W we have ρUW = ρUV ◦ ρVW .
If s ∈ F(V ) we will often simply write s

∣∣
V

for ρUV s.

If the sets F(U) are abelian groups (resp. rings) and the maps ρUV are
group (resp. ring) homomorphisms, then the presheaf F is a presheaf of
abelian groups (resp. of rings). In this case F(∅) = {0}.

If F and G are presheaves of abelian groups (or rings) then a morphism
of presheaves ϕ : F → G is a collection of homomorphisms ϕU : F(U) →
G(U) which commute with restriction maps, i.e. which have the property that
ρGUV ◦ ϕV = ϕU ◦ ρFUV .

Definition 2. A presheaf F is a sheaf if and only if it satisfies the following
gluing axioms.

(R1) Consider elements s1, s2 ∈ F(U). If the set U can be written in the form
U =

⋃
i∈I Ui and ρUiUs1 = ρUiUs2 for any i ∈ I then s1 = s2.

(R2) If U =
⋃
i∈I Ui and for any i ∈ I there is an si ∈ F(Ui) such that the

compatibility conditions

ρ(Ui∩Uj)Uisi = ρ(Ui∩Uj)Ujsj

hold then there is an s ∈ F(U) such that ρUiUs = si.
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Examples. If X is a complex analytic manifold then O, Cαp,q, 0 6 α 6∞ and
D′p,q are all sheaves on X.

A. Čech cohomology of a sheaf F

Let X be a topological space, let F be a sheaf of abelian groups on X and
let U = (Ui)i∈I be an open cover of X. For any p ∈ N we denote elements
of Ip+1 by α = (α0, . . . , αp) and for any such α we set Uα = Uα0 ∩ · · · ∩ Uαp .
A p-cochain c of the open cover U with values in F is a map associating an
element cα ∈ F(Uα) to any α ∈ Ip+1 which is an alternating function of α.
The set Cp(U ,F) of p-cochains of U with values in F is equipped with an
abelian group structure induced by the abelian group structure on F .

We define a coboundary operation δp : Cp(U ,F)→ Cp+1(U ,F) by

(δpc)α =
p+1∑
j=0

(−1)jcα0···bαj ···αp+1

∣∣
Uα
,

where the notation α̂j means the index αj has been suppressed. We set
Cp(U ,F) = 0 and δp = 0 whenever p < 0. In degrees 0 and 1 for example,

p = 0, c = (cα), (δ0c)αβ = (cβ − cα)
∣∣
Uαβ

p = 1, c = (cαβ ), (δ1c)αβγ = (cβγ − cαγ + cαβ)
∣∣
Uαβγ

.

It is an easy exercise for the reader that δp+1 ◦ δp = 0.
Let Zp(U ,F) = {c ∈ Cp(U ,F) | δpc = 0} be the group of p-cocycles of F

and let
Ep(U ,F) = {δp−1c | c ∈ Cp−1(U ,F)}

be the group of p-coboundaries of F . Ep(U ,F) is then a subgroup of Zp(U ,F).
We introduce the quotient group

Hp(U ,F) = Zp(U ,F)/Ep(U ,F)

which we call the pth Čech cohomology group of F with respect to U . We
note that if c is a 0-cocycle then cα− cβ = 0 in Uα ∩Uβ for any α and β. The
family (cα)α∈I then defines an element s ∈ F(X) such that s

∣∣
Uα

= cα and
hence

H0(U ,F) = F(X).

Let V = (Vj)j∈J now be another cover of X which is a refinement of U –
or in other words, such that there is a map ρ : J → I such that Vj ⊂ Uρ(j) for
every j ∈ J . We can then define a map ρ• : C•(U ,F)→ C•(V,F) by setting

(ρpc)α0···αp = cρ(α0)···ρ(αp)
∣∣
Vα0···αp

.

It is clear that this map commutes with δ and therefore defines a map ρ∗ :
Hp(U ,F)→ Hp(V,F). Note that the map ρ∗ is independent of the choice of ρ.
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Indeed, if ρ′ is another map with the same properties as ρ then the maps ρ•

and ρ′• are homotopic. We define a map hp : Cp(U ,F)→ Cp−1(V,F) by

(hpc)α0···αp−1 =
∑

06j6p−1

(−1)jcρ(α0)···ρ(αj)ρ′(αj)···ρ′(αp−1)

∣∣
Vα0···αp−1

.

A straightforward calculation gives us the homotopy formula

δp−1 ◦ hp + hp+1δp = ρ′p − ρp.

It follows that if c is a cocycle then ρ′•c − ρ•c = δh•c is a coboundary and
hence ρ∗ is equal to ρ′∗.

We can think of an open cover of X as being a subset of P(X). The family
of all open covers of X is then a set and we can consider the inductive limit
of the groups Hp(U ,F) with respect to the maps ρ∗.

The pth Čech cohomology group of F on X, Hp(X,F), is the inductive
limit

Hp(X,F) = lim−→
U
Hp(U ,F),

where U runs over the set of open covers of X. More precisely, this means
that the elements of Hp(X,F) are equivalence classes in the disjoint union
of the groups Hp(U ,F), where an element in Hp(U ,F) and an element in
Hp(V,F) are identified if their images are equal in some Hp(W,F), whereW
is an open cover of X which is a refinement of both U and V.

Proposition 3. Let X be a C∞ differentiable manifold and let E be the sheaf
of C∞ germs of functions on X. If F is a sheaf of E-modules on X then
Hp(U ,F) = 0 for any p > 0 and any open cover U on X. In particular,
Hp(X,F) = 0 for any p > 0.

Proof. Consider a cocycle c ∈ Zp(U ,F) and let (ϕi)i∈I be a C∞ partition of
unity subordinate to U . For any α ∈ Ip we set

c′α =
∑
i∈I

ϕiciα.

It is clear that c′ ∈ Cp−1(U ,F) because F is a sheaf of E-modules, and, for
any α ∈ Ip+1,

(δp−1c′)α =
∑
i∈I

ϕi

p∑
j=0

(−1)jciα0···bαj ···αp =
∑
i∈I

ϕi
(
cα − (δpc)iα0···αp

)
=
∑
i∈I

ϕicα = cα

because c is a cocycle. This completes the proof of the proposition. �
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B. The long exact cohomology sequence

Let F ,G and H be three sheaves of abelian groups on X and let ϕ and ψ be
sheaf morphisms such that the sequence

0 −→ F −→ G −→ H −→ 0

is exact. In other words, ϕ is injective, ψ is surjective and the image of ϕ is
equal to the kernel of ψ.

This exact sequence defines an exact sequence

0 −→ Cp(U ,F) −→ Cp(U ,G) −→ Cp(U ,H)

but the last map is not surjective in general. Let CpG(U ,H) be the image of
Cp(U ,G) in Cp(U ,H). It is easy to see that δ sends CpG(U ,H) to Cp+1

G (U,H).
We have therefore defined a complex of liftable cochains and we let Hp

G(U ,H)
be the associated cohomology groups. We therefore have an exact sequence

0 −→ Cp(U ,F) −→ Cp(U ,G) −→ CpG(U,H) −→ 0.

The following theorem then follows immediately from the snake lemma, which
is presented at the end of this appendix.

Theorem 4. There is a connecting morphism

δ∗ : Hp
G(U ,H) −→ Hp+1(U ,F)

and a long exact sequence

0 −→ H0(U ,F)
ϕ∗−→ H0(U ,G)

ψ∗−→ H0
G(U ,H) δ∗−→ H1(U ,F)

ϕ∗−→ H1(U ,G)
ψ∗−→ H1

G(U ,H) δ∗−→ H2(U ,F) −→ · · · ,

where ϕ∗ and ψ∗ are the natural maps induced by ϕ and ψ.

If V = (Vj)j∈J is a refinement of U and ρ : J → I is a map such that
Vj ⊂ Uρ(j) for any j ∈ J then we can define as above a map

ρ∗ : Hp
G(U ,H) −→ Hp

G(V,H)

which is independent of the choice of ρ.

Theorem 5. If X is paracompact (i.e. if X is Hausdorff and any open cover
of X has a locally finite refinement) and

0 −→ F −→ G −→ H −→ 0

is an exact sequence of sheaves then there is a long exact sequence

0 −→ H0(X,F) −→ H0(X,G) −→ H0(X,H) −→ H1(X,F) −→
−→ H1(X,G) −→ H1(X,H) −→ H2(X,F) −→ · · ·

which is the inductive limit over open covers U of X of the exact sequences of
Theorem 4.
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Proof. It is enough to prove that the natural map

lim−→
U
Hp
G(U ,H) −→ lim−→

U
Hp(U ,H)

is an isomorphism. To do this we will show that any cochain of H can be
lifted to G upon passing to a refinement.

Lemma 6. For any c ∈ Cp(U ,H) there is an open cover V = (Vj)j∈J which
is a refinement of U and a map ρ : J → I such that ρpc ∈ CpG(V,H).

Proof. Since X is paracompact we can assume that U is locally finite. We can
choose an open cover (Wi)i∈I such that W i ⊂ Ui for any i. For any x ∈ X
we choose an open neighbourhood Vx of x such that

i) Vx ⊂Wi for any x ∈Wi,
ii) if x ∈ Ui or Vx ∩Wi 6= ∅ then Vx ⊂ Ui,

iii) if x ∈ Uα for some α ∈ Ip+1 then cα ∈ Cp(Uα,H) can be lifted to G(Vx).

Such a neighbourhood Vx exists since by definition of sheaf morphisms H can
be lifted locally to a section of G and since x is only contained in a finite
number of the sets Wi (resp. Ui) we only need to lift a finite number of
sections and hence i) and ii) only represent a finite number of conditions.

Now choose ρ : X → I such that x ∈ Wρ(x) for any x. Condition i) then
implies that Vx ⊂Wρ(x) so the open cover V = (Vx)x∈X is a refinement of U .
If Vx0···xp 6= ∅ then

Vx0 ∩Wρ(xj) ⊃ Vx0 ∩ Vxj 6= ∅ for any 0 6 j 6 p

and hence Vx0⊂Uρ(x0)···ρ(xp) by ii). Condition iii) implies that the section
cρ(x0)···ρ(xp) can be lifted to G(Vx0) and in particular it can be lifted to
G(Vx0···xp). It follows that ρpc can be lifted to G. �

C. The snake lemma

A complex of abelian groups (K•, d) is a sequence

K0 d0−→ K1 d1−→ K2 −→ · · · −→ Kq dq−→ Kq+1 −→ · · · ,

where the terms Kq are abelian groups and the mappings dq are group ho-
momorphisms such that dq+1 ◦ dq = 0. The cohomology groups associated to
the complex (K•, d) are defined by Hq(K•) = ker dq/ Im dq−1.

A morphism ϕ from the complex (K•, d) to the complex (L•, δ) is a se-
quence (ϕq)q∈N of group homomorphisms ϕq : Kq → Lq satisfying the com-
mutation relations

ϕq+1 ◦ dq = δq ◦ ϕq.

It follows that ϕq(ker dq) ⊂ ker δq and ϕq(Im dq−1) ⊂ Im δq−1, and hence ϕ
induces a homomorphism ϕ̃q : Hq(K•)→ Hq(L•) for every q.
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Lemma 7. Let
0 −→ K•

ϕ−→ L•
ψ−→M• −→ 0

be a short exact sequence of complexes of abelian groups. There is then a
connecting homomorphism

ϑq : Hq(M•) −→ Hq+1(K•)

such that the long cohomology sequence

0 −→ H0(K•) −→ H0(L•) −→ H0(M•) ϑ0

−→ H1(K•) −→

−→ H1(L•) −→ H1(M•) ϑ1

−→ H2(K•) −→ · · ·

is exact.
Moreover, for any commutative diagram of short exact sequences of com-

plexes of abelian groups

0 // K• //

��

L• //

��

M• //

��

0

0 // K̂• // L̂• //
M̂• // 0,

the associated diagram of long exact cohomology sequences

// Hq(K•) //

��

Hq(L•) //

��

Hq(M•) ϑq //

��

Hq+1(K•) //

��

// Hq(K̂•) // Hq(L̂•) // Hq(M̂•)
ϑq // Hq+1(K̂•) //

is commutative.

Proof. We start by constructing the connecting homomorphism ϑ. Consider
the following commutative diagram whose lines are exact:

�� �� ��

0 // Kq
ϕq

//

dq

��

Lq
ψq

//

δq

��

Mq //

γq

��

0

0 // Kq+1
ϕq+1

//

dq+1

��

Lq+1
ψq+1

//

δq+1

��

Mq+1 //

γq+1

��

0

0 // Kq+2
ϕq+2

//

��

Lq+2
ψq+2

//

��

Mq+2 //

��

0
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If m ∈ ker γq represents the element {m} in Hq(M•) then ϑ{m} = {k} ∈
Hq+1(K) is the class obtained by the following construction:

` ∈ Lq � ψq
//

_

δq

��

m ∈Mq
_

γq

��

k ∈ Kq+1 � ϕq+1
// δq` ∈ Lq+1 � ψq+1

// 0 ∈Mq+1

The element ` is chosen such that ψq(`) = m, which is possible since ψq

is surjective. As ψq+1(δq`) = γq(m) = 0 there is a unique element k ∈ Kq+1

such that ϕq+1(k) = δq` by the exactness of the line q + 1. In fact, k is
contained in ker dq+1 because ϕq+2 is injective. Indeed,

ϕq+2(dq+1k) = δq+1(ϕq+1k) = δq+1(δq`) = 0 =⇒ dq+1k = 0.

To prove that ϑq is well defined it will be enough to show that the cohomology
class of {k} only depends on {m} and not on the chosen representative m.
Let m̃ be another representative of m. Then m̃ = m + γq−1µ. By the sur-
jectivity of ψq−1, there is a λ ∈ Lq−1 such that ψq−1(λ) = µ. Consider
an element ˜̀ ∈ Lq such that ψq(˜̀) = m + dµ = ψq(` + δq−1λ). Since the
line q is exact we have ˜̀= ` + δq−1λ + ϕq(κ) for some κ ∈ Kq and hence
δq ˜̀= δq`+ δqϕq(κ) = ϕq+1(k̃), where k̃ = k + dqκ has the same cohomology
class as k.

Let us now prove that this long cohomology sequence is exact. We prove
first that kerϑq = Im ψ̃q. If {m} ∈ Im ψ̃q then we can choose m such that m =
ψq(`) and δq` = 0. It then follows from the definition of ϑq that ϑq{m} = 0.
Conversely, if ϑq{m} = {k} = 0 then k = dqκ and hence δq` = ϕq+1(k) =
ϕq+1(dqκ) = δq(ϕq(κ)) if m = ψq(`). It follows that ` − ϕq(κ) ∈ ker δq and
m = ψq(`− ϕq(κ)) and hence {m} ∈ Im ψ̃q.

Let us now prove that Imϑq = ker ϕ̃q+1. Let {k} be an element of ker ϕ̃q+1.
Then ϕq+1(k) ∈ Im δq and there is therefore an ` such that ϕq+1(k) = δq`. If
m = ψq(`), then {k} = ϑq{m} by definition of ϑq. The opposite inclusion is
obvious by definition of ϑq.

The proof of the fact that Im ϕ̃q = ker ψ̃q and the commutativity of the
last diagram are left to the reader. �
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Functional analysis

Throughout this section, E and F will be Banach spaces over C.

Definition 1. A linear map T from E to F is a compact operator if for any
bounded subset U in E the set T (U) is relatively compact in F .

Remark. It follows immediately from the definition that any compact linear
map is continuous.

We recall the classical properties of compact operators.

Theorem 2. Let E be a Banach space and let T be a compact linear map
from E to itself. Then

i) dim ker(I + T ) < +∞.
ii) Im(I + T ) is a closed subspace of E.
iii) dim ker(I + T ) = dim(E/ Im(I + T )).

The interested reader will find the proofs of these results in [Ru].

Definition 3. An operator from E to F is a linear map T defined on a
subspace D(T ) of E with image in F . The space D(T ) is the domain of
definition of T .

The graph G(T ) of the operator T is the subspace of E × F consisting of
pairs (x, T (x)), where x runs over the elements of D(T ).

An operator T from E to F is said to be closed if the graph G(T ) of T is
a closed subspace of E × F .

Remark. By the closed graph theorem an operator T from E to F is a con-
tinuous linear map from E to F if and only if D(T ) = E and T is closed.

The following propositions are proved in Appendix 2 of [He/Le1]. We
reprove them here for the reader’s convenience.
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Proposition 4. Let T be a closed operator from E to F whose domain of
definition is D(T ). If T (D(T )) has finite codimension in F then T (D(T )) is
a closed subspace of F .

Proof. Let n be the codimension of the subspace T (D(T )) in F . Choose a
linear map S : Cn → F such that ImS+T (D(T )) = F . Let T ′ be the operator
from E⊕Cn to F whose domain of definition is D(T ′) = D(T )⊕Cn and which
is defined by T ′(x) = T (x) for any x ∈ D(T ) + {0} and T ′(x) = S(x) for any
x ∈ {0} ⊕ Cn. The operator T ′ is closed and T ′(D(T ′)) = F .

We equip D(T ′) with the graph norm associated to T ′, i.e. for any x ∈
D(T ′) we set ‖x‖ΓT ′ = ‖x‖+‖T ′(x)‖. The space D(T ′) is then a Banach space.
Indeed, if (xn)n∈N is a Cauchy sequence in (D(T ′), ‖ ‖ΓT ′ ) then (xn)n∈N and
(T ′(xn))n∈N are Cauchy sequences in the Banach spaces E⊕Cn and F . There
are therefore points x ∈ E ⊕ Cn and y ∈ F such that limn→∞ xn = x and
limn→∞ T ′(xn) = y. As the operator T ′ is closed x ∈ D(T ′) and y = T (x)
and it follows that xn tends to x in (D(T ′), ‖ ‖ΓT ′ ).

Set kerT ′ = {x ∈ D(T ′) | T ′(x) = 0}: this is a closed subspace of
(D(T ′), ‖ ‖ΓT ′ ) because T ′ is a closed operator. The vector space D(T ′)/ kerT ′

is therefore a Banach space. Let T̂ ′ be the operator from D(T ′)/ kerT ′ to F
induced by T ′: this is a bijection from D(T ′)/ kerT ′ to F which is continuous
because T̂ ′ is a closed operator. The open mapping theorem then implies that
its inverse (T̂ ′)−1 is a continuous linear operator from F to D′(T ′)/ kerT ′.
Then

T (D(T )) =
(
(T̂ ′)−1

)−1(D(T ) + {0}/ kerT ′)

and D(T ) + {0}/ kerT ′ is a closed subspace of D(T ′)/ kerT ′; the continuity
of (T̂ ′)−1 then implies that T (D(T )) is a closed subspace of F . �

Proposition 5. Let T be a closed operator from E to F with domain of
definition D(T ). Assume that

i) T (D(T )) = F .
ii) There is a continuous linear map S from F to E such that ImS ⊂ D(T )

and I − TS is a compact linear operator from F to itself.

There is then a continuous linear map T̃ from F to E such that Im T̃ ⊂ D(T )
and T T̃ = I.

Proof. Set K = TS − I: by hypothesis K is a compact linear map from F
to F and TS = I + K. By Theorem 2, i), kerTS is finite dimensional, so it
has a topological complement G in F . In other words, G is a closed subspace
of F and F = G ⊕ kerTS. By Theorem 2 ii) and iii), ImTS is a closed
subspace of finite codimension in F , so it also has a topological complement
H in F , where H is a closed vector space in F and F = H⊕ImTS. Moreover,
dimH = dim kerTS.

Since T (D(T )) = F , we can construct a linear map R : kerTS→ D(T )
such that TR(kerTS) = H and TR(x) 6= 0 for any x 6= 0 in kerTS. (If
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(e1, . . . , ek) is a basis for kerTS, (h1, . . . , hk) is a basis for H and `i, i =
1, . . . , k, is an element of D(T ) such that T (`i) = hi then we simply set
R(ei) = `i.) We then define a continuous linear map S̃ from F to E by
setting

S̃(x) = S(x) if x ∈ G

S̃(x) = R(x) if x ∈ kerTS.

The map T S̃ is then invertible and T̃ = S̃(T S̃)−1 is the map we seek. �
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Index of notation

Spaces of functions or differential forms

C(D) space of continuous functions on D I.1
Ck(D) space of k times continuously differentiable functions

onD
I.1

C∞(D) space of infinitely differentiable functions on D I.1
Cα(D) space of functions which are locally Hölder continuous

of order α on D
III.2

Ck+α(D) space of Ck functions on D III.2
Ck+αp,q (D) space of (p, q) differential forms with coefficients in

Ck+α(D)
III.2

Dp(X) space of C∞ forms of degree p with compact support
in X

II.1

D′p(X) space of p-dimensional currents on X II.1
D′q(X) space of currents of degree q on X II.1
D′•(X) space of currents on X II.2
D•(X) space of C∞ differential forms with compact support

in X
II.2

Eαp,q(X) space of ∂-exact differential (p, q)-forms with coeffi-
cients in Cα(X)

V.4

E−∞p,q (X) space of ∂-exact currents on X V.4
E(X) space of C∞ functions on X II.1
Ep(X) space of degree p differential forms of class C∞ on X II.1
Ep,q(X) space of C∞ differential (p, q)-forms on X II.7
E•(X) space of C∞ differential forms on X II.2
Ep,qΘ (X) space of C∞ differential (p, q)-forms whose support is

contained in the family Θ
II.7

Hp,q
α (X) ∂-cohomology of Cα forms V.4

Hp,q
−∞(X) ∂-cohomology of currents V.4

Hp,q(X) Dolbeault cohomology group of bidegree (p, q) on X II.7
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Hp,q
Θ (X) Dolbeault cohomology group with support in the fam-

ily Θ
II.7

Hp,q
0,1/2(D) Dolbeault cohomology group Z0

p,q(D)/E1/2
p,q (D) VII.3

Hq(X,F ′) Čech cohomology group of the sheaf F V.4
Λα(D) space of Hölder continuous functions of order α on D III.2
O(D) space of holomorphic functions on D I.1
O(D,Cm) space of holomorphic functions from D to Cm I.5
Ωp sheaf of germs of holomorphic p-forms V.4
PSH(D) space of plurisubharmonic functions on D VI.2
Zαp,q(X) space of ∂-closed differential (p, q) forms with coeffi-

cients in Cα(λ)
V.4

Z−∞p,q (X) space of ∂-closed currents on X V.4

Zp,q(X) space of C∞ differential (p, q)-forms which are ∂-closed
on X

II.7

Zp,qΘ (X) space of C∞ differential (p, q)-forms which are ∂-closed
and whose support is contained in the family Θ

II.7

Sets

B(ξ, r) ball of centre ξ and radius r in Cn III.1

K̂Ω holomorphically convex hull of K with respect to Ω VI.1
K̂•Ω psh-convex hull of K with respect to Ω VI.3
P (ξ, r) polydisc of centre ξ and radius r I.2
∂0P special boundary of the polydisc P I.2
SS(T ) singular support of the current T II.3
TxX tangent space to X at x A.4
T ∗xX cotangent space to X at x A.3
T 1,0
x (X) holomorphic tangent space to X at x II.5
T 0,1
x (X) antiholomorphic tangent space to X at x II.5

Norms

‖f‖k,D the Ck norm on D I.1
‖f‖D the uniform norm on D I.1
|f |α,D the Hölder norm of order α on D III.2
|z| the norm on Cn I.1

Other symbols

K(T, S) the Kronecker index of the currents T and S II.3
[Y ] the integration current on Y II.1
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analytic
analytic disc, 134
analytic set, 13
complex analytic manifold, 44
complex analytic submanifold, 13,

185
atlas, 214

complex atlas, 44

biholomorphic, 12
Bochner

Bochner’s theorem, 83
Bochner–Martinelli formula, 67
Bochner–Martinelli transform, 75
Bochner–Martinelli–Koppelman

formula, 63
Bochner–Martinelli–Koppelman

kernel, 58

Cauchy
C∞ CR function, 98
Cauchy’s formula, 4
Cauchy’s inequalities, 5
Cauchy–Riemann (CR) function, 80
homogeneous Cauchy–Riemann

system, 2
tangential Cauchy–Riemann

operators, 55
chart, 213
cochain, 234
cocycle, 234
cohomology

Čech cohomology group, 234

Dolbeault cohomology groups, 51
Dolbeault cohomology groups with

support, 51
convex

holomorphically convex, 116, 184
O(Ω)-convex, 116, 196

coordinates
holomorphic coordinates, 45
local coordinates, 214

cotangent
cotangent space, 217
cotangent space at a point, 217

current
p-dimensional current, 23
current of degree q, 26
current of order k, 24
integration current, 24

defining function, 52
differentials, 217
dimension, 214

complex dimension, 44
distinguished boundary, 4
distribution, 28
Dolbeault isomorphism, 108
domain of holomorphy, 113

end, 96
envelope of holomorphy, 120
exhaustion, 136, 180
extension

elementary strictly pseudoconvex
extension, 162
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strictly pseudoconvex extension, 164,
183

strictly pseudoconvex extension
element, 181

exterior derivative, 223
exterior product, 221

field
field of holomorphic vectors, 48
vector field, 220

form
differential form, 217
differential form of degree r, 222

germ, 216

Hartogs
C∞ Hartogs–Bochner property, 98
Hartogs’ phenomenon, 18, 96

Hessian
complex Hessian, 128

holomorphic, 1
hull

holomorphically convex hull, 114, 184
psh-convex hull, 134

image
direct image, 27
inverse image, 28

Kontinuitätssatz, 134
Kronecker index, 39

Leray section, 100
Levi

Levi form, 128
Levi polynomial, 131

local inverse, 12

manifold
complex analytic manifold, 44
complex analytic submanifold, 13,

185
differentiable manifold, 214
Stein manifold, 185

Maximum principle, 9
Morse lemma, 138

operator, 241
Cauchy–Riemann operator, 51
closed operator, 241
compact operator, 241
de Rham regularising operator, 36
domain of definition of an operator,

241

partition of unity, 216
plurisubharmonic, 127

strictly plurisubharmonic, 129
polydisc, 3
presheaf, 233

morphism of presheaves, 233
pseudoconvex, 136

strictly pseudoconvex, 141, 180
pullback, 225

regularisations, 30
regularising kernel, 30
removable singularity, 195

Schwarz’s Lemma, 9
sheaf, 233
Stokes

Stokes’ formula for the Kronecker
index, 42

Stokes’ theorem, 230
subharmonic, 122
submean property, 123
support

singular support, 39
support of a current, 25

tangent
complex tangent space, 54
tangent space, 220
tangent space at a point, 218

theorem
Bochner’s theorem, 83
Montel’s theorem, 10
Open mapping theorem, 8
Rado’s theorem, 16
Riemann’s theorem, 15

weakly removable singularity, 200
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