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Preface

This book started life as a basic post-graduate course taught at the Institut
Fourier during the academic year 1994-1995. It is intended as an introduction
to the theory of holomorphic functions in several variables on both C™ and
complex analytic manifolds, aimed mainly at advanced Masters students or
beginning thesis students. We assume that the theory of holomorphic func-
tions in one complex variable is known, but the basics of differential geometry
and current theory needed in multivariable complex analysis are summarised
in Appendix A and Chapter II.

We use integral representations together with Grauert’s bumping method.
The advantage of this point of view is that it offers a natural extension of
single variable techniques to several variables analysis and leads rapidly to
important global results whilst avoiding the excessive introduction of new
tools. Once these techniques (presented here in the pseudoconvex setting) are
mastered, it will be fairly easy for the reader to tackle Andreotti—-Grauert the-
ory for both complex analytic manifolds and CR manifolds (cf. [He/Le2] and
[L-T/Le]). Our choice of applications focuses on global extension problems
for CR functions, such as the Hartogs—Bochner phenomenon and removable
singularities for CR, functions.

Most of the subjects discussed in this book are classical, since they are part
of the foundations of Complex Analysis, so it is difficult to be original. This
book is therefore heavily influenced by previous work: the source material
is quoted at the end of each chapter, along with some historical notes. The
bibliography does not claim to be in any way encyclopadic, so many important
works on the subject are not included. The reader looking for precise historical
notes and a more exhaustive bibliography might do well to consult the end of
chapter notes and the bibliography in R.M. Range’s book [Ra].

Parts of this book (Sections 5 and 6 of Chapter IV, Section 5 of Chapter V
and Chapter VIII) owe a great deal to the work of Guido Lupacciolu, who
died before his time in December 1996.

And finally, I would like to thank all those who helped writing this book,
particularly Alain Dufresnoy and Jiirgen Leiterer. If this book has reached its
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final form, it is largely thanks to their comments on both the form and the
content.

Many thanks also to Myriam Charles for having typed a text which is
particularly rich in mathematical formulae and Arlette Guttin-Lombard for
her TEX-nical advice.



Introduction

At the start of this century, F. Hartogs discovered special extension properties
of holomorphic functions of several variables by finding a domain in C2 which
is not the domain of definition of a holomorphic function. (No such open set
exists in C.) Understanding this phenomenon then became one of the main
problems in multivariable complex analysis, the objective being that of find-
ing good characterisations of domains of definition of holomorphic functions,
called domains of holomorphy.

The first work on this subject by F. Hartogs [Har| in 1906 and E.E. Levi
[Lev] in 1910 showed that domains of holomorphy have certain convexity prop-
erties, which we will generically call pseudoconvexity. The equivalence of the
various definitions of pseudoconvexity which appeared as time went on was
proved by K. Oka [Ok] in the 1940s. The appropriate tools for studying pseu-
doconvexity are the plurisubharmonic functions introduced independently by
P.Lelong [Lell] and K. Oka [Ok]. In the 1930s, H.Cartan and P.Thullen
[Ca/Th] found an intrinsic global characterisation of domains of holomorphy
in terms of convexity with respect to the algebra of holomorphic functions
on the domain: this notion of “holomorphic convexity” is a fundamental con-
cept in complex analysis. The characterisation of domains of holomorphy in
terms of pseudoconvexity (also called the solution to the Levi problem) for do-
mains in C™ was given independently at the start of the 1950s by K. Oka [Ok],
H. Bremermann [Brl] and F. Norguet [No]: the problem was solved for com-
plex analytic manifolds by H. Grauert [Gr] in 1958. This work relied heavily
on the theory of coherent analytic sheaves, which has proved to be a power-
ful tool for the study of analytic spaces. The solution of the Levi problem
presented here follows Grauert’s ideas, but relies on integral representation
methods to solve certain technical problems.

The theory of integral representations in complex analysis originates in
the work of H.Grauert, G.M. Henkin, I.Lieb and E.Ramirez [Gr/Li, Hel,
He2, Ram] at the beginning of the 1970s, and has not stopped developing
since. It has enabled us to solve previously inaccessible problems and can
be used to reprove more precise versions of fundamental results in several
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variable holomorphic function theory initially obtained using other methods.
The main aim is to construct good integral operators for solving the Cauchy—
Riemann equation. Solving this equation is at the heart of most problems in
complex analysis, and this is how we construct the non-extending holomorphic
function in the solution to the Levi problem.

Hartogs’ result naturally leads us to consider the extension problem for
holomorphic functions defined in a neighbourhood of all or part of the bound-
ary of a domain. More generally, it leads us to consider the extension problem
for CR functions (i.e. restrictions of holomorphic functions) defined on all or
part of the boundary of a domain in a complex analytic manifold. A rigor-
ous proof of Hartogs’ result was given around 1940 by S. Bochner [Bo] and
E. Martinelli [Ma2] independently using an integral formula, known today
as the “Bochner—Martinelli formula”. This formula has since played an im-
portant role in the study of the extension problem for CR functions in C™,
but unfortunately cannot be used to solve global extension problems in com-
plex analytic manifolds. In 1961, L. Ehrenpreis [Eh] noted the link between
Hartogs—Bochner extensions and solving the Cauchy—Riemann equation with
support conditions. This is a crucial element in the study of extensions of CR
functions in manifolds. In the mid-1980s, G. Lupacciolu and G. Tomassini
[Lu/To] studied a special case of the extension problem for CR functions
defined on part of the boundary of a domain. Many mathematicians have
contributed to the solution of this extension problem over the last ten years.
The results presented here are mostly due to G. Lupacciolu [Lul, Lu2].

These global extension problems are of course linked to the problem of
finding an envelope of holomorphy, but they are also linked to a more geo-
metric problem, namely the problem of constructing holomorphic chains with
prescribed boundary. If we consider the Hartogs phenomenon in terms of
graphs then the graph of the holomorphic extension is a holomorphic chain
whose boundary is the maximally complex CR manifold defined by the graph
of the given CR function.

The book is organised as follows.

In Chapter I we discuss the elementary local properties of multivariable
holomorphic functions which can be deduced from single-variable holomorphic
function theory.

The first part of Chapter II deals with currents. The introduction of the
Kronecker index of two currents enables us to obtain a Stokes-type formula
in a fairly general setting. In the second part we discuss complex analytic
manifolds and define various objects linked to their complex structure, such
as (p,q) differential forms, the operator d and Dolbeault cohomology.

In Chapter III we prove our first integral representation formula, the
Bochner—Martinelli-Koppelman formula. The proof given here is based on
Stokes’ formula for the Kronecker index. We begin studying the Cauchy—
Riemann equation using this Bochner—-Martinelli-Koppelman formula.

In Chapter IV we consider the extension problem for CR functions defined
on the boundary of a bounded domain in C”. Bochner’s extension theorem
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is proved and we also study a special case of extensions where the function is
only defined on part of the boundary.

Chapter V deals with the extension problem for CR functions defined on all
or part of the boundary of a relatively compact domain in a complex analytic
manifold. We study the relationship between these extension phenomena and
the vanishing of certain Dolbeault cohomology groups.

In Chapter VI we define domains of holomorphy, holomorphic convexity
and pseudoconvexity for open sets in C™. We prove that domains of holomor-
phy and holomorphically convex domains are the same thing and we show
that every domain of holomorphy is pseudoconvex. The converse, known as
the Levi problem, is considered in Chapter VII.

Chapter VII deals with the solution of the Levi problem. Our method
is based on local resolutions of 0 with Holder estimates and results on the
invariance of Dolbeault cohomology using Grauert’s bumping method. There
is one novelty in the proof presented here: it uses a result of Laufer’s [Lau]
which enables us to deduce the vanishing of Dolbeault cohomology groups
from finiteness theorems obtained via local resolutions of 9. We end the
chapter by solving the Levi problem for complex analytic manifolds and stat-
ing several vanishing theorems for Dolbeault cohomology which enable us to
give sufficient geometric conditions for the extension of CR functions studied
in Chapter V.

Chapter VIII gives necessary and sufficient conditions for the extension
of CR functions defined on part of the boundary of a strictly pseudoconvex
domain.

Here are some remarks on the organisation of the book which should be
helpful to the reader:

e All the theory needed to solve the Levi problem — namely, the facts that
a domain of holomorphy and a pseudoconvex open set in C™ are the same
thing and that a Stein manifold and a manifold with a strictly plurisub-
harmonic exhaustion function are the same thing — is worked out in Chap-
ter III, Sections 3 and 4 of Chapter V and Chapters VI and VII.

e Chapter IV, Sections 1, 2 and 5 of Chapter V, Section 8.3 of Chapter VII
and Chapter VIII deal with global extension phenomena for CR functions.
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Elementary local properties of holomorphic
functions of several complex variables

In this chapter we study the local properties of holomorphic functions of sev-
eral complex variables which can be deduced directly from the classical theory
of holomorphic functions in one complex variable. The basis for our work is
a Cauchy formula for polydiscs which generalises the classical Cauchy formula.
Most of the theorems proved in this chapter extend well-known theorems for
holomorphic functions in dimension 1 (such as the open mapping theorem, the
maximum principle, Montel’s theorem and the local inversion theorem) to multi-
variable analysis. However, when we try to extend holomorphic function a phe-
nomenon which is specific to n-dimensional space with n > 2 appears, namely
Hartog’s phenomenon. A special case of this phenomenon, which is studied in
detail in Chapter III, is discussed at the end of this chapter.

1 Notation and definitions

We write N for the set of natural numbers, R for the field of real numbers
and C for the field of complex numbers. For any positive integer n € N
the set C™ is equipped with the usual vector space structure and for any
2= (21,...,2,) € C" the norm of z is given by |z| = (|21]> + -+ + |2,]?) /2.
We define an isomorphism of R-vector spaces between C* and R?" by setting
zj =x; +1y; for any z = (z1,...,2,) €C?and j =1,...,n.

The holomorphic and anti-holomorphic differential operations are given by

0 1(6 16)_%(8 .0

— ——t—), J7=1,....,n
1) 9z, 2 or, ayj) J
' o 1

0 0 0 .0 )
%:2(%_13%>:;(3%+Z%)’ j=1...,n.

dx; i dy;

C. Laurent-Thié¢baut, Holomorphic Function Theory in Several Variables: An Introduction, 1
Universitext, DOI 10.1007/978-0-85729-030-4_1, © Springer-Verlag London Limited 2011
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If o =(a1,...,an) €N and 8= (04,...,0,) € N are multi-indices and

x = (x1,...,2y,) is a point in R™ then we set
ol =1+ -+ an, al=a!l-a,l, xa:'f?l...x%n’
olel - olol+18]
12) D*=—""—_ and D*P= .
(1.2) xSt - 9251 - ,azgnazfl . 82&"

We write D* instead of D®? and D? instead of D°? whenever there is no
risk of confusion.

If D is an open set in R™ then we denote by C°(D) or C(D) the vector
space of complex-valued continuous functions on D and we denote by C*(D)
the set of k times continuously differentiable functions for any k£ € N, k > 0.
The intersection of the spaces C¥(D) for all k € N is the space C*(D) of
functions on D which are differentiable to all orders. It is easy to check that
f € C*(D) if and only if D®?f € C(D) for any pair (a, 3) € N* x N™ such
that |a| + |8] < k. If k € N then the vector space of functions f contained
in C*(D) whose derivatives D®f, |a| < k, are continuous on D is denoted
by C*(D) and we denote by C°°(D) space of infinitely differentiable functions
on D all of whose derivatives are continuous on D.

If D € R" and f € C*(D), k € N, then we define the C¥ norm of f on D
by

Ifllk.p =Y sup |D*f()];
aeN™ zeD
le| <k

we write || f||p for || flo,p-

Definition 1.1. Let D be an open set in C". A complex-valued function f
defined on D is said to be holomorphic on D if f € C'(D) and

or

—(2)=0 foreveryz€ Dandj=1,...,n.
8Zj

(1.3)
The system of partial differential equations (1.3) is called the homogeneous
Cauchy—Riemann system.

Remark. 1t is clear that if f is holomorphic then f is holomorphic with respect
to each variable individually. More precisely, for any z = (z1,...,2,) € D it
is the case that on setting

DJ = {t eC | (217...,Zj_1,t72j+1,...7Zn) € D}?
the function f; : D; — C defined by ¢t — f(z1,...,2-1,t, Zj41,...,2n) 1S
holomorphic. We denote by O(D) the set of holomorphic functions on the
open set D in C™.

The following theorem follows directly from Definition 1.1.
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Theorem 1.2. Let D be an open set in C™. The set O(D) is then a C-algebra
and if f € O(D) has the property that f(z) # 0 for every z € D then

1/f € O(D).

If D is an open set in C* = R?" and f is a C! function on D, then we
denote its differential at @ € D by df(a): this is the unique R-linear map
R?" — R? such that f(z +a) = f(a) + df(a)(z) + o(|z|) when 2 tends to 0
in C™.

A simple calculation shows that

(1.4) = Z a)dzj(a gjj (a)dz;(a).

A function f € C!(D) is therefore holomorphic on D if and only if
d(a) = 3 52 @)z (o

for every a € D.

Theorem 1.3. A function f € C*(D) satisfies the homogeneous Cauchy—
Riemann system at a point a € D if and only if its differential df (a) at a is
C-linear. In particular, f € O(D) if and only if its differential is C-linear at
every point in D.

Proof. Consider f € C*(D) and a € D. By (1.4), we can decompose the R-
linear map df (a) from C™ to C as

where .
of — of
=Zaf Jdzj(a) and T, = 8%( a)dz;(a).
j=1 j=1
The map S, is clearly (C linear and T, is the conjugate of the C-linear map 7,
defined by T, = 377, az I (a)dz;(a). As every R-linear map from C" to C has

a unique decomposition of this form, df(a) is C-linear if and only if T, = 0,
which is another way of saying that f satisfies the homogeneous Cauchy—
Riemann system. (I

2 The Cauchy formula for polydiscs
A subset P in C™ is an open (respectively closed) polydisc if there are open

(respectively closed) discs P, ..., P, in C such that P = Py x --- x P,. If §;
is the centre of P; then the point £ = (&1, ...,&,) is called the centre of P and
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if r; is the radius of P; then r = (r1,...,7,) is called the multiradius of P.
The set g P = 0P, X --- X OP, is the distinguished boundary of P. We note
that 9P is not the boundary of P for n > 1. We denote by P = P(§,r) the
polydisc of centre £ and multiradius r.

Let P = P(&,r) be a polydisc in C™ and let g € C(9yP) be a continuous
function on the distinguished boundary of P. The integral of g on P =
OP; x -+ x OP, is defined by

/ g(Q)d¢y -+ d¢, = inTl...Tn/ g(C(0))er ... e dp, - - db,,,
Ao P (0,27]™
where ¢(0) = (¢1(0), ..., (n(0)) and (;(0) = & + e for j=1,...,n.

If r and 7' € R™ then we say that r <+ if and only if r; < r} for all
j=1...,n.

The following theorem gives us a Cauchy formula for holomorphic func-
tions in several complex variables which generalises the classical Cauchy for-
mula. It is a fundamental tool allowing us to generalise the elementary local
properties of holomorphic functions of a single complex variable to the multi-
variable case.

Theorem 2.1. Let P = P(a,r) be a polydisc in C" and let f € C(P) be a
function which is holomorphic with respect to each variable separately in P.
Then

_ 1! f(Qd¢ - - - dGn
(2.1) f(z) = i) /aop G =) o) for every z € P.

Proof. We start by proving that formula (2.1) holds for any polydisc P =
P(a,7), 0 <7 < r contained in P. We proceed by induction on the number
of variables. Consider the statement

(Cr) Let P be a polydisc in C" and let f be a continuous function which is
holomorphic with respect to each of the variables separately in a neigh-
bourhood of P. Then formula (2.1) holds.

The proposition (C7) is the classical Cauchy formula, which we assume
known. Suppose that (C,—1) holds for some n > 1. Fix z = (21,...,2,) € P
and apply (C,_1) relative to the (n — 1) last variables on the polydisc P’ =
Py x---x P, in C" 1. We then get

1 f(ZhCQv"'an)
2.2 Zlyeeey2n) = — dCs -+ - dCp.
e Tl A e e L
For given ((a,...,(n) in OGoP’, the function g defined by g(§) =
f(& Cay. .., Cn) is holomorphic in a neighbourhood of Py, so we can ap-
ply Cauchy’s formula. We get

f(ClaaCn)d

um oP; Cl — Z1

(2.3) f(z1,C2,0 0, Gn) = g(21) = C1-
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Proposition (C},) can now be proved by substituting (2.3) in (2.2) and
applying Fubini’s theorem to some choice of parameterisations of 0P; and
O P’

If f satisfies the hypotheses of Theorem 2.1 for the polydisc P = P(a,r),
then it satisfies the hypotheses of proposition (C,) for any polydisc P =
P(a,7) such that 0 < ¥ < r and formula (2.1) then holds for P. In other

o 1 F(Qda -~ d
B L---dG,
10~ G o T ey S
As the function ¢ — £(¢)/(¢1 — 21) - -+ ((n — 2n) is continuous on P~ {z}

we can apply Lebesgue’s Theorem to some choice of parameterisation of dy P
and letting 7 tend to r to obtain (2.1). O

Corollary 2.2. Let D be an open set in C" and let f € C(D) be a func-
tion which is holomorphic with respect to each variable separately. The func-
tion f is then C* on D and hence f € O(D). Moreover, for every o € N™,

DV f € O(D) and D*P f =0 whenever || # 0.

Proof. For any a € D, let P, be a polydisc such that P, € D. We can
then apply Theorem 2.1 to f and the polydisc P,. As the function ({,z) —
F(Q)/(¢1 = #1) -+ (Cn — 2n) is continuous on 9y P, x P, and is C* with respect
to z, we can simply differentiate under the integral sign in formula (2.1) (which
is possible) as often as necessary to obtain the corollary. ]

Theorem 2.3 (Cauchy’s inequalities). Let P = P(a,r) be a polydisc
in C" and let f € O(P(a,r)) be a holomorphic function on P. Then for
every a € N,

(24) D@ < % sup |f(2)
z€P(a,r)
! 2) - (ay +2
29) D) < A2 s e

where 2 denotes the multi-index (2,2,...,2) € N™.

Proof. Fix p such that 0 < p < r and apply Cauchy’s formula (2.1) to f and
the polydisc P(a, p). Differentiating under the integral sign we get

o 1O - dG,
(2.6) D@ = Gy /aop<a,p> (C—aprt

where 1 denotes the multi-index (1,1,...,1) € N?. We then have the upper
bound ol 1
D@l < S sw 1O (g [ dore-as)
P\ ¢eP(a,r) (2m)™ Jio,24)m

and we deduce formula (2.4) by letting p tend to 7.
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Multiplying the two sides of (2.6) by p®*™1 and integrating with respect
to p, we get

D f(a) p*dpy - - dpy,

[0,71] %+ x[0,75,]

a!
(27)™ J(0,r1]x - x[0,7] [0,27]"
so that
rot2 al /
D%f(a < dV
O ) a9 S @ oy T
using Fubini’s theorem and passing to polar coordinates. (|

Corollary 2.4. For any o € N, p such that 1 < p < oo and open subset
2 € D, there is a constant C = C(a, p, £2, D) such that

1D flle < CllfllLepy for all f € O(D) N LP(D).

Proof. Fix 0 such that 0 < ¢ < dist({2,bD). Set r = §/y/n. For any a € 2,
we have P(a,r) € D and the inequality (2.5) holds. As we also know that

1 fllrpary) < Collfllepary) < Cpllfllze(p)
the corollary follows. |

One of the main applications of Cauchy’s formula (2.1) is the fact that
holomorphic functions in several variables are analytic. To prove this result
we need to be able to define convergence for series indexed by N™.

Let (aq)aenn be a family of complex numbers. We will say that the series
> acnn Qo is absolutely convergent if

S Jaa] = sup { e laal | F C NP ﬁnite} < too.
aeN"

If this is the case, then there is a unique complex number A such that
(Ve > 0)(IFy C N, finite)(V F C N", finite)(F D Fy = |A=Y_ cpaa| <e).

We then write A = Y _n @ and we say that A is the sum of the series
ZaeNn Gq- Moreover, if ¢ is a permutation of N”, then the series ZQGN" Ao (a)
is convergent and its sum is independent of the permutation o. We also
have 3, cnn Ga = 2open (Xjaj=k @a)- If (fa)aenn is a family of continuous
functions on an open set D in C” and K is a compact subset of D then
we will say that the series ) yn fo converges uniformly on K if the series
Y aenn SUP, e | fa(2)| converges.

We now consider the special case where f,(z) is a monomial, i.e. f,(z) =
2% = anz7t -+ 28m. As for single-variable analysis, we have Abel’s Lemma:
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Lemma 2.5. Suppose there is a §& € C" such that £ # 0 for all 7 and the
series Y cnn o™ is absolutely convergent. Then the series ) cyn Ga2®
converges uniformly on the polydisc {z € C™ | |z;| < |&]}.

Theorem 2.6. Let D C C™ be an open set and let f € O(D) be a holomor-
phic function on D. The function f then has a Taylor series expansion in a
neighbourhood of any point in D. In other words, for any £ € D there is a
neighbourhood V' of & in C™ such that for any z € V

1= 3 PIO . g

aeNn

Moreover, the series on the right-hand side converges uniformly to f on every
closed polydisc P C D with centre &.

Proof. Consider £ € D and let P € D be a polydisc with centre . For any
z € Pand ¢ € 0P

1 N -9 _
(cl—z1>-~-<<n—zn>*QEZN,JC—&W’ where 1= (1 1,

The right-hand side converges uniformly with respect to ¢ on dyP. We can
therefore integrate termwise in Cauchy’s formula (2.1) applied to f and the
polydisc P. If z € P this gives us that

16= % [y [ el emmdada) - o

2 @iy Jy,p -9

Moreover, on differentiating under the integral sign in formula (2.1) we get

01 =l [, i gt ]

The second statement of the theorem follows from Lemma 2.5. O

Corollary 2.7 (The analytic continuation principle). Let D C C" be a
connected open set. If f € O(D) and there is an a € D such that D* f(a) =0
for all « € N, then f(z) = 0 for all z € D. In particular, if there is a
non-empty open set U C D such that f(z) =0 for all z € U then f =0 on D.

Proof. By Theorem 2.6, the set
N={2e€D|Df(z) =0 forall e N*}

is open. {2 is also closed, by the continuity of the functions D f. Since the
open set D is connected and {2 # &, we see that 2 = D. O

It is easy to deduce the following characterisation of holomorphic functions
from Definition 1.1 and Theorems 2.1 and 2.6.
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Corollary 2.8. Let D be an open set in C* and let f be a complex-valued
function on D. The following are equivalent.

1) feO(D),
2) f € C(D) and f is holomorphic with respect to each of the variables
21, ..., 2n Separately.

3) f satisfies the Cauchy formula (2.1) for every polydisc P € D.
4) f has a Taylor series expansion in a neighbourhood of z for every z € D.

The hypothesis f € C(D) is not necessary in 2). In fact, Hartogs’ theo-
rem tells us that the equivalence of 1) and 2) does not need any regularity
hypothesis with respect to the whole variable set [Har].

Theorem 2.9. Let D be an open set in C™. Then f € O(D) if and only if f
18 holomorphic with respect to each variable separately.

The following counter-example shows that no analogous result holds for
functions of several real variables.
Let f : R2 — R be defined by

f(0)=0
flz,y) =

Ly

m if (z,y) # (0,0).

The function f is real analytic with respect to each variable separately, but
it is not bounded in a neighbourhood of 0.

3 The open mapping theorem

The open mapping theorem and the maximum principle that follows from it
can be easily extended to holomorphic functions of several variables.

Theorem 3.1. Let D be a connected open set in C™ and let f be a holomor-
phic function on D. If f is not a constant function then the map f: D — C
is an open map (i.e. the image of an open set in D is an open set in C).

Proof. Consider a € D and let U be a convex neighbourhood of a contained
in D. By the analytic continuation principle f|y # f(a) since f is not constant
and D is connected. Consider b € U such that f(b) # f(a), consider the set
N={2€Cla+z(b—a) €U} and set g(z) = f(a+ 2(b—a)) for all z € 2.
The open set {2 is convex and contains 0 and 1; moreover, g(0) = f(a) #
f(b) = g(1). By the classical one-dimensional open mapping theorem, g({2)
is a neighbourhood of f(a). Since f(U) D g(£2) the theorem follows. O
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Corollary 3.2 (Maximum principle). Let D be a bounded open set in C"
and let f be a function which is holomorphic on D and continuous on D.
If f is non-constant then for every z € D

[f(2)| < sup [f(C)]-

¢€dD

Proof. The continuity of f on D and the open mapping theorem imply that
f(D) = U is a bounded open set. Consider w € 9U: we then have w =
lim, o f(z,), where (z,),en is a sequence of points in D from which we can
choose a sub-sequence which converges to a point in 9D, since f is an open
mapping. It follows that OU C {w € C | |w| < supepp |f(¢)|} and since U is
a bounded open set U C {w € C | |w| < supgcsp [£(Q)[}- O

Corollary 3.3. Let f be a holomorphic function on a connected open set D
in C™. If | f| has a local mazimum at zo € D then f is constant on D.

Proof. Let V be a connected open neighbourhood of zg in D such that | f(z)| <
|f(20)| for any z € V. If f is non-constant on V then by Theorem 3.1 f(V)
is an open set contained in the closed disc of centre 0 and radius |f(zg)]
and is therefore contained in the open disc, which is impossible. It follows
that f is constant on V' and as D is connected f is constant on D by analytic
continuation. (]

Let us finish this section with a version of Schwarz’s Lemma for holomor-
phic functions in several variables.

Theorem 3.4. Let f be a holomorphic function on the open ball B(0,R) =
{z € C" | |z| < R}. Assume that f has a zero of order k at the origin, i.e. the
Taylor expansion of f at 0 has no terms of order strictly less than k, and |f]
is bounded by a constant M on B(0, R). Then

51k
FEI<M|Z|" iz e BO,R),

Proof. For any z # 0 in B(0, R) and u € C such that |u| < R we set p(u) =
f(uz/|z|). The function ¢ thus defined is holomorphic on the disc D(0, R) in C
and |p| is bounded by M on this disc. Moreover, ¢ vanishes to order k at 0.
We can therefore consider the function ¥ (u) = ¢(u)/u¥, which is holomorphic
on D(0,R) and if 0 < r < R then |¥(u)| < M/r* if |u| = r. By the maximum
principle applied to ¥ we have [W(u)| < M/r* if |u| < r. In particular,
|Z(|z])] < M/r* or in other words |f(z)] < M|z/r|* for any r > |z| and
uw = |z|. This inequality holds for any r such that |z| < r < R, and passing to
the limit we see that |f(z)| < M|z/R|*. O
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4 Series of holomorphic functions

Let D be an open set in C”. We say that a series (f;)jen C C(D) converges
uniformly on the compact subsets of D if there is a function f € C(D) such
that the series (f;);en converges uniformly to f on any compact set K in D.

We will now define a metrisable topological vector space structure on C(D)
such that convergence with respect to this topology is simply uniform con-
vergence on all compact sets. A fundamental system of neighbourhoods of 0
for this topology is given by the sets Vi . = {f € C(D) | sup,ex |f(2)| < €},
where K runs over the set of compact subsets of D and e runs over RY.
As D is a countable union of compact sets, the topology thus defined is metris-
able. More precisely, let (K;);jen be a exhaustion of D by compact sets, i.e.

[e]

D =j2, K; and K; CK 41 (where K; = {2 € D [ d(2,0D) > 1/j, |2| < j},
for example). For any f,g € C(D), we set

— . If—glx,
6(f.g) = 27 IS
19 = 2 =gl
Then ¢ is a distance defining the above topology.
With this topology the space C(D) is complete and is therefore a Fréchet
space. We equip the subspace O(D) in C(D) with the topology induced by
the topology on C(D).

Theorem 4.1. O(D) is a closed sub-space of C(D) and for every o € N”
the operators D* are continuous maps from O(D) to itself. More precisely, if
(fi)jen C O(D) converges uniformly on all compact sets in D to a function
f € C(D), then f € O(D) and for every o € N", the sequence (D f;);en
converges uniformly on every compact set in D to D*f.

Proof. The proof of this result simply repeats the one-dimensional proof. The
only change we have to make is replacing the classical Cauchy formula by the
polydisc Cauchy formula. O

Definition 4.2. A subset S in O(D) is bounded if and only if, for any compact
set K C D,

sup || fllx < +oo.

fes

We now give a characterisation of compact subsets of O(D) similar to the
characterisation of compact subsets of finite-dimensional topological vector
spaces.

Theorem 4.3 (Montel’s theorem). A subset S in O(D) is compact if and
only if it is both closed and bounded.
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Proof.

1)

Sufficiency. Assume that S is closed and bounded. Since O(D) is metris-
able it will be enough to show that we can extract a convergent sub-
sequence from any sequence in S. Let (f,),en be a sequence of elements
in S. Since f, € O(D) for any v € N, it follows from the Cauchy inequali-
ties that the first derivatives of the elements f, are uniformly bounded on
any compact subset of D. Ascoli’s theorem then implies that the condition
given is sufficient.

Necessity. Let K be a compact set in D. The map || - ||x from C(D)
to R which sends f to sup,cx |f(2)| is then continuous. Since S is
compact, the set {||f||x | f € S} is a compact set in R and hence
sup{||fllx | f € S} < +00, which proves that S is bounded. Moreover,
since S is compact it is automatically closed. O

5 Holomorphic maps

The study of holomorphic maps will lead us to define complex analytic sub-
manifolds of C". We will see in Chapter II that a complex analytic submani-
fold of C" is also an abstract complex analytic manifold.

Definition 5.1. Let D be an open set in C*. A map f = (f1,...,fm) :
D — C™ is holomorphic in D if fi,..., fm € O(D). We denote by O(D,C™)
the space of holomorphic maps from D to C™. If f € O(D,C™) and a € D
then the matrix

of1 of

021 (a) - a(a)
Jy(a) = : :

fm Ofm

P O

is called the Jacobian matriz of f at the point a.

Proposition 5.2. Let D C C™ be an open set and f = (f1,...,fm) €
O(D,C™). Then, for any a € D,

(5.1) fla+z) = f(a) + Jr(a)z + o(]z])

when z tends to 0 in C™.

Proof. By Theorem 1.3, if f € O(D,C™) then the differential of f at a, df (a),
is a C-linear map from C” to C™ whose matrix in the canonical bases of C™
and C™ is simply J¢(a). Formula (5.1) then follows from the definition of

df (a). O
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Theorem 5.3. Let f : D C C* — 2 C C™ and g : 2 C C™ — C* be two
holomorphic maps. The map go f : D — C* is then a holomorphic map and,
for alla € D,

(5.2) Jgor(a) = J4(f(a))Js(a).
Proof. The differential of g o f at the point a is given by
(5.3) d(g o f)(a) = dg(f(a)) o df (a)

by classical results of differential calculus But now, since f and g are holo-
morphic maps their differentials df (a) and dg(f(a)) are C-linear maps whose
matrices in the canonical bases are Jy(a) and J,(f(a)) respectively. It follows
that d(g o f)(a) is C-linear for any a € D, which implies that g o f is a holo-
morphic map, and formula (5.2) then follows from (5.3). O

Definition 5.4. Let D be an open set in C", let f be a holomorphic map
from D to C™ and let a be a point of D. We say that f is biholomorphic in
a neighbourhood of a if there is a neighbourhood U of a such that f‘U is a

bijection from U to f(U) and (f‘U)_1 is a holomorphic map from f(U) to U.

Theorem 5.5 (Local inverse theorem). Let U be a neighbourhood of
a € C" and consider f € O(U,C™). Then f is biholomorphic in a neigh-
bourhood of a if and only if det(J¢(a)) # 0.

Proof. The hypothesis that det(Jf(a)) # 0 implies that df(a) is invertible.
By the classical local inversion theorem f is a local C!-diffeomorphism in a
neighbourhood of a and df ~1(f(y)) = (df(y))~* for any y sufficiently close
to a. As df(y) is C-linear since f is holomorphic its inverse (df (y))~! is also
C-linear which implies that f~! is holomorphic in a neighbourhood of f(a)

since df 7 (f(y)) = (df (y)) " O

Corollary 5.6. If X is a subset of C™ then for any k € {1,2,...,n — 1} the
following conditions are equivalent:

i) For any point § € X there is a biholomorphic map f = (f1,..., fn) defined
on a neighbourhood U of £ such that

XNU={2€U]| foy1(2) =--- = fn(z) = 0}.

it) For any point & € X there is a neighbourhood V' of £ in C™ and a holo-
morphic map g : V — C"F such that

tkJg(§)=n—k and XNV ={zeV|g(z)=0}

iii) For any point & € X there is a neighbourhood W of £ in C", an open
set 2 in C* and a holomorphic map h : 2 — C" such that

rkJ,(€) =k and X NW = h(£).
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Proof. Tt is obvious that i) = ii) and iii).

We now prove that ii) = i). Consider V and ¢ as in ii), and denote
by G the linear map C* — C"~* defined by J,(£). Since tkJ,(§) = n — k,
the map G is surjective and there is a map A : C* — CF such that the
map A@ G : C" — C" defined by A @ G(z) = (A(z),G(z)) is bijective
(we can define A to be the projection from C™ to ker G after identifying ker G
and C* by a choice of basis). Set f(z) = (A(z),g(z)) for any z € V. Then
det J¢(§) = det(A @ G) # 0, so by Theorem 5.5 f is biholomorphic in an
neighbourhood U of £ contained in V. Moreover, by definition of f we know
that

XNU={z€U| fiy1(2) =+ = fu(z) =0}.

To complete the proof of the corollary, we show that iii) = ii). Consider W
and h as in iii), and denote by H the linear map C¥ — C" defined by Jy ().
Since 1k J;(€) = k, the map H is injective. If z € C" = CF x C"* we
set z = (2/,2"”), and the map @ defined by &(z) = H(z') + (0,2") is then a
bijection from C™ to C™. Set ¢(z) = h(2')+(0, 2") for z € 2xC"*. The map
Jo(h™1(£),0) = @ is then invertible, so by Theorem 5.5 ¢ is biholomorphic
in a neighbourhood of (h=1(£),0). Set f = o~ !: the function f is defined
and biholomorphic in a neighbourhood V' of £ contained in W and satisfies
Ff(h(z")) = (/,0). We then simply set g = p o f, where p is the projection
from C™ to C"* sending z to 2. O

Definition 5.7. Let D be an open set in C™. A subset X of D is a complex
analytic submanifold of C™ if the equivalent conditions i), ii) and iii) of Corol-

lary 5.6 are satisfied for X. If moreover X is closed in D, then X is a closed
submanifold of D.

6 Some holomorphic extension theorems

A. Riemann’s extension theorem

We want to generalise the result on the holomorphic extension of bounded
holomorphic functions of a complex variable over a punctured disc to the
several variable case. A point of C can be considered as the set of zeros of
a holomorphic function. We consider the extension of holomorphic bounded
functions defined on an open set in C™ minus the set of zeros of a finite number
of holomorphic functions.

Definition 6.1. Let D be an open subset in C™ and consider A C D. We
say that A is an analytic set if for every a € D, there is a neighbourhood U
of a and a finite number of holomorphic functions fi,..., f, on U such that
ANU={z€U| fi(z) =--- = fp(z) =0}

Proposition 6.2. Let D be a connected open set in C™ and let A C D be an
analytic set. The following then hold.
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i)
ii)

iii)

I Elementary local properties of holomorphic functions

A is closed in D,
if A% D then D\ A is dense in D,
D . A is connected.

Proof.

i

ii)

iii)

By definition, any point a € D has a neighbourhood U such that ANU
is closed since the functions f;, 7 = 1,...,p, are continuous. It follows
that A is closed in D.

o
We argue by contradiction. Suppose that B =A is not empty. We will
prove that B is closed in D and since B is open and non-empty and D is
connected this will imply A = D.
Consider a point @ € B, an open connected neighbourhood U of a in D
and elements f1,..., f, of O(U) such that

ANU={z€U| filz) == = fol2) = O}.

Each function f;, j = 1,...,p, vanishes on the open set BNU; and since U
is connected, analytic continuation says that, for any j = 1,...,p, f;

[e]
vanishes everywhere on U and hence U C A. Since U is open, U CA= B,
and since a € U, we have a € B and hence B = B.
Assume that D \ A # & and let us prove first that:
(x) every point a € D has a connected neighbourhood U such that U \ A
is connected.
Fix a € D. Let U be a convex neighbourhood of a on which there are
holomorphic functions fi,..., f, such that

UnA={zeU|fi(2) == fy(z) = O}.

Consider zg,z1 € UnAandset V={A € C | Axp+(1-N)z; € U};Visa
convex subset of C because U is convex and there is a j € {1,...,p} such
that the function g;(\) = f;(Azo + (1 — A)z1) does not vanish identically
on V and in particular g;(0) # 0. Since the function g; is holomorphic,
the set of its zeros A’ is discrete in V. It follows that V'~ A’ is connected.
But A’ contains the set {A € C | (Axg + (1 — A)z1) € ANU}. Suppose
that f;(z1) # 0: 0 and 1 are then contained in V'~ A’, which is connected,
so there is a path 7, : [0,1] — C linking 0 and 1 in V N A’ If f;(z1) =0
then 1 € A’, but since A’ is discrete there is a € > 0 such that the segment
[1,14+¢]NA" = {1}. We then construct a path 7 linking 0 to 1 which is
contained in (V . A’) U {1} by linking 0 to 1+ ¢ via a path 7 : [0, 3] —
V A" and then linking 1 +¢ to 1 by 7o : [3,1] — (V ~ A’) U {1}, where
vo(t) = —2et + 1+ 2. The map 7 : t — ~(t)zo + (1 — ¥(t))z is then a
path joining xg to x1 in U \ A and hence U \ A is connected.

Let us now show that (x) implies iii). We argue by contradiction. Assume
that D\ A = Uy UU,, where the Uj, j = 1,2, are non-empty disjoint open
sets. By ii) D = D~ A = U, UUs,. Since D is connected U; N U, # @.
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Consider @ € U; NU; and let U be a neighbourhood of a such that
U \ A is connected (such a neighbourhood exists by ()). Then U N\ A =
(UNU)U((UNUy). Since the set U \ A is connected and A is closed, one
of the sets (UNUj), j = 1,2 is empty, so may assume that (UNU;) = &,
which is not possible since U is a neighbourhood of a € U;. O

Corollary 6.3. Let D be an open connected set in C" and let f and g be
holomorphic functions on D. If f and g are equal on a subset S of D and
there is a connected open set V in D such that V . S is not connected then f
s equal to g on D.

Proof. Let A be the set of zeros of f — g in D. Assume that A is not D. By
Proposition 6.2, V \ A is connected and V ~\ A is dense in V and hence in

V N S. It follows that V' ~ S must be connected, which is a contradiction.
Hence A = D. O

Example. If S is a real hypersurface in D, ie. S = f~1(0) for some f €
CY(D,R) such that Vf # 0 on S, then S satisfies the hypotheses of Corollary
6.3. Indeed, D\ S={z e D] f(z) >0} U{x e D| f(z) <0}

Theorem 6.4 (Riemann’s theorem). Let D be an open set in C™ and let A
be an analytic set which is not equal to D. Let f be a holomorphic function
on D~ A. Assume that every point a € A has a neighbourhood U in D such
that flua is bounded. There is then a unique function F on D such that
F‘D\A = f

Proof. Uniqueness follows immediately from the analytic continuation princi-
ple.

We consider first the case where n = 1. It is enough to prove that if f
is bounded and holomorphic on the punctured disc {z € C | 0 < |z] < R}
then f has a holomorphic extension to the disc {z € C | |z|] < R}, since
analytic sets in dimension 1 are discrete. Consider the Laurent series for f on
the punctured disc {z € C |0 < |z| < R}

v 1 —v—1
f(z) = VZEZGUZ =5 o f(2)z dz, for0O<r<R
If v < 0 then a, — 0 as 7 — 0 since f is bounded, and since a, is independent
of r we have a, = 0. The result follows on setting F'(2) = >, avz".

We now consider the general case. For any a € A, let V be a connected
neighbourhood of a such that f|y . 4 is bounded and such that there are holo-
morphic functions f1,..., f, on V such that ANV ={ze€V | fi(z)=--- =
fp(z) = 0}. We can assume that h = f; # 0 and (making an affine change of
coordinates if necessary) we can assume that a = 0 and h(0,...,0,2,) Z0ina
neighbourhood of z, = 0. There is then a ¢ > 0 such that A(0,...,0,z,) #0
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whenever 0 < |z,| < §. Set 2/ = (21,...,2n—1). Let € > 0 be such that
h(Z',zp) # 0 if |2/ < e and |z,| = 0. We consider the function
1 "t
9(2) = — Mdt.

o m |t|=6 t— Zn

We note that (2/,t) € VN A for |2/| < € and [t| = §, and that g is holomorphic
for |2/| < € and |z,| < . Moreover, for any z’ such that |2/| < ¢, the
function ¢ — f(z,t) has a holomorphic extension to the disc {t € C | |¢| < ¢}.
Indeed, since h(2',z,) # 0 if |z,| = 4, the function z, +— h(Z/, z,) has only
a finite number of zeros in {z, € C | |z,| < §} and since f is bounded in a
neighbourhood of these zeros we can simply apply the result for n = 1. By the
Cauchy formula in one variable, g(z) = f(2) if z € VN A, |2/| < ¢, |za] < 4.
The function f therefore has a holomorphic extension in a neighbourhood of
each point of A and the theorem follows by uniqueness. |

B. Rado’s theorem

Theorem 6.5 (Rado’s theorem). Let f be a continuous function on an
open set D in C". If f is holomorphic on {z € D | f(z) # 0} then f is
holomorphic on D.

Proof. Since the function f is continuous it will be enough, by Corollary 2.8,
to show that f is holomorphic in each of the variables separately. Moreover,
as holomorphy is a local property it will be enough to prove the theorem for
a function of one variable on the unit disc A in C.

Suppose that f is a continuous function on A and f is holomorphic on
U={z¢€ A f(z) # 0}. We shall prove that U is dense in A and that f
is C* on A: the result follows easily, since 9 f /07 is then a continuous function
on A which vanishes on a dense subset of A (namely U) and hence vanishes
on A, so f is then holomorphic on the whole of A.

Lemma 6.6. If g is a continuous function on U which is holomorphic on U
then for all z € U, then |g(2)| < sup¢epanav 19(C)]-

Proof. For any given n € N* consider the function ¢"(z)f(z). This is a
holomorphic function on U, so by the maximum principle,

9" (2)f(2)] < sup [g"(O) (O] < sup |g"(C)f ()]

¢edUu ¢eounoA

for all z € U, since f vanishes on ANJU. The result follows on taking the nth
root of both sides of the last inequality and letting n tend to infinity. ]

Lemma 6.7. The open set U is dense in A.
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Proof. We argue by contradiction. Suppose that U is not dense in A: there
is then an @ € AN AU and a series of points (a,),en in A\ U which tend
to a. Consider the sequence of functions (1/(z — a,))ven. These functions are
holomorphic on U and continuous on U. Moreover, by Lemma 6.6, if z € U
and v is large enough then

‘ 1

zZ—a,

1 2
< sup <
ceonnau [¢ —ay| ~ d(a,04)

But since a € U, the series (1/(z — a,))yen cannot be uniformly bounded
on U, which gives us a contradiction. O

Lemma 6.8. The functions Re f and Im f are harmonic on A and hence f
18 C™ on A.

Proof. By the Stone-Weierstrafl theorem any continuous function f on 0A is
a uniform limit on A of trigonometric polynomials:

Pn
f=lim Q,(0) where Qu= > cpne*’.

k=—pn

Then Re @, (0) = Y4", apncoskd + by, sinkf, where ayp,brn, € R, and
setting P,(z) = Y47 o(akn — ibpn)2®, we get Re(P,(2)) = ReQ@n(8) for
z = ¢ and Re(f — P,) converges uniformly to 0 on JA.

For any given € > 0 there is a kg such that if k > kg

lePe=f| < e and |ef ~P%| < ef

on OA. The functions e/ =P+ and e*~/ are continuous on U and holomorphic
on U, so we can apply Lemma 6.6 and we get, for k > ko,

|eP’“_f\<eE and |ef_P’“|<es

on U. It follows that |Re(Py — f)| < € on U and since U is dense in A,
| Re(P; — f)] is bounded above by € on A because f and the polynomials Py
are continuous on A.

We have therefore proved that Re f is a uniform limit on A of harmonic
functions Re Py. Harnack’s theorem then implies that Re f is harmonic on A.
Replacing f by if in the above argument it follows that Im f is harmonic
on A. The function f is therefore harmonic on A so in particular it is C*°.

|

C. Hartogs’ phenomenon

In this section we will study a special case of Hartogs’ phenomenon in C",
n > 2. Hartogs’ phenomenon in a general open set in C", n > 2, will be
studied in detail in Chapter IV.
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Theorem 6.9. Let D be a connected open set in C", and set Q =
{fweC|r<|w <R} O<r < R. Let fbea holomorphic function
on D x Q. We assume there is a point a € D such that f has a holomorphic
extension to a neighbourhood of {a} x A, A ={w € C| |w| < R}. Then f
can be extended holomorphically to D x A.

Proof. We denote the points of D x Q by (z,w). Note that if the extension F
of f to D x A exists then for any z € D and p € |r, R]

Pl - L [ 120

~ 2im [¢l=p (—w

d¢ if Jw| < p

by the one-variable Cauchy formula.
For any p such that » < p < R, we consider the function

N o 1 f(za C)
fol5w) = 55z Icl=p [

This function is continuous on D x {w € C | |w| < p} and holomorphic in each
variable, and is hence holomorphic on the whole domain by Corollary 2.8. As f
has a holomorphic extension to a neighbourhood of {a} x A, if r<ro<R then
there is an € > 0 such that f(z,w) can be extended to a holomorphic function,
again denoted f(z,w), on the open set {|z —a| < ¢, |w| < ro}. Choose p such
that 7 < p < rg: then f(z,w) = ]?p(z,w) if |z —a| < e and |w| < p by the
one-variable Cauchy formula. The open set D x {w € C | r < |w| < p} is
connected so we can apply the analytic continuation principle to f and fp
so f and f;, are equal on D x {w € C | r < |w| < p}. It follows that the
function F' defined by F(z,w) = f(z,w) on D x Q and F(z,w) = fp(z,w) on
D x {w e C| |w| < p} is the extension we seek. O

Ezxamples.

1) Let D be an open set in C", n > 2, and let a be a point of D. Any
holomorphic function on D \ {a} can then be extended to a holomorphic
function on D.

2) Let K be a compact set in C™, n > 2, and let f be a holomorphic function
on C” ~\ K. Then f can be extended to a holomorphic function on the
whole of C™.

3) Let P be the polydisc {(z1,...,2,) € C" | |z;] < r, 1 < i < n} and set
Q={(z1,...,20) €P ||zl <r/2,1<i<nm—1or|z) =>71/2}, n > 2.
Then any holomorphic function on ¢ can be extended to a holomorphic
function on P.

These results are false if n = 1: consider the function f(z) = 1/z, for
example.
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Corollary 6.10.

a) Let f be a holomorphic function on an open set D in C™, n > 2. The zero
set of f has no isolated points.

b) If f is a holomorphic function on C™, n > 2, then the zero set of f is not
bounded.

Proof. Argue by contradiction, applying 1) and 2) above to the function 1/f.
O

Remarks

The local theory of holomorphic functions in several variables originates in
the work of K. Weierstraf3, H. Poincaré and P. Cousin, who studied functions
in product domains of C” at the end of the last century. In 1906, Hartogs
[Har] discovered domains in C? for which every holomorphic function could be
extended holomorphically to a larger domain, which never happens in single
variable analysis.

The results presented in this chapter are very classical. They can be found
in most books on the theory of holomorphic functions in several variables. The
interested reader may wish to consult the following books: [Ho2], [Kr], [Nal],
[Ra]. Hartogs’ separate holomorphy theorem is proved in [Ho2] (Th. 2.2.8)
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Currents and complex structures

In this chapter we introduce two new ideas, one coming from differential geom-
etry (currents) and the other coming from analysis (complex analytic manifolds
and their associated complex structures), which we will use frequently through-
out the rest of this book. We start by defining currents, which for differential
forms play the role that distributions play for functions, and then consider the
regularisation problem for currents defined on a C* differential manifold. Solv-
ing this problem, which is easy in R"™ by means of convolution, obliges us to
introduce kernels with similar properties to the convolution kernel. We will also
study the Kronecker index of two currents, which generalises the pairing of a
current and a differential form. This index enables us to prove a fairly general
Stokes’ formula which will be used in Chapters III and IV. We then introduce
the notion of a complex analytic manifold and describe the natural complex
structures which appear on the tangent space of such manifolds, which leads us
to define (p, ¢) differential forms, the d operator, the Dolbeault complex and the
associated cohomology groups. The holomorphic extension phenomena studied
in Chapter V are linked to the vanishing of certain of these cohomology groups,
and some vanishing theorems will be proved in Chapter VII. We end this chapter
with the definition of the complex tangent space to the boundary of a domain
in a complex analytic manifold which appears later in the definitions of CR
functions (Chapter IV) and pseudoconvexity (Chapter VII).

1 Currents

By X we will always denote a C* n-dimensional oriented differentiable man-
ifold. For any p such that 0 < p < n we denote by DP(X) the vector space
of C*° degree p compactly supported differentiable forms on X. We will define
a locally convex topology on DP(X) and study its dual.

A. The topology on DP(X)

Assume first that X is an open set in R™ and denote by £(X) the vector space
of C* functions on X.

C. Laurent-Thié¢baut, Holomorphic Function Theory in Several Variables: An Introduction, 21
Universitext, DOI 10.1007/978-0-85729-030-4_2, © Springer-Verlag London Limited 2011
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If K is a compact set in X and « is an element of N then for any f € £(X)
we set

Pr.a(f) = sup [D f(z)].
reEK
The functions pg , are semi-norms on £(X). Consider the topology on £(X)
defined by these semi-norms. The sets

Vikme ={f € E(X) [Va, o] <m, pka(f) <e}

form a fundamental system of neighbourhoods of zero for this topology. As X
is an open set in R™ there is an exhaustion of X by compact sets (K, )pen and
the family (Vk, . ,,.)p.meNnen+ is a fundamental basis of the topology in a
neighbourhood of 0. This topology is therefore metrisable. It is easy to check
that a sequence of elements in £(X) converges to 0 in the above topology if
and only if both the sequence and all its derivatives converge uniformly to 0 on
any compact set in X. The vector space £(X) equipped with this topology is
a Fréchet space (i.e. a locally convex, complete, metrisable topological vector
space).

If p is a C* differential form of degree p on X then ¢ can be written in

the following form
p= > rdzy,

_ MI=p

i1 <tp<---<ip
where ¢y € £(X) and for any I = (i1,...,4p) € {1,...,n}?, we set dz; =
dxi, \--- ANdz;,. For any compact set K in X and o € N" we set

Dr,a(@) = sup{pr,a(er) | I = (i1,...,0p) € {1,...,n}P, i1 <ig < -+ <ip}.

The set of semi-norms px ., where K is a compact set in X and « is an
element of N™ defines a Fréchet space topology on the vector space EP(X)
of C*° degree p differential forms on X.

If Y is another open set in R™ and f is a C*° diffeomorphism from X to Y
then the map

frEP(Y) — EP(X)
pr— [T
is a linear homeomorphism.

We now consider the case where X is a manifold. Let A be an atlas on X.
We define a topology on £P(X) using the semi-norms py, i, which are defined
by

Puic.a(®) = Dr.a((h1) ¢|,) forany ¢ € £(X)

for any set U which is the domain of a chart (U,h) € A, any compact set K
in U and any a € N™. This topology is independent of the choice of A:
it is the coarsest topology such that the maps (k=1)* : £(X) — E(k(V))
are continuous for any chart (V,k) on X. As X is countable at infinity we
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can assume that the atlas A contains a countable number of charts and the
topology defined above is therefore metrisable. It is easy to check that EP(X)
is a Fréchet space with this topology.

If K is a compact set in X then we denote by D} (X) the subspace of
EP(X) consisting of C>° degree p differential forms supported on K. This is a
closed subset in £P(X) and it follows that if we equip it with the restriction
of the above topology on EP(X) we get a Fréchet space. We then equip
DP(X) = Uy D% (X) with the finest locally convex vector space topology for
which all the inclusions

DY (X)—— DP(X), K acompact set in X
are continuous.

Remarks. A sequence of differential forms (¢;);en C DP(X) converges to
p € DP(X) in the above topology if and only if

1) the forms ¢, are all supported on some fixed compact set K in X.
2) (¢j)jen converges to ¢ in Dy (X).

B. Currents

Definition 1.1. A p-dimensional current on X is a continuous linear form
on DP(X). We denote by D, (X) the set of p-dimensional currents on X. Tt
is a C-vector space, the topological dual of DP(X).

Consider T' € D, (X): this is a linear form on DP(X) and hence, for any
pair of forms ¢1, o € DP(X),

T(p1 + p2) =T(p1) + T(p2)

and for any A € C and ¢ € DP(X)
T(hp) = AT ().

The current T is also continuous on DP(X). In other words, T‘(Dp)(X) is
K.

continuous for any compact set K in X. This is equivalent to the following
statement: For any sequence (g;);en of elements in DP(X) which tends to 0,
the sequence T'(¢;) also tends to 0 in C.

Throughout the following we will write (T, ¢) for T'(¢).

Ezxamples of currents.

i) The Dirac delta function 6., x € X, defined by d,(¢) = () for any
¢ € DY(X) is a 0-dimensional current.
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ii) If w is a locally integrable differential form of degree ¢ on X then we define
an (n — ¢)-dimensional current T,, by

<Tw,gp>:/ wAg forany p € D"TI(X).
X

This definition is only possible on an oriented manifold X.
ili) If Y is a C* closed and oriented p-dimensional submanifold of X then we
define a p-dimensional current [Y] on X by

<[Y],¢>:/Y90:/Yi*s0 for any ¢ € DP(X),

where 4 is the inclusion Y < X. The current [Y] is called the integration
current on Y.

If K is a compact set in X and k € N is an integer then we denote by
(Ck)P(X) the space of C* degree p differential forms supported on K. We
equip this space with the topology defined by the semi-norms pg o, |o| < k.
We define (C¥)P(X) to be the union of the spaces (Ck.)P(X) for all compact
sets K in X: it is the space of C* degree p compactly supported differential
forms on X. We equip this space with the finest locally convex vector space
topology for which all the inclusions

(CR)P(X) — (COP(X)

are continuous. Consider the inclusion DP(X) — (C¥)P(X): it is a continu-
ous map with dense image. We denote the topological dual of (C¥)?(X) by
(Cf);,(X): it is a subspace of D, (X) and its elements are called currents of
order k and dimension p on X.

Example. If Y is a C' closed oriented submanifold of X then the integration
current on Y is a current of order 0.

C. Support of a current

In this section we will see that it is possible to obtain global information on
a current by gluing local information.

If {2 is an open set in X and T' € D,,(X) then we can define T|Q (or, more
correctly, T’DP(Q)) by (T’Q, ) = (T, @) for any ¢ € DP({2), where p € DP(X)
is defined by ¢ = p on 2 and ¢ =0 on X \ (2.

Proposition 1.2. Let (£2;)ic; be a open cover of X, and for every i € I
let T; be an element of D, (£2;). Assume that Ti|9mr2j = Tj|9m9j for any

pair (i,7). There is then a unique current T' € D, (X) such that T|Q_ =T
for alli e I.
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Proof. Consider a locally finite partition of unity («;);c; subordinate to the
open cover (£2;);er. If ¢ € DP(X) then ¢ = ), ; o and the right-hand sum
has only a finite number of non-zero terms. If T exists then it must have the
property that, for any ¢ € DP(X),

(1.1) (T, 0) = (T,aip) = > (Ti, ip)

i€l i€l

since «; is supported on (2;.

Conversely, this formula defines a continuous linear form on DP(X). In-
deed, let (¢;)jen be a sequence of elements in DP(X) converging to 0. There
is then a compact set K such that suppy; C K for all j € N and for any
i € I the sequence (a;p;)jen converges to 0 in (CFqppa,)’ (X). It follows
that T;(csp;) converges to 0 and as only a finite number of the forms o;y;
are non-zero on K for any j, T'(¢;) = > Ti(cip;) tends to zero as j tends to
infinity. Formula (1.1) therefore defines a p-dimensional current 7" on X and
we now check that T'|, = T;. Consider ¢ € D({2;). Then:

(Tis0) = Y Ty, anep)

kel

but suppagp C 2 N 2; and it follows that (T;, arp) = (Tk, are) which
implies that (T3, p) = >, (Tk, arp) = (T, @). O

Corollary 1.3. If T is a p-dimensional current on X then there is a largest
possible open set §2 in X such that T|Q =0.

Definition 1.4. If T' € D, (X) then the support of T' is the complement of
the largest open set on which T is identically zero.

Ezample. If Y is a C* closed oriented submanifold of X then the support of
the current [Y]is Y.

Remark. Note that if T € D), (X) is a current with compact support then
the expression (T, ) is meaningful for any C* differential form 3 on X of
degree p. Indeed, let x be a compactly supported C*° function on X such
that x is identically 1 on a neighbourhood of the support of 7. We then set

(T, ) = (T, x¥).

Local expressions of currents. Let (U, h) be a chart of X and let (x1,...,2,)
be the associated local coordinates. Consider the expression

(1.2) T=Y" Tdax,
[T|=p

where 77 is an n-dimensional current on U and dx; = dx;, A -+ Adx;, for
any I = (i1,...,1p) € {1,...,n}P. This defines an (n — p)-dimensional current
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on U in the following way: if ¢ in D""P(U) can be written in the form
Y= Z‘J‘=n_p wydzxy then we set

(T, ) =Y e(I,CI)(Ty, pgrday A+ Aday),
[I|=p
where I = (i1,...,i,) and CI = (j1,...,jn_p) have the property that
{it, -« yipyJis-evsjn-p} = {1,...,n} and (I,CI) is the sign of the permu-
tation sending (1,...,n) to (41,...,%p, J1s-- - In—p)-
Conversely, if T is any current on X then the current T’U can be written
in the form (1.2). Indeed, if we set

(Tr,odxy A -+ Ndxy,) = e(I,CI{T, pdxg;)

for any I = (41,...,4,) and any C* function with compact support on U ¢,
then this formula defines a set of n-dimensional currents 77 and the current T’
can be written in the form (1.2) using these currents 77.

Definition 1.5. If T is a p-dimensional current on a differentiable manifold
of dimension n then the number (n — p) is called the degree of the current T
We denote the set of degree ¢ currents on X by D'¢(X).

We have just proved that a degree ¢ current on X can be locally written
as a degree ¢ differential form whose coefficients are degree 0 currents.

Ezxample. Degree n currents in R™ are simply distributions and can be natu-
rally identified with degree 0 currents.
D. Operations on currents

We now show how to extend the classical operations on differential forms to
currents and define some new operations.

Wedge product with a C* differential form. Consider a current T € D'P(X)
and a differential form « € £9(X) such that 0 < p+ ¢ < n. We define the
wedge product T'A « by

(T Ao,y ={(T,aNy) forany p € D"PTI(X).

This is a degree p+ g current on X. If T' =T, is the current defined by a C*>
differential form of degree p then

Tw No = Tw/\a = (—1)qua/\w.
For any T € D'P(X) and a € DY(X) we set
aANT = (=1)PT Aa.

If T is a current of order k then we can define its wedge product with a C*
differential form in a similar way.
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Boundary and differential of a current. If T € D'P(X), then we define the
boundary bT of the current T by

(bT,p) = (T, dp), for any p € D" P~ (X).

This is a p + 1 degree current on X. The differential dT of the current
T € D'P(X) is then defined by the formula

dT = (—1)P~oT.
Ezamples.

1) Let D € X be a open set with C! boundary which is relatively compact
in X. We denote by [D] the degree 0 current defined by

([D],<p>:/D<p for any ¢ € D"(X).

Stokes’ theorem then says that b[D] = [bD].
2) Let w be an element of EP(X) and let us calculate dT,,. For any ¢ €
anpfl(X),

(AT, ) = (1)P 71 bTo, ) = (1P T, dp) = (—1)”_1/Xw/\dw;

but now
dw AN @) =dw e+ (—1)Pw Adp,

so that
@) = [ donp= [ dwne),
X X

Since w A ¢ is a compactly supported form, Stokes’ formula now says that
Jx d(w A ) =0 and hence dT,, = Ty,.

Remark. If T € D'P(X) then d(dT) = 0.

Direct image of a current under a proper map. Let X and Y be two ori-
ented C*> differentiable manifolds and let f be a C*° map from X to Y. We
say that f is proper if and only if for any compact set K in Y f~1(K) is a
compact set in X. If T' € D, (X) then the direct image of T' under the proper
map f is the current f,T defined by

(f«T, ) = (T, f*p), for any ¢ € D'P(Y).

(This definition is meaningful because supp f*¢ C f~!(supp ¢) is compact for
any proper f). The current f.T is a p-dimensional current on Y. It follows
from the definition of the operator f, and Proposition 5.4 ii) of Appendix A
that if T' is contained in D), (X) then

£.dT = df,T.



28 IT Currents and complex structures

Inverse image of a current under projection. Let Y and Z be two oriented C*
differentiable manifolds and let f be the projection from X =Y x Z to Z. If
¢ € D*(Y x Z) then we define the integral [, ¢ to be the unique differential
form on Z such that, for any ¢ € D*(Z),

</YSO’¢>Z = (o, [")yxz = /szga/\f*w.

If T'= T, is the current defined by a compactly supported C*>° differential
form ¢ on X then the current f.T, is the current defined by the C*> com-
pactly supported differential form ¢(z) = [,. ¢ on Z. (This follows from the
definition of f, and Fubini’s theorem). Consider T' € D'?(Z): we define the
inverse image of the current T under the projection f by

(f*T,¢) = (T, .T,), for any ¢ € D™ X~P(X).

This is a degree p current on X. It is clear that if 7' = T, is the current
defined by a C* differential form on Y then f*T,, = T+, where f*w is the
inverse image of the differential form w.

2 Regularisation

Let X be an n-dimensional oriented C*° differentiable manifold. We denote by
D'*(X) = @, -, D'?(X) the vector space of currents on X — this is the topo-
logical dual of the vector space D*(X) of compactly supported C* differential
forms on X. Traditionally, we consider two topologies on D'*(X):

1) The weak topology, or the topology of simple convergence on D*(X). More
precisely, a family (T%).cg+ C D’*(X) converges weakly to T € D'*(X)
as € tends to 0 if for every ¢ € D*(X)

lim (7%, @) = (T, ¢).
e—0

2) The strong topology, or the topology of uniform convergence on bounded
sets in D’(X). We recall that a subset B in D*(X) is bounded if the
elements ¢ in B are all supported in some given compact set K and if for
any o € N and any chart domain U of an atlas A, sup ¢ p{Pv.x.0(9)} <
~+00, where the py ko are the semi-norms defined in §1.A.

It is easy to see that the strong topology is finer than the weak topology.

The aim of this section is to prove that £*(X) = @Z:o EP(X) is dense
in D'*(X) with respect to either the weak or the strong topology and give
a method for constructing families of C*>° differential forms converging to a
given current in either topology.

A current of degree 0 on X is called a distribution on X.
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A. Regularising distributions on R™

We consider a positive C*° function 6 which is compactly Supported in a
neighbourhood of 0 in R™ and which has the property that fRn z)dr = 1.
For example, we can take the function defined by

c e V=12l for |z
O(z) = { H |

<1
0 for ||z|| > 1

where the constant ¢ is chosen in such a way that [, 6(z)dz = 1. We set
0-(z) = Z=0(x/e) for any € > 0 and we set K.(z,y) = 0.(z — y) for any
z,y € R™. If u is a continuous function on R™ then we define the regularisa-
tions u. of u by
us(z) = | Ke(z,y)u(y)dy.
R’n

The following classical proposition and corollary will be proved in a more

general form in Section B.

Proposition 2.1. If u € D°R") is a compactly supported C> function
on R™, then the family (ue¢).cr+ of regularisations of u converges to u in
DO(R™) as € tends to 0. Moreover, the convergences of these series to u is
uniform with respect to u over any bounded sets in D°(R™).

Definition 2.2. Let 7' € D'°(R") be a distribution on R”. We then define
the family (T.).er+ of regularisations of T in the following way: for any
© € DY(R™) we set

(Te,oday A -+ Ndxy) = (T, pedry A -+ Adxy,),

where ¢, (z) = [¢. K Yo(y)dy.

Corollary 2.3. The family (T:).cr+ of regularisations of the distribution T
is a family of C* functions on R™ which converges both weakly and strongly
to T when ¢ tends to 0.

The interested reader may consult [Se, Chap. 6] for more information on
regularisation in R™.
Let us consider the main properties of the function K. defined on R™ x R":

1) K. is a C* function,

2) K. is supported in a strip containing the diagonal in R” x R™ whose width
is of order &,

3) Ks(x’y)dy = KE(xay)dI =1,
R R
o 9«
—_— _1lal+1 =2 _ .
e /'n ( T +(=1) 6ya)Ks($,y)dy 0 for any o € N,

These properties are central to the proofs of Proposition 2.1 and Corollary 2.3.
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B. Regularising distributions on manifolds

Let X be an n-dimensional oriented C*° differentiable manifold.

As a manifold does not have a group law in general, we can no longer
use convolution to regularise distributions as in Section A. The idea is to use
kernels (K. ).er+ which are functions defined on X x X with properties similar
to the four properties mentioned in Section A.

Definition 2.4. Let m; and 7 be the two projections from X x X to X. We
say that a subset A in X x X is proper if for any compact set K in X the
sets 71 (5 L(K) N A) and ma(7; ' (K) N A) are relatively compact in X.

We consider a family of nested neighbourhoods of the diagonal A C X x X
which we denote by (U:).er+ and which we construct in the following way.
Consider a locally finite cover U of A by open sets U = (U x U) such that U
is the domain of a chart (U, h) on X. We then define U, by

U.= | {(=y) €U |a(x) = h(y)l| < }.
Ueu
Let w be a C* degree n nowhere vanishing differential form on X defining
the orientation of X.

Definition 2.5. A family of regqularising kernels on X x X is a family
(Ke(x,y))eer+ of positive C* functions on X x X which has the following two
properties. Firstly, for any € > 0 the support of K. must be proper, contained
in U, and contain the diagonal A C X x X. Secondly, as € tends to 0 in RT
the family of functions (z — [, K.(z,y)w(y))-cr+ must converge uniformly
on any compact set in X to the constant function 1.

Definition 2.6. Let f be a continuous function on X. The family of regu-
larisations of f is the family of functions (f:).cr+ defined by

mwaé&wwMW@ for any € X.

Definition 2.7. Let T € D'°(X) be a distribution on the manifold X. We
define the family (T:).cr+ of regularisations of T in the following way: for
any ¢ in D°(V) we set

<%WPﬂMM7Mm%@:L&WMMMW

Definition 2.7 is meaningful because K. is C* on X x X so ¢, is C*° on X
and the support of o, is contained in the set m; (75 *(supp o) Nsupp K. ) which
is compact because K. is assumed to have proper support.
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Proposition 2.8. Let T € D'O(X) be a distribution on X. The regularisa-
tions T of T' are then C* functions on X and for everyy € X

T-(y) = (T, Ke (2, y)w(z)).

Proof. Consider ¢ € D°(X). By definition of regularisations,

(T2g0) = (Tops) = (T [ Kelon)ewo))(@).

The function = — K.(x,y) is a C*> compactly supported function on X for
any given y and its dependence on y is also C*°. Moreover, as w is a C*
differential form on X, (T, K. (z,y)w(z)) is a well-defined C* function on X.
Using the density of the vector space generated by functions of the form
u(z)v(y),u,v € C®(X) in DY(X x X) we get

(1. ] Keloneluom)wl@) = (T K.l gl o)

and hence it follows by definition of T. that T.(y) = (T, K (z,y)w(x)). O

Let us now study the convergence of the family (7;).cgr+ in the weak and
strong topologies on D'(X). Let v € D"(X) be a C* compactly supported
differential form of degree n on X. Since we have assumed that w does not
vanish on X, there is a ¢ € D(X) such that ¢ = gw. Then,

(T =T.,¢) = (T = T:, pw) = (T, (¢ — pe)w).

To prove that the family (T%.).cp+ converges weakly to T as € tends to 0
it will be enough to show that (¢.).cr+ tends to ¢ in D°(X). To prove that
the family (T%).cr+ converges strongly to T as € tends to 0, it will be enough
to prove that the convergence of the family (p.).er+ to ¢ is uniform with
respect to ¢ over any bounded subset of D(X).

Definition 2.9. A (linear) finite order differential operator with C*° coeffi-
cients is a linear map P : C*(X) — C*(X) such that for any local chart
(U, h) on X there is a differential operator Py,5) with C* coefficients on the
open set h(U) in R™ such that, for any function f € C*(X),

(Pf)oh™ = Pyu(foh™) in h(U).

We denote by P* the formal adjoint of P with respect to the scalar product
on D°(X) defined by (f/g) = [ f(y)g(y)w(y)-

Throughout the following the term “differential operator” will always de-
note a finite order differential operator with C* coefficients.
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Remark 2.10. Let (f.).cr+ and f be functions in D°(X) which are all sup-
ported on some fixed compact subset of X. The family (f:).cr+ converges

to f in D°(X) as € tends to 0 if and only if for any differential operator
P = P(z,D),

hl% sup |P(z, Dy) f(x) — P(z, Dy) f=(x)| = 0.
zeX

Proposition 2.11. Consider f € D°(X) and set
= /XKe(fay)f(y)w(y)

1) The family (f-).cr+ converges to f in D°(X) as e tends to 0 if and only
if for any differential operator P on X

The following then hold.

(*) gg%jgg‘/ P*(y,Dy))Ke(ar,y))f(y)w(y)‘ =0.

2) The sequence (fe).cr+ converges to f and this convergence is uniform with

respect to f on any bounded subset of D°(X) if and only if the following
holds:

For any differential operator P on X
oy JPsex | (P D2) = P20, Dy) el ) w)e)| = 0
as € tends to 0. This convergence is uniform with respect to

f in any bounded set in D°(X).

Proof.

a) Necessity. Assume either that (f.).cg+ converges to f in D°(V) as €
tends to 0 or that (f).cr+ converges to f as e tends to 0 and this convergence
is uniform with respect to f on any bounded subset of D°(X). Then,

[ (P2 = P DY) f)et)

:/(P(x,DI)KE( /K z,y)(P(y, Dy) f(y))w(y)
X
= P(z, Dy) fe(z) = (P(y, Dy) f(y))e ()

(differentiating the first term under the integral sign in each chart)

= P(z, Ds)(fe(x) = f(x)) + Pz, D) f(x) — (P(y, Dy) f(y))e ().
Since (f.).cr+ converges to f in D°(X) and P is continuous on D°(X),

lim sup | P(w, D) (f () — ()] = 0.

e=0geXx
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If the convergence of the sequence (f:).er+ to f is uniform with respect
to f on any bounded subset of D°(X), then the above limit is also uniform
with respect to f on any bounded subset of D°(X).

To complete the proof it will be enough to prove the following lemma
which we will then apply to the function P(z, D,)f.

Lemma 2.12. Let f be a compactly supported continuous function on X.
We set fo(x) = [ Ko(2,y)f(y)w(y). The functions (f:).cr+ then converge
uniformly to f on X as ¢ tends to 0. If moreover B is an equicontinuous
subset of C(X) consisting of functions which are all supported on some fized
compact set and B has the property that sup{||flle | f € B} is finite then the

families (f:)ecr+ converge to f and this convergence is uniform with respect
to f on B.

Proof. By definition of f.,

o) = @) = [ Kol f@ot) - fa)
- | Kot = 1)) + 10 [ Kowom) -1).

1= Flee < | [ Kelan)(t) = f@)oto)|

o0

e [ [ [ 50000 1] ]

As the function f is continuous and compactly supported it is uniformly con-
tinuous and hence

Va>0)(Feg > 0)(Ve < eo)((z,y) € Ue = |f(z) — f(y)] < a).

Note that ¢ is independent of f for f € B since the elements of B are uniformly
equicontinuous. It follows that if € < g then

| [ Bt - st < meca,

o0

where my . = sup,¢p, ( [y Ke(z,y)w(y)) whenever L is a compact set con-
taining supp f U 71 (75 *(supp f)). By our assumptions on K, mp . can be
bounded independently of € and if L’ is a compact set in X containing the
support of f then there is a &, > 0 such that, for any & < &,

H/ K (z,y)w(y) — 1” <o
X oo, L’

We note that if f € B then the compact sets L and L’ can be chosen inde-
pendently of f. It follows that if ¢ < min(eg, ef,) then

If = felloo < Ma + || flloocr.

This proves that (f:).cr+ tends to f as € tends to 0 and this convergence is
uniform with respect to f on B since sup{||f|loc | f € B} is finite. O



34 IT Currents and complex structures

End of the proof of Proposition 2.11.

b) Sufficiency. To prove that the family (f.).cr+ tends to f in D°(X)
as € tends to 0 it will be enough to prove that, for any differential operator P
on X,

1in(1) sup |P(x, Dy) fo(x) — P(z,Dy)f(z)| =0
e7VzeX

and

P(z,D;)f(z) — Pz, D) fe(x) = P(z, D) f(z) — (P(y, Dy) f(y)e (@)
+ (P(y, Dy)f(y))s(x) — P(z, Dy) fe(7)

but now by Lemma 2.12 sup,¢cy |P(x, D) f(z) — (P(y, Dy) f(y))e(x)| tends
to 0 as € tends to 0 and

sup |(P(y, Dy)f(y))s(x) — P(x, Dy) fe(z)]

zeX

= sup | [ (P, D) = P*(3.D,) Kol ) ()
X

zeX

tends to 0 as e tends to 0 by assumption. The theorem follows. If (xx) holds
then it is easy to prove that the convergence is uniform with respect to f on
any closed set by repeating the proof given above mutatis mutandis. O

Consider a local chart (U, h) on X and let £ = (&1, ..., &,) be the associated
local coordinates. Let P be a differential operator on X. There is then an
operator Py ) on h(U) such that, for any f € D°(V),

P(f)oh™" = Pum(foh™) =) aal@)D¢(foh™),
«
where o € N"| the functions a, are C* on h(U) all except a finite number of
which are zero, and Dg = oleljagdr ... ggdm

Proposition 2.13. Let (K.(x,y)).cr+ be a family of reqularising kernels on
X x X. The following are then equivalent.

For any dijj”erential operator P on X and any function f € D°(X)

ti sup | [ ((Ple.D2) = P, D)K. [l = 0

For any function f € DY(X) which is supported in the domain

(+) of some chart and any multi-index o € N"
Jimm sup | / (D2 + (1) "M D)K. (2, ) F()w(y)| = 0.
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Proof. Tt is obvious that (x) implies (+"). Conversely, let (U;);c; be a locally
finite cover of X by chart domains and let (x;);er be a partition of unity
subordinate to this cover. Consider an element f € DY(X) and let P be a
differential operator on V; as the support of f meets only a finite number of
the open sets U;, (Us, )k=1,....¢,

Since x;, f is supported on the domain of the chart U;, it will therefore be
enough to prove () for any function g € D°(X) which is supported in the
domain of a chart of X. Moreover, by linearity, it will be enough to show
that (x) holds for any chart (U, h), function g € DY(X) supported on U and
differential operator P on X such that P,y = a(§)Dg. In the following
calculations we identify U and the open set h(U) in R™ in order to simplify
the notation. The differential operator P can then be written in the form
P(z,D,) = a(z)Dg and

[ (P02 = P D) Kooty

is the sum of the three following terms
(0 = a(a) [ (D5 + (1) D)K. (. )]al0)dy
X

(I0) = (~1)°la(z) / (DEK. (2, 9))a(y)dy

X

(I11) = — /X K. (z,y)(P(y,Dy)g(y))dy (by definition of P*).

By (+'), (I) converges uniformly to 0 when & converges to 0 since the
continuous function a is bounded on the support of the integral in (I). (The
support of this integral is compact because the support of K. is proper.)

Integrating by parts we see that (II) = a(x)(D; g(y))e(z) and by Lemma
2.12 this quantity converges uniformly to a(z)D%g(x) on X.

And finally, (IIT) = —(a(y)D;g(y)):(x) which converges uniformly to
—a(x)D%g(x) by Lemma 9.2.9. This completes the proof of the proposition.

O
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Proposition 2.14. Let (K (z,y)).cr+ be a family of regularising kernels on
X x X. The following are then equivalent.

For any differential operator P on X
sup | [ ((P(a.D2) = P*(5, D) Kele) H)w)] — 0
(k) zex | /x

as € tends to 0. This convergence is uniform with respect to f
on any bounded set in D°(X).

For any chart domain and any multi-index «

sup| [ (D2 + (=1 DK (a.) )| — 0
/ x
) as € tends to 0. This convergence is uniform with respect to f

on any bounded set in D°(X) whose functions are supported

on the domain of a local chart.

Proof. Repeat the proof of Proposition 2.13, noting that it is still possible
to use a partition of unity because the functions in a bounded set are all
supported on some fixed compact set, and use the results of Lemma 2.12 on
the uniformity of the convergence. O

We have therefore proved the following result.

Theorem 2.15. Let (K (z,y))cer+ be a family of regularising kernels on
X xX.

o If the equivalent conditions (%) and (x') hold then the family (T.).cr+ of
regularisations of T' converges weakly to T in D'°(X).

o If the equivalent conditions (xx) and (xx") hold then the family (T:).cr+
of reqularisations of T converges strongly to T in D'0(X).

We will finish this section by constructing regularising operators whose
kernels are regularising kernels as in Definition 2.5 which satisfy conditions
(*) and (#x). This construction is due to de Rham ([Rh], §15).

Consider a locally finite countable cover of X by chart domains (U;);en
which are homeomorphic to R™. Let h; be a homeomorphism from U; to R™.
We can then find an open cover of X by open sets V; € U; and C*> functions f;
with compact support contained in U; such that f; = 1 on V; (cf. Appendix A,
Lemmas 2.1 and 2.2). If T is a distribution on X then set R; .7 = R; o f;T +
(1 — f)T, where R;. = hirch;, and r. is the convolution on R™ by the
function 6. of Section 2.A. In a neighbourhood of any compact set of X
the sequence of operators Ri(¢) = R;.o---o Ry, is stationary. We set
R. = lim;_, Ri(g).

The regularising operators constructed by this method are called the
de Rham regularising operators.
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As an example, consider a manifold with an atlas consisting of two charts.
Then,

R.T =Ry :Ro.T=RicfiRocfoT + Ricfi(1 — fo)T
+ (1= fi)RecfoT+ (1 — f1)(1 — f2)T,

where the last term in the sum vanishes. The kernel associated to the opera-
tor R. can be written as

K.(z,2) = /X Ky () 1 (0) Ko e (9, 2) o (2)dy
F K (@) A1) = fa(2) + (L fu(@) Ko (2, 2) fa(2),

where K., is the kernel associated to the image under h; of convolution
with 6,,.
The following theorem was proved by de Rham (Theorem 12, [Rh], §15).

Theorem 2.16. Let (R:)c>0 be a family of de Rham regularising operators
and let T € D'°(X) be a distribution on X. Then:

1) R.T is a C*® function on X,

2) The support of R.T is contained in any given neighbourhood of the support
of T for small enough e,

3) R.T converges both weakly and strongly to T' as e tends to 0.

We leave it to the reader to check that the kernels K., e € Rt associated to
the operators R. form a regularising family of operators satisfying conditions
(%) and (k).

C. Regularising currents

To regularise currents on X we simply replace the kernels in Section B by C*
differential forms on X x X supported on a fundamental system of neighbour-
hoods (U.)c>o of the diagonal A C X x X. Let (¢¢).cr+ be such a family.
If ¢ € DP(X) is a compactly supported C* differential form on X and m
and 7y are the two projections X x X — X then we set

e = (=1)"(m1)« (e A T300).

If, moreover, the support of ¢ is contained in a chart domain U and ¢ is chosen
small enough that 7, ' (U) N UL is contained in a chart domain of X x X then

o(x) = Z or(z)dzy for any x € U
ll=p

ws(xa y) = ZKE,I,J(:EﬂU)diU[ A dy] on ng(U) N UE’
1,J
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and hence

0= X o) [ Kers@aeimiy)dor

|I|=p,INJ=2
TuJ={1,...,n}

where o(7) is the signature of the permutation (I,J) — (1,...,n) and dy is
the differential form dy; A --- A dy,.
Reasoning as in Section B we get the following theorem.

Theorem 2.17. Let (¢:).>0 be a family of C* differential forms on X x X
with proper support in a fundamental system of neighbourhoods of the diagonal
A C X x X such that, for every chart on X x X,

Yelw,y) = > Kers(z,y)der Ady,,

TuJ={1,...,n}
INJ=2

where the functions K. 1 ; have the two following properties: firstly, con-
dition (x+') of Proposition 2.13 holds and secondly, the functions (z —
fX K. 1,5(z,y)dy) converge uniformly on any compact subset of the chart of
definition to the constant function 1 as € tends to 0 in RT. If T € D'P(X)
is a degree p current on the manifold X then consider the family (T:).er+ of
reqularisations of T defined by (T, o) = (T, p) for any ¢ € D" P(X), where
e 1s the regqularisation of ¢ by ¥.. This family then converges to T in both
the weak and strong topologies on D'P(X) as € tends to 0 in RT.

Proof. By definition of the strong topology on D'?(X) it will be enough to
prove that the family (¢¢).er+ of regularisations of ¢ converges to ¢ and this
convergence is uniform with respect to ¢ over any bounded set in D" P(X).
Let (U;)icr be a cover of X by chart domains in X and let (x;)ier be a
partition of unity subordinate to this cover. If B is a bounded set in D"~ ?(X)
and ¢ € B then we set ¢, = x;¢. As the functions ¢ are all supported on
the same compact subset of X we can write ¢ = >,/ @;, where I’ is a finite
subset of I which is independent of ¢ € B. We obtain the desired result by
linearity on applying Proposition 2.11 to each of the functions ;. O

Definition 2.18. If (¢.).cgr+ is a family of double differential forms satisfying
the hypotheses of Theorem 2.17 then the operators R. mapping D’*(X) to
itself defined by (R.T, ) = (T, ¢.) for any T € D'*(X) and ¢ € D*(X) are
called regularising operators. Here, the functions ¢. are the regularisations
of ¢ obtained using the kernels ..

3 Kronecker index of two currents

Throughout the following, X is an n-dimensional C* differentiable manifold.
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Definition 3.1. If T and S are two currents on X such that d°T +d°S = n,
we will say that the Kronecker index of T and S, K(T,S), is defined in de
Rham’s sense if for any choice of families of regularising operators (R:)eso
and (R, ) >0 commuting with the operator d the quantity (R.T' A R.,S,1)
has a limit as € and &’ tend to 0 which is independent of the choice of (R;)c>0
and (R.)e>o. If this is the case then we denote this limit by IC(T', S).

If X = C™ then we can choose our regularising operators to be the oper-
ators associated to the convolution kernels defined in Section 2.A. If X is a
manifold then the de Rham regularising operators commute with the opera-
tor d (cf. [Rh], §15, Prop. 1).

Remarks.

1) The map (7, 5) — K(T,S) is bilinear.

2) If one of the two currents T or S is a C* differential form and either the
support of T or the support of S is compact then the Kronecker index
K(T,S) of T and S exists and is equal to (T' A S,1). (This follows from
the convergence properties of regularisations in D*(X) and D’*(X) for the
strong topology.)

3) If the supports of 7" and S do not meet and T or S has compact support
then (T, S) is well defined and is equal to 0. Indeed, if € and &’ are small
enough then R.T and R.,S will have disjoint support and it follows that
R.T ANRLS =0.

We will now give some sufficient conditions for the Kronecker index of two
currents to exist.

Definition 3.2. The singular support of a current is the complement of the
set of points which have a neighbourhood in which the current is defined by
a C* differential form. We denote by SS(T') the singular support of the
current 7.

If T € D'*(X) is a current on X and U is a neighbourhood of the singular
support of T then we can write T' = T" +T", where T" is a current supported
on U and T is a C* differential form on X — simply set 7" = pT and
T" = (1 — p)T, where p is a positive C* function supported on U and equal
to 1 in a neighbourhood of the singular support of T'.

Proposition 3.3. IfT and S are two currents on X such that d°T+d°S = n,
at least one of which is of compact support and whose singular supports do
not meet, then the Kronecker index IC(T,S) of T and S is well defined.

Proof. Under the hypotheses of the proposition there are decompositions 7' =
T +T" and S =5+ 5" such that T” and S” are C* differential forms and
the supports of 77 and S” do not meet. We can then apply 1), 2) and 3) of
the above remark to get K(T',S) = K(T",58") + K(T", 58"+ K(T",5"). O
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Proposition 3.4. Let T and S be two currents on X such that d°T +d°S =
n — 1, at least one of which has compact support. If K(bT,S) or K(T,dS)
exists then then other also exists and they are equal, i.e.

K(bT, S) = K(T, dS).

Proof. Since the regularising operators R, and R, commute with d and there-
fore with b,

(RT,R.L,S) = (bR.T,R.,S) = (R.T,dR.L,S) = (R.T, R.dS)
and the result follows. O

Application. Proposition 3.4 enables us to extend Stokes’ theorem to a domain
D € X with C! boundary and a differential form w € C,,_;(D) such that dw,
calculated as a current, is continuous on D. Indeed, setting T' = [D] and
S = w we see that K(bT,S) exists and is equal to [, ,w and it follows that

fbD w = fD dw.

Theorem 3.5. Let T and S be two currents on X such that d°T + d°S = n,
at least one of which has compact support. The Kronecker index (T, S) of
the currents T and S exists if

SS(TYNSS(bS) =2 and SS(HT)N SS(S) = 2.

Remark. We deduce from Theorem 3.5 that the Kronecker index of T and S
exists whenever T is closed with compact support and S is closed.

To prove Theorem 3.5, we need a parametrix of the operator d which does
not increase the singular support. The parametrix presented below is due to
J.B. Poly.

Proposition 3.6. If T is a current on X then there are operators A and R
such that

1) T — RT = dAT + AdT
2) A does not increase the singular support and R is reqularising.

Proof. We start with the case X = R"™. Denote by § the operator on D’'(R™)
defined as follows: if the current T' € D'(R™), considered as a differential form
with distribution coefficients can be written as T = Y7 Trdxs, where 3 )

denotes D 7—(,.....i,) then we set
i1 <--<ip,

or=-%"%" %T-,,dxj.

J i
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Note that dj 4+ éd = —A, where A is the usual Laplacian A = Y7 | §?/0x?.
Let E be the elementary solution to the Laplacian A:

1

E= 5 logr ifn=2,
r/2 ifn=1,

where 7 = (23 + --- 4+ 22)%/? and s,, is the area of the unit sphere in R™.

For any compactly supported current S on R™ we set GS = —F *x S
and KS = 0GS. If S (considered as a differential form with distribution
coefficients) can be written as S = 3.7 Sydx; then the convolution product
GS = E %S can be written as GS = —Z/IE * Sydr; whence we get the
following expression for KS

ng:/zgf;*s,]dl‘J

The operator K : £'(R™) — D’(R™) thus defined has the following properties.

a) S =dKS+ KdS since S = —AGS = dd6GS + §dGS = d6GS + §GdS.
b) K does not increase the singular support. Indeed, A is elliptic and it
follows that G'S is C* outside of the singular support of S.

Let us return to the case where X is a manifold. Since X is a countable
union of compact sets, there is a countable locally finite cover of X by chart
domains W; € X. By Lemmas 2.3 and 2.1 of Appendix A, we can therefore
find a cover of X by open sets V; such that V; € W; and C* functions 7; with
compact support in W; such that n; = 1 in a neighbourhood of V;. For any
current T on X, we set

AiT = nZK(ThT)
(where by abuse of notation we consider W; as an open set in R™), and
R, T =T —dA;,T — A, dT
=T — ()T +n; K (dn; NT) — dn; A K(0;T).

(To be completely rigorous we should consider the chart (W;, h;) in X and

define the operator A; by AT = n;(h; ). (K (h;)«(n;T)). The reader can

easily check that the identification of W; and its image under h; in R™ does

not change any of the properties of A; but greatly simplifies the notation.)
The operators A; and R; have the following properties

a) T = dA;T + A;dT + R;T by construction, from which it follows that
dR;T = R;dT.

b) A; and R; do not increase the singular support. Moreover, R;T is C* on
V; — indeed R;T and K(dn; AT) are equal on V;, and since K does not
increase the singular support, K(dn; A T) is C* on V; because dn; AT
vanishes on V.
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We set A¥ = ApRy_q1---R; and R* = RypRy_1---R;. Since the cover
(W;) is locally finite, it is easy to show that

RT = klim RFT and AT = klim AFT

exist since R¥T is stationary on any open set U € X and AT vanishes as
soon as k is large enough. The operators A and R have the desired properties:

a) We have
RFIT — RFT = (1 — R,)RF'T
= (dAk + Akd)RkilT
= dAFT 4 AkdT

since R; and d commute, and summing it follows that
T — RT = dAT + AdT.

b) A does not increase the singular support since A* does not increase the
singular support. The operator R is regularising since R*T" is C* on V;
whenever k > 1.

Proof of Theorem 3.5. By Proposition 3.6, T and S have the following de-
compositions:

T = RT + dAT + AdT
S = RS+ dAS + AdS.

We set
T, =RIT, T,=dAT, T3= AdT
S1=RS, S,=dAS, S3=AdS.

By linearity, (T, S) exists if each of the K(T;, Sg) for i,k = 1,2, 3 exists. We
note that T; is a compactly supported current for ¢ = 1,2,3. The current T3
is a C* form because R is regularising. It follows that (77, Sk) is defined
for k =1,2,3. As the current S is a C* form, K(7;, S1) exists for i = 1,2, 3.
For ¢« = k = 2, we apply Proposition 3.4 and we get K(T3, S2) = 0. The cases
t=2and k=3,i=3and k =2 and i = k = 3 follow from Proposition 3.3
because the operators d and A do not increase the singular support. O

Corollary 3.7 (Stokes’ formula for the Kronecker index). Let T and S
be two currents on X such that d°T + d°S = n — 1, at least one of which has
compact support. If

SS(T)NSS(BS) =o

then the Kronecker indices IC(bT, S) and K(T,bS) exist and
KT, S) = (—1)?51K(T, bS).

Proof. This follows immediately from Theorem 3.5 and Proposition 3.4. [
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Ezxample of an application: the Cauchy—Green formula in C. Let D be a
bounded open set in C with C! boundary containing the origin. Let 1 be
a C* function on C. Identifying C with R? we define degree 1 differential
forms dz and dz by dz = dx + idy and dz = dx — idy.

For any C* function ¢ on C we set T' = [D] where [D] is the integration
current on D. Then SS(T') = bD.

If S = 5-dz/z then dS = [0], where [0] is the integration current on the
point manifold 0. Indeed, if ¢ € DY(C) then, by definition of d,

1 8(,0 dz Ndz
2im 82 z

(dS, ) = (S,dp) =

since S is defined by the locally integrable differential form
€ >0, weset B, ={z€C||z] <e} and then

(dS, <p>—11mi/(c 890( )dZ/\Cﬁ:_limi/C N d(Mdz).

e—=0 2 Jop. 0% z e—0 21

7—-dz/z. For any

Applying Stokes’ theorem, we get

/C\B d(sﬁ(;)dz) :—/aB ‘/’(Zz)dz

since ¢ has compact support. Moreover,

/83 “@@:/@B ‘p(z);“"(o)dz+<p(0)/83 %.

As the function ¢ is C*° and in particular C' the first integral on the right-
hand side tends to 0 as € tends to 0. Moreover, we know by Cauchy’s formula
that 5 [, dz/z =1 for any £ > 0. It follows that

(dS, ) = (0) = ([0], ).

Moreover, bT = —dip A [D] + ¢ A [bD] and hence SS(bT) = SS(T) = bD:
as we also have SS(bS) = {0} it follows that SS(bT) N SS(bS) = @ since
0eD.

We can therefore apply Corollary 3.7 and we get

KT, 8) = K dv A [D] 44 A D), 5 ! dz)

gm/ ¢A7+ﬂ/w =

o, dz AN cf
217r / vz S+ Dﬁ(z) z )
K(T,dS) = = <¢, [0]) = (0).
Finally, it follows that
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Geometric interpretation of the Kronecker index. We state the following result
without proof: the interested reader will find more details and better sufficient
conditions for the existence of the Kronecker index of two currents in [Rh, § 20]
and [L-T1].

If Y and Z are two p- and (n — p)-dimensional closed oriented subman-
ifolds of X which meet transversally such that either Y or Z is a compact
submanifold of X, then the integration currents [Y] and [Z] on Y and Z are
closed and therefore satisfy the hypotheses of Theorem 3.5. Then

K([Y1] [2]) = (Y nZ],1).

Here Y N Z contains a finite number of points and ([Y N Z], 1) is equal to the
number of points of Y N Z where the orientations of Y and Z coincide minus
the number of points where they differ. More generally, if Y and Z are two
closed oriented submanifolds of X of dimensions p and ¢ respectively which
meet transversally in such a way that Y N Z is a submanifold of X and ¢ is
a C* differential form of degree p + ¢ — n with compact support on X, then

K2, [YIne) =([ZNY], ).

4 Complex analytic manifolds

When studying holomorphic functions, it is natural to try to introduce objects
which play the role in the holomorphic setting which is played by differentiable
manifolds in the differential setting, that is, objects which locally inherit the
analytic properties of open sets in C".

Definition 4.1. Let X be a topological space. A complex atlas on X is a
set of charts (U, ) such that the domains U form an open cover of X and
the maps ¢ are homeomorphisms from U to an open set in C™ satisfying the
holomorphic compatibility condition: if U N U’ # & then the map

YoptipUNU) — QUNU)

is a biholomorphic map between two open sets in C". We say that two complex
atlases are compatible if their union is also a complex atlas. Compatibility is
an equivalence relation.

Definition 4.2. A complex analytic manifold is a Hausdorff topological space
which is a countable union of compact sets equipped with an equivalence class
of complex atlases.

For any complex analytic manifold X, any point of z € X and any chart
(U, ) in a neighbourhood of x the map ¢ is a homeomorphism from U to
an open set in some C" and the number n is called the complex dimension
of X at x. (Of course, exactly as for differentiable manifolds, the number n



4 Complex analytic manifolds 45

is independent of the choice of chart (U,¢) in a neighbourhood of z.) We
say that X is a complex analytic manifold of dimension n if for any x € X
the complex dimension of X at x is n. If X and Y are two complex analytic
manifolds then a map f: X — Y is said to be holomorphic if it is continuous
and for any pair of charts (U, ¢) and (V,¥) of X and Y such that f(U) C V,
the map v o (f’U) ot o(U) — (V) is holomorphic. When Y = C such
a map will be called a holomorphic function. Of course, exactly as for CY
maps, holomorphy can be checked on all the charts of some given atlas only.
We denote the vector space of complex-valued holomorphic functions on X
by O(X).

Definition 4.3. Let (U, ¢) be a chart of a complex analytic manifold. The
function ¢ is then a holomorphic map from U to C™ and we can write ¢(x) =
(z1(x), ..., zn(z)) where the z; : U — C (j = 1,...,n) are holomorphic
functions on U. The functions (z1,...,2,) are then called the holomorphic
coordinates of X on U defined by the chart (U, ¢).

Remark. 1t is clear that any n-dimensional complex analytic manifold X has
a natural 2n-dimensional C*° differentiable manifold structure. The tan-
gent and cotangent spaces T, X and T, X of X at x are therefore well de-
fined. In particular, we have a space CI;X of complex-valued differen-
tial 1-forms at x € X which is the dual of the complexified space CT, X
of T, X (cf. Appendix A, §4). Let us look at what happens in a chart
(U, ¢) in a neighbourhood of 2 whose local coordinates are (z1, ..., z,) where
zj = xj+1iyj, j = 1,...,n. The family {(dz1)s, (dy1)z, ..., (dzn)e(dyn)a}
is then a basis for CT; X and the corresponding dual basis in CT, X is
{(0/021) 5, (0/Oy1)zs - - -, (0/0%p) sz, (0/Oyn)x}. It is often more convenient

to consider the basis

{(dzl)rv (dzl)zv ceey (dzn)rv (dzn)z}
in CT; X and the associated dual basis in CT,; X which we denote by

() (@) @) ).

By definition,

(dzg)x((aizk)x) = Ojks (cﬁj)m<(8i2k)x) =0,
(d%)z((%)a) =0 and (dEJM((@i@)x) = 0.

If f is a complex-valued C! function on a neighbourhood of x in X then
its differential df, defines an element of 7 X which by definition of a dual
basis can be written as

of

g (7))

(@) = Y. 5 o)ty +
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or alternatively

depending on our choice of basis. An easy calculation shows that

(55). 7 2(Gs ). =) = ().~ 2((G5).+(5,).)

which agrees with the definition given in Chapter I.

We further note that the construction of the complexifications of 77X
and T,X — in other words the construction of complex-valued forms — does
not involve the complex structure on X and can be carried out for any dif-
ferentiable manifold. We have only used the complex structure on X when
writing certain expressions in local coordinates.

We end this section by proving that any complex analytic manifold is
orientable. Let X be a complex analytic manifold of dimension n. By Propo-
sition 6.2 of Appendix A, X is orientable if it has a C* atlas, (U;, h;)icr, such
that, for any ¢,j € I,

d”(x) = det [J(hZ o h;l)(h](l‘))} >0 for any r € U; N Uj.

Consider a complex atlas (Uj, p;)jcs on X. If p; = h; + ik; then the set
(Uj, (hj, kj))jes is a C* atlas on X such that, for any x € U; N Uj,

(@) = det |T#i0w; @) 0 (o 0 6=DE(z) > 0.

Any complex analytic manifold X is therefore orientable. Throughout the
rest of this book all complex analytic manifolds will be equipped with the
following orientation: given a complex atlas (U;, ¢;)icr on X, we consider the
holomorphic coordinates (z1,...,2,) associated to the chart (U;, ;) and we
choose the orientation associated to the 2n-differential form

dZy N---NdZ, Ndzy N --- Ndzp,
which is simply the orientation defined by
drxy A~ ANdxy Ndyr A -+ A dyp,

where z; = x; +iy;.

5 Complex structures

Let X be a complex analytic manifold of dimension n. We will show that
at any point z € X the real vector space Ty X has a natural C-vector space
structure.
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We start by considering the case where X = C". C™ can be naturally
identified with R?" as a C> manifold, so T,C" = T,R?>" = R?" = C", where
the last equality is just the natural identification of C" and R?". Identifying
T,C™ with C™ imposes a C vector space structure on 7,,C". Let us examine
this identification more carefully. We denote the multiplication by i map by
J : T,C" — T,C"; it is an R-linear map such that J2 = —Id. In the standard

L) )

for T,C" = T,R*", we have J((53;)s) = (g;)= and J((55)a) = ~(5)s:
1 < j < n. It follows that

(a+ib)y = av + bJ(v).

for any v € T,,C™ and any complex number a + b € C
The homogeneous Cauchy-Riemann equations, which encode the C-
linearity at = of (df), for any holomorphic function germ f, can be written
as
(df)z(Jv) = i(df ) (v) for any v € T, C".

Remark. This relationship between the complex structure on 7, C™ and holo-
morphic functions implies that J is independent of the choice of coordinates
on C™. We can therefore define J on the tangent space of a complex analytic
manifold.

Theorem 5.1. Let X be a complex analytic manifold. For any x € X, there
18 a unique R-linear map J = J, : T, X — T, X such that, for any holomorphic
function germ at x,

(df)z(Jv) = i(df )s(v) for every v € T, X.

Moreover, J?> = —1d and setting (a + ib)v = av + bJ(v) for any a + ib € C
and v € T, X yields a complex vector space structure on T, X.

Proof. We start by proving that if J exists then it is unique.

Let (21,...,2,) be a system of holomorphic coordinates in a neighbour-
hood of z € X and let (21,91, T2, Y2, - - - ,&n, Yn) be the underlying real coor-
dinates. Then, for any j = 1,...,n, (dz;); = (dz;)s +i(dy,), or alternatively
(dz;)e = Re(dzj), and (dy;), = Im(dz;),.

We now calculate J(%)m for k=1,...,n. We have
TERIES S(ES) K AR R) KA

As z; is holomorphic, dzj(%)ﬂC = dj, and
dz, (‘](aixk)z) = Redz; (J(a%k)m) = Reidz; ((%)m = Reidj, =0,

o2, ) = ((2) ) =i (1), =
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.It fol%ows that J(%)x = (a%k)x and likewise J(%)x = —(%)x and hence J
is unique.

We now define the map J by the above equations with respect to some
chosen set of holomorphic coordinates (z1,...,2,). We saw above for C"
that J then has the desired properties and the fact that any map having
these properties is unique implies that the map J thus defined is independent
of our choice of holomorphic coordinates. O

We now consider the link between the complex structures on 7, X and
CTyX. The map J : T,X — T,X is R-linear and J?> = —Id. This map
therefore has no real eigenvalues and if we want to diagonalise it we have to
consider the natural extension of J to a C-linear map, also denoted J, from
CT,X to itself. This extension then has two eigenvalues, i and —i. We denote
the eigenspace associated to i by T2°X and the eigenspace associated to —i
by T91 X: we then have

CT,X =T'X o T X.

If (21,...,2,) is a system of holomorphic coordinates in a neighbourhood of x
then the vectors «a%l)wv ooy (3%)s) form a basis for 710X and the vectors
((8%1)357 ce (%)x) form a basis of TO1 X.

We note that T, X with the C-vector space structure defined by J is nat-
urally isomorphic to 72X via the map sending v to 3(v — iJ(v)). This
map sends the family ((8%1)’”’ e (%)Jr) — which is a basis for T, X as a
C-vector space — to the basis ((8%1)357 ey (ain )z) of THOX and is therefore
an isomorphism.

We define T1%(X) to be the disjoint union of the spaces T.°(X) for all

x € X and we denote the natural projection from T°(X) to X by p.

Definition 5.2. Let X be a complex analytic manifold and let A be an open
set in X. A field of holomorphic vectors on Aisamap V : A — TH9(X) such
that poV =1d.

6 Differential forms of type (p, q)

Let X be a complex analytic manifold of dimension n and let z be a point
in X. The fact that T, X has a complex vector space structure leads us to
give special consideration to those elements in CT, X which are C-linear with
respect to this structure.

We define the space of differential 1-forms of type (1,0) at = by

ANTEX) = {w e CTIX | w(Jv) =iwv),Yv € CT, X }.

Ezample. The differentials (df), of germs of holomorphic functions at = are
of type (1,0) by definition of J.
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If (21,...,2,) are local holomorphic coordinates defined in a neighbour-
hood of x then the family ((dz1)s,. .., (dz,).) forms a basis for AMO(T*X).
The conjugate space A%'TX = ALOT* X which has a basis given in these
coordinates by ((dz1)z,...,(dZn)z), is the space of forms of type (0,1) at .
There is a direct sum decomposition

(6.1) CT:X = AM'TrX @ AV X

We now consider forms of higher degree. If w is a complex-valued differ-
ential form of degree r then it is a linear combination of elements of the form
w1 A Awy where w; € CT¥X. By (3.1), each wj;, 1 < j < 7, can be written in
the form W + wf, where wj € AVOTF X and w} € A T;X. Tt follows that w
is a linear combination of elements of the form 7; A --- A7, where each n; is
either of type (0,1) or of type (1,0).

We say that w is a differential form of type (p, ¢) or bidegree (p, q) at z if w
is a linear combination of elements of the form w;, A+ Aw;, AWy A+ AWj,
where all the w, are 1-forms of type (1,0) at z.

We denote by C;’;’q(X) the subspace of C]’,fﬂ( ) consisting of (p + q)-
differential forms which are of type (p,q) at every point. We then have a
direct sum decomposition

@ pia

ptg=r
Note that Cj  (X) = {0} if p or ¢ > n = dim¢ X.
If (21, ..., zn) are holomorphic coordinates on a chart domain U C X then

dz; € C(U) for any j = 1,...,n and any (p,q)-form w € Ck (U) can then
be written uniquely in the form

w = Z argdzy Ndzy,
[I|=p
|J]=q
where the ayy are C* functions on U and the sum is taken over strictly in-
creasing multi-indices I = (i1,...,%,) and J = (j1,...,Jq)-

7 The 8 operator and Dolbeault cohomology

The decomposition of differential 1-forms on a complex analytic manifold
into type (0,1) and type (1,0) forms induces a natural decomposition of the
exterior differential operator d into a holomorphic differential operator and
an antiholomorphic differential operator.

Let X be a complex analytic manifold of dimension n. If f is a C! function
on X then, for any z € X,

(df)y = gf )(dz))x +Z 2)(dZ;)s

Jj=1
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We can therefore write df = Of + 0f where Of is a differential form of
type (1,0) on X and Of is a differential form of type (0,1) on X. We note
that the condition f € O(X) is then equivalent to Jf = 0.

The decomposition d = 0 + 9 can be extended to forms of any degree in
the following way. Suppose that w € C;yq(X ) is given in some local system

of holomorphic coordinates (z1,...,2,) in a neighbourhood of z € X, by
w = Z\H:p arjdzy N\ dzj. By definition of d,
[71=q

dw = Zd(ajj)/\dZ]/\de: Z(8a1J+5a1J)Adz1Ad§J.
|I|=p [T|=p
|J|=q [T]=q
We then set
_ )
Ow = Ilz_:p Oary)dzr Ndzy = ;p; T%audzk ANdzp Ndz

[J|=q [J|=q

and

_ _ " H
Ow = Z a(a[‘])dZ] NdzZy = Z Z aaz[k]d?k Ndzr Ndzj.

|I|=p [I|=p k=1

|J|=q [J]=q
We have therefore defined operators § and 0 on C; ,(X) such that 0(C} (X))
is contained in Cp11,4(X) and 9(C; ,(X)) is contained in Cp ¢41(X)

Proposition 7.1. The operators O and 0 have the following properties:

a) d=0+ 08 on CH(X), o
b) 908 =0,000=0and 90d+00d=0 onC2,(X),
¢) 0 and O commute with pullback.

Proof. Property a) follows immediately from the definitions of 9 and 0.
Consider an element w € C2 ,(X). Asdod=0and d =09+ 9,

0=(0+09)0(0+d)w=(0d)w+ (000 +d0d)w+ (0o d)w.

But (90 9)w is now of type (p+2,q), (000 + dod)w is of type (p+1,¢q+ 1)
and (0o d)w is of type (p,q + 2). It follows that each of the terms vanishes
since their sum vanishes.

Let F : X — Y be a holomorphic map: note that if (¢1,...,¢,) are
holomorphic coordinates in a neighbourhood of a point ¥y € Y then F*(; =
¢j o F is a holomorphic function in a neighbourhood of z = F~!(y) and
hence F*(d(;) = d(¢; o F) is a (1,0) form and F*(d(;) = d(C; o F) is a (0,1)
form. Using local coordinates, this implies that F*(Ck (X)) C C} (X)) for all
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p,q = 0and k > 0. Since Proposition 8.4 of Appendix A says that dF™ = F*d,
we can write

O(F*w) + 0(F*w) = d(F*w) = F*(dw) = F*(0w) + F*(0w)

for any w € Cp 4(Y'), where the last equality holds because F'* is linear. Com-
paring bidegrees, we see that O(F*w) = F*(0w) and 0(F*w) = F*(0w). O

The operator 0 defined above is called the Cauchy-Riemann operator.

We denote the space of (p, ¢)-forms of class C*° on X by EP4(X) for any
0 <p<nand 0 < qg < n These spaces are equipped with a Fréchet
space topology which can be characterised as follows: a sequence (w;);en of
elements in EP4(X) converges to 0 if and only if for any chart domain U
in X on which w; can be written as w; = Y=, w},dzr A dZ; the sequences

|71=q

(w% 7)jen converge to zero uniformly on any compact subset of U and so do
all their derivatives.

The operator 9 : EP4(X) — EP97T1(X) is then a continuous linear operator
and its kernel, denoted by ZP'9(X), is therefore closed.

Definition 7.2. We define the Dolbeault cohomology groups to be the spaces
HPY(X) = ZP(X)/9EP1~ 1 (X).

These spaces are naturally equipped with the quotient topology which is
not generally Hausdorff because the space P9~ 1(X) is not always closed. If
0EP4~1(X) is closed then HP4(X) is a Fréchet space.

These groups encode the obstruction to solving the Cauchy—Riemann equa-
tions Ou = f for any f € ZP9(X).

We end by defining Dolbeault cohomology groups with support conditions.
We denote by ¢ the family of compact subsets of X. For any compact subset K
in a manifold M, @ denotes the family of closed sets in X = M ~ K whose
closure is compact in M and ¥ denotes the family of closed sets in M which do
not meet K: for simplicity we let © be one of these three families. The space
EY(X) is then the space of C* (p, ¢)-forms on X whose support is contained
in the family ©. If § € O, we denote by £5"?(X) the subspace of £P9(X)
consisting of (p, ¢)-forms supported on §. Then £5(X) = Ugee £57(X). We
note that if © is one of the three families ¢, @ or ¥ then X has an exhaustion
(65)ien by elements of @ (i.e. X = [J;cy0i0i C 0i41). The spaces £59(X)
are closed in £P9(X); they are therefore Fréchet spaces and the topology on
EG(X) is the finest topology for which the inclusions £ (X) — £g%(X)

are all continuous. The operator 0 is then a continuous linear operator from
ELI(X) to ELITH(X). We set ZB9(X) = ZP9(X) N ELY(X).

Definition 7.3. The Dolbeault cohomology groups with support in © are the
spaces B
HEY(X) = Z5Y(X)/0E5" 1 (X).
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We equip these groups with the quotient topology which is not gener-
ally Hausdorff. They encode the obstruction to solving the Cauchy—Riemann
equation in the class of forms with support in the family ©.

8 Complex tangent space to the boundary of a domain

When we come to define CR functions (Chapter IV) and pseudoconvex do-
mains (Chapter VI) we will need the properties of the tangent space to the
boundary of a domain with smooth boundary in a complex analytic manifold.
The aim of this section is to study the analytic properties of this space: in
particular, we will consider its interaction with the complex structure of the
surrounding manifold.

We initially only assume that X is a C*° differentiable manifold.

Definition 8.1. Let D be an open set in X. For any 1 < k < oo we say
that D has C* boundary in a neighbourhood of p € 9D if there is an open
neighbourhood U of p in X and a real-valued C* function € C*(U) such that
(8.1) UND={zeU|r(x) <0}
. dr(z) #0, xzel.

We say that 0D is C* if it is C* in a neighbourhood of every point. A func-
tion € C*(U) such that (8.1) holds is called a defining function for D at p.
If U is a neighbourhood of dD then r is called a global defining function.

Lemma 8.2. Let vy and ro be two defining functions for D which are C*
on a neighbourhood U of p € 0D. There is then a strictly positive function
h € C*=Y(U) such that
(8.2) r1 = hry on U

dri(z) = h(z)dra(z) for allz € UNOD.

Proof. Note that h is unique if it exists because it is continuous on U and
equal to 71 /ry on U \ 9D.

Without loss of generality we can assume that U is contained in a chart
domain of X. Consider a point ¢ € UNAD and choose coordinates on U such
that ¢ = 0and UNOD = {z € R" | z,, = 0}. We can assume that rq(x) = x,,.
For any 2’ = (1, ..., 2Zn—1) close enough to 0, we have r1(2’,0) = 0 and hence

1
r(a’,x,) =1 (2, x,) —ri(2',0) = xn/ %(:ﬂ',mn)dt.
0 81'”

We set h(x) = 01 g;; («',tz,,)dt; h(z) is then a C*~! function on U such that

ry = hry on U.
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If £ > 2 then dri(x) = ro(z)dh(x) + h(x)dra(z) = h(x)dra(z) for any
zreUNabD.

If k =1, ri(z) = h(z)ra(z) = (h(z) — h(z’,0))r2(z) + h(z’,0)r2(z) and
hence r(x) = h(z/, )drg (2’,0) + o(x,) as x, tends to 0 since h is continuous
on U and ro(z’,0) = 0. It therefore follows that dri(z) = h(z)dra(z) for any
zeUNaD.

It remains to prove that h is strictly positive on U. As h = r1/rs on
U~ D, h is strictly positive on U\ D because 1 and r3 are defining functions.
As dri(z) # 0 on U and drq(z) = h(x)dre(z) on U N 9D, h does not vanish
on UNOD. As h is continuous on U it is strictly positive on U. (Il

If D is a domain with C* boundary in a neighbourhood of p € 0D then
0D is a C* differentiable manifold in a neighbourhood of p. We can therefore
consider the tangent space T,,(0D) to 9D at p.

Proposition 8.3. If r is a defining function for D at p then
(8.3) T,(0D) = {§ € T,(X) | dr(p)(§) = 0}.

If (z1,...,2y) are local coordinates on X in a neighbourhood of p then

& € T,(0D) if and only if

- 1o}
— ng(aixj)p where Z 8310]
J=1

Proof. Let U be a neighbourhood of p such that
ODNU ={z €U |r(z) <0} and dr(z)#0 for any z € U.

We denote the inclusion of 9D N U in X by i. This inclusion induces an
injective map di : T,(0D) — T,(X) such that if « is a curve in 0D passing
through p representing the vector v € T,(9D) then £ = di(v) is the class of
10 a. Since the image of « is contained in 9D we have roioa = 0 and hence

ar(p)(6) = o

which proves that on identifying T,(0D) and di(T,(0D))

roioa)(0)=0

(8.4) T,(0D) C {§ € T,(X) | dr(p)(&) = 0}.

As both sides of (8.4) are vector spaces of dimension (n — 1), the inclusion of
(8.4) is in fact an equality. O

Remark. Equation (8.3) shows that we can identify T,,(0D) with the set of
directional derivatives at p which vanish on r.
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Assume now that X is a complex analytic manifold of dimension n and D
is an open set in X with C¥ boundary in a neighbourhood of p € dD. The
complex structure on X induces an extra structure on T,(9D).

As we have seen above, we can identify T,(0D) with a real subspace of
real dimension (2n — 1) in T,,(X). If J is the complex structure on T,,(X) we
can consider JT,(0D), which is also a real subspace of real dimension (2n—1)
in T,,(X), and hence

T (8D) = T,(0D) N JT,(0D)

is a real subspace of real dimension (2n —2) in T),(X) which is stable under J.
This space is therefore a complex subspace of T,,(X) of complex dimension
(n—1). We note that T,7 (9D) # {0} if and only if n > 2. The space T} (9D)
is called the complex tangent space to 0D at p. If we identify T,,(X) with
thleocomplex structure J with 77-°(X) then Tf(aD) becomes a subspace of
T,°(X).

Proposition 8.4. If r is a defining function for D at p € 0D then
C _ 1,0 _
T,(0D) = {t € T,”°(X) | or(p)(t) = 0}.

If (z1,...,2n) are holomorphic local coordinates for X in a neighbourhood of p
then t € TE(@D) if and only if

t= ;tj (;Zj)p7 where ; g;(p)tj = 0.
Proof. As the function r is real-valued
dr(p) = dr(p) + dr(p) = 2Re dr(p).
By definition of Tf(@D) =T,(0D) N JT,(0D) and (8.3),
T, (8D) = {t € T,°(X) | dr(p)(t) = dr(p)(Jt) = 0}.

But now 9r(p)(Jt) = idr(p)(t) since dr(p) is a (1,0) differential form at p and
hence

Re (9r(p)(J1)) = — Tm r(p)(¢).
It follows that

TE(@D) ={te Tpl’O(X) | Re dr(p)(t) = Im or(p)(t) = 0}
= {t e T,°(X) | 9r(p)(t) = 0}. O

Let CT,,(0D) be the complexification of T,(0D). Ty (9D) is then an (n—1)-
dimensional subspace of CT),(9D).
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Definition 8.5. The vector space T"'(dD) = TF(dD), the conjugate of
Tf(&D) in CT,(0D), is called the space of tangential Cauchy-Riemann oper-
ators at p € dD.

Note that if r is a defining function for D at p and (z1, ..., z,) are local
holomorphic coordinates on X in a neighbourhood of p then a vector 7 €
T)1(8D) if and only if

- 0 N or
T = er(a—zj)p where J; a—zj(p)Tj =0.

Jj=1

Ezample. If n = 2 then Tg*l(ﬁD) is a 1-dimensional C-vector space generated
by
Lo 9 or 0
P oz oz oz oz,

Comments

The theory of currents is developed in Schwarz’s book [Sc] and de Rham’s
book [Rh]. De Rham’s book [Rh] also contains a discussion of regularisations
on manifolds and the Kronecker index and more information on the Kronecker
index can be found in [L-T1]. Whilst writing Sections 4 to 8 of this chapter
the author relied on the sections dealing with similar material in Section 2
of Chapter IIT and Section 2 of Chapter II of M. Range’s book [Ra]. The
interested reader may consult R. Narasimhan’s book [Na2] for more details.
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The Bochner—Martinelli-Koppelman kernel
and formula and applications

In this chapter we define one of the fundamental tools of integral representation
theory in complex analysis, namely the Bochner—Martinelli-Koppelman kernel.
This kernel generalises the Cauchy kernel on C to C". It enables us to prove
an integral representation formula, the Bochner-Martinelli-Koppelman formula,
which extends Cauchy’s formula to (p, ¢) differential forms in C™. This formula
plays an important role in the study of the operator 9: in particular, we prove
using this formula our first results on the existence of solutions to the Cauchy-
Riemann equation in C" by considering the case where the data has compact
support. Hartog’s phenomenon, a special case of which was studied in Chapter I,
follows from the existence of a compactly supported solution to the Cauchy—
Riemann equations for n > 2 when the right-hand side of the equation is a
compactly supported form of bidegree (0,1). The links between the vanishing
of compactly supported Dolbeault cohomology groups in bidegree (0,1) and
Hartog’s phenomenon will be explored in greater detail in Chapter V. We will
also use the Bochner—Martinelli-Koppelman formula to study the regularity of
the operator 0 by proving a Holder hypoellipticity theorem.

1 The Bochner—Martinelli-Koppelman kernel and
formula

For any (£,n) € C* x C™ we set (£,n) = 22:1 &nj. We consider the set E
defined by E = {({,n) € C" x C™ | (¢,n) # 0} and on the open set E we
define a differential form p by pu(€,n) = (&, n) "W’ (§) Aw(n) where

3

wn) =dm A---ANdn, and W'(§) = Z(—l)j_lgjdfl Ao ANdEGA -+ N dEn,

j=1
where cff\J indicates the suppression of the term d¢;.

Lemma 1.1. The differential form p has the property that du =0 on E.

C. Laurent-Thié¢baut, Holomorphic Function Theory in Several Variables: An Introduction, 57
Universitext, DOI 10.1007/978-0-85729-030-4_3, © Springer-Verlag London Limited 2011
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Proof. Let us calculate du.

dp = n(&,n)""w(€) Aw(n) —nl&m) " TH{(E ) AW (€) Aw(n).
As d({(&,m) ANW'(§) Aw(n) = (£,nw(é) ANw(n) it follows that du = 0. O

We denote the diagonal in C™ x C™ by A. The image of the map 5 from
C" x C" . A to C" x C" defined by 5(¢,2) = (¢ — %, — 2) is therefore
contained in E. We now consider the differential form §*u. This form is C*
on C™ x C™ ~ A and is closed because p is closed.

Definition 1.2. The Bochner—Martinelli-Koppelman kernel is the differen-
tial form on C" x C" . A defined by B = “=1!3* . We have

(2im)™
o (F1THEG —7) A (dC — dzs) Aw(C - 2)
_ (n—1)r ==t T s
(1.1) B(z,¢) = @iny" IFED .
We set
B= > B,
0spsn
0<gsn—1

where BP is of type (p,q) in z and type (n —p,n —q— 1) in . We also set
B, =0.

Lemma 1.3. For any (2,() € C" x C" A
0B(z,() =0 and ngg(z,C) = —5<B§+1(Z,C).

In particular, d:BY(z,¢) = 0.

Proof. We denote by kpy(x) the C* differential form on C™ minus 0 defined
by kpm(z) = ((7211_752:”(57 x). This is an (n,n — 1)-form and hence dkpy =
dkgnm. We note that B = 7*kgpy where 7 is the holomorphic map from C™ xC"
to C" given by (z,() — ¢ — z: it follows that B = dB. As B = Eg;s)n'?*u
and du = 0 we have OB = dB = 0. The second formula follows on comparing
bidegrees. O

We can give another expression for B using determinants over algebras.
If A is an arbitrary algebra (for example, the algebra of differential forms)
and A = (a;;)1<ign is an order n matrix with coefficients in A then we set

1<isn
det A= )" E(0)an(1)1" " Go(n)mns
oeG,
where &, is the group of permutations of {1,...,n} and £(o) is the signature

of the permutation o. This determinant has the following properties:
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i) det A is multilinear in the columns of A for linear combinations whose
coefficients lie in the centre of A.

ii) if there are integers k and ¢, 1 < k < £ < n, such that a;; = bic; and
aij¢ = bye; for any i € {1,...,n}, where by and b, are arbitrary elements
of A and the ¢; are contained in the centre of A, then det A = 0.

We can then write

&1 d&y -+ -d&

1 4 Co :
-~ (n—1)! En dy - - dEy,
(n—1)

which can also be written as

() = g det(€. dE ).

1
(n—1)
n—1
We deduce from this the following expression for the Bochner—-Martinelli—
Koppelman kernel

s T Fyrat—1
1 det(( —%z,d(—dz) Nw(( — 2
BES = Gy o |

Remark. Note that, for n = 1, BY(z,() = 5-d(/(¢ — z). This is the usual
Cauchy kernel.

Proposition 1.4. The Bochner—Martinelli-Koppelman kernel B is a locally
integrable differential form on C™ x C™ which defines a current which we also
denote by B such that

(1.2) dB = 0B = [A],
where [A] is the integration current on A, the diagonal in C™ x C".

Proof. Let 7 : C" x C™ — C" be the map given by (z,() — ¢ — z and let kpm
be the C* differential form on C™ \ {0} defined by

() = (gm){?! 2l 72 3 (=171 () Aw(a).

j=1

The coefficients of kgy are locally integrable on C™ since they are of order
O(|z|=2"*1) and it follows that kg defines a current on C*. We note that

kem(x) = (2122;)22' Z(_1)j1(£j(_x|2n+2)( st dz,) A w(z)
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and hence

= (n—2) /<~ 0? —on+2 _
dk = Ok = — a7 Aw(z).
pui(e) = Dhpui(e) = 5o (; 5 g (el ) )@ A wta)
We recognize the fundamental solution of the Laplacian FE(x) =
@1/|x|2”_2, x € C". Tt follows that

(1.3) dkpn = Okpm = (0],

where [0] is the integration current at 0, i.e. the Dirac delta function at 0. We
note that B = 7*kgy and B is therefore locally integrable on C™ x C™ and
defines a current which we again denote by B. Considering the pullbacks of
the currents kpy and [0] under the projection 7, we deduce from (1.3) the
following result

dB =3B = d(*kgn) = 7" (Okpnt) = 7°[0] = [r~1(0)] = [A]. O

We now prove that if K is a current on C" x C™ defined by a locally
integrable C*° differential form on C™ x C" \. A such that dK = [A] then we
can associate an integral representation formula to K. On setting K = B we
get the Bochner—Martinelli-Koppelman formula.

Theorem 1.5. Let K be a current on C" x C™ defined by a locally inte-
grable C> differential form on C™ x C™ . A such that dK = [A]. Let D be
a bounded domain in C™ with C' boundary and let f be a differential form of
degree v which is C* on D. Then,

(1.4) /geapf(oAK(Z’o / def(C) A K(2,0)

¢eD
(=1)"f(z) on D

- JOKECI {O on C" D

¢eD
where d, denotes differentiation of currents.

Proof. We apply Stokes’ formula for the Kronecker index of two currents
(Chapter 11, Cor. 3.7) to the currents T'= [Dx D] and S = f({)AK(z,{)Ag(2)
where g is a (2n — r)-differential form with compact support in D.

We note that SS(bT) = (0D x D) U (D x 9D) and SS(dS) is contained
in SS(S)=A4n Wc_l(supp g), where 7, is the first projection from C™ x C™
to C™. As g has compact support in D it follows that SS(bT") and SS(dS)
do not meet and hence K(bT, S) = K(T,dS). We calculate both sides of this
equation: we get

KT, S) = K([0D x D] + [D x D], f(¢) AK(2,¢) A g(z))
— [ HOAKEO Mg
0D xD
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since g is compactly supported in D. Moreover

dS = dc f(Q) NK(2,€) Ag(z) + (=1)" (O AA] A g(2)
+(=1)"H(Q) A K (2,¢) Adeg(2)

and hence

K(T,dS) = / def(Q) AE(2,) A g(2)

DxD

+ (=D)"K(ID x DI, f(OA[A]Ag(2)) + (—1)’"“/ FIONK (2, ¢)Ad=g(2)

DxD

since K is locally integrable on D x D and (AN wgl(supp g)) does not meet
SS([D x D).
Moreover, as the support of f({)A[A]Ag(z) is relatively compact in D x D,

K([D x D], f(¢) N [A] A g(2)) = . f(z) Ag(2).

by definition of [A]. And finally

15) (1" [ F2)Aglz) = / FO) MK (20) Aglz)
Ccn Dx0D

- [ HONKEOA @+ [ (@[ QA Agle)
DxD zeD ¢ep
from which we can deduce the following equality of currents on D
(=D fz)= [ fIONK(2C) —/ de f (<) /\K(Z7C)+dz/ FIONK(z,0).
D D

oD

If 2 ¢ D, the differential form f(¢) A K(z,¢) is C*° on D and dK(z,() =
d.K(z,¢) + d¢K(2,¢) = 0. The theorem follows on applying the classical
Stokes’ Theorem (cf. Appendix A, Th.7.1). O

Remarks 1.6.
1) Note that by Fubini’s theorem formula (1.5) can also be written as

(1.6) (=1)"(f.9)

=(ODIA S [ KA~ (DA, [ (e Ag(2)

DAL [ Kz nda(2)

for any C* differential form g of degree (2n — r) with compact support in D.
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2) Theorem 1.5 is still valid for a domain D with piecewise C! boundary
as in Remark 7.2 2) of Appendix A. We then set [0D] = Zle[S?].

3) As the differential form z — K(z, () is locally integrable and continuous
on C™ ~ {¢} for any ¢ € C" the differential forms

K(z,o) ANg(z) and K(z,+) Ndg(z)

zeCn zECn
are continuous on C", and formula (1.6) is therefore still meaningful for a
continuous differential form f on D such that df is also continuous on D.
We shall prove the formula in this generality. If f is a continuous differential
form on D such that df is also continuous on D then we construct a family
(fe)o<e<e, Of continuous differential forms with compact support in C™ such
that the forms df. are also continuous with compact support in C™ and the
families (f.)o<c<e, and (df:)o<e<e, converge uniformly on D to f and df
respectively.

For any £ € 0D we denote the ball of centre ¢ and radius r by B(&,r).
We denote the exterior normal vector to 9D at { by ve. Choose r and &
small enough that (0D N B(&,r)) — tve is contained in D for any ¢ € 0, ¢].
Let Uy,...,U, be a finite subcover of 9D by such balls and let Uy be a
relatively compact open set in D such that (Up, Uy, ...,U,) is a cover of D.
Let (xj)ogj<p be a family of positive C>° functions with compact support
in C" such that supp x; C U; and Z?:o xj =1 on D. We define f. by

Fo(2) = x0(2)f(2) + D xi(2) f (= = evy).
j=1

If £ € ]0,e0] then f. is a continuous form with compact support in a neigh-
bourhood of D and by the uniform continuity of f on D the family (fe)o<e<eo
converges uniformly to f on D. Moreover,

df-(2) = xo(2)df (2) + Z x; (2)df (z — evj) + dxo(2) A f(2)
—|—2de YA f(z —evy).

The differential forms df. are continuous and have compact support in a neigh-
bourhood of D for any ¢ € ]0, go[. By the uniform continuity of f and df on D
the family (df-)o<c<e, converges uniformly to df on D.

Regularising the differential forms f. by convolution, we get a family
(f5)0<5<50 of C* differential forms on C” such that (fs)o<s<50 converges uni-
formly to f on D and (df5)0<8<50 converges uniformly to df on D as ¢ tends
to 0. The currents ([0D] A fs)o<5<807 ([D] A df€)0<5<50 and ([D] A fe)o<e<eo
then converge to [0D]A f, [D]Adf and [D]A f respectively in the weak topology
on zero-order currents. It follows that (1.6) and hence (1.4) can be extended
to the case where f and df are only assumed continuous on D.
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Theorem 1.7 (The Bochner—Martinelli-Koppelman formula). Let D
be a bounded domain in C™ with C' boundary and let f be a continuous (p,q)-
differential form on D such that Of is also continuous on D (0 < p < n,
0<g<mn). Then

/ FOAB O = [ Bef(Q) A BE(=0)
CedD

¢eD
(=1)P*f(z) on D

£, [ QB (0 = {O -

¢eD

where 0, denotes differentiation of currents.

Proof. This follows immediately from Theorem 1.5 and Remark 1.6 on replac-
ing K by the Bochner-Martinelli-Koppelman kernel B. Bidegree considera-
tions allow us to replace the operator d by 9 and the kernel B by a BY. [

2 Existence of solutions to the & equation for compactly
supported data

Let D be an open set in R™. For any real number o, 0 < a < 1, and any
function f:D—C we define the Holder norm of order o of f on D by

. A
flap = sup @) + sup &=
vep saep |2 — |
z#x’

The set A%*(D) ={f : D — C | |f|a,p < 400} is the vector space of Hélder
continuous functions of order o on D. It is a Banach space and any function f
in A%(D) is bounded and uniformly continuous on D. We denote the space
of continuous functions on D such that |f|.,x < +oc for any compact set K
in D by C*(D) and for any integer k we denote the space of C* functions on D
all of whose kth-order partial derivatives are contained in C*(D) by Ck¥*+<(D).

If D is an open set in C™ then we denote the space of (p,q) differential
forms whose coefficients are in C¥+*(D) by C¥t*(D). If f € C3 (D) can be
written as f = ZI’J frodzr N dzy where I = (i1,...,4p) with 41 < -+ < i,
and J = (j1,...,Jq) With j1 < --- < j4, then we define the Hélder norm of
order o of f on D by |f|a,p =sup; s |f1,7|a.D-

Let B be the Bochner-Martinelli-Koppelman kernel defined in Section 1
and let D be a bounded domain with C' boundary. If f is a bounded differ-
ential form defined on 9D then for any z € D we set

(2.1) Bon () = / (O A B(2,0).

¢edD

The differential form Ean is C*° on D.
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If f is a bounded differential form defined on D then for any z € D we set
(2:2) Bpf(z)=| [ AB(=.0).
¢eD

As B has an integrable singularity along the locus ¢ = z the differential form
Bp f is well defined on D. Note that if f is of type (p,q) then

(2.3) Bpf = FOABY (-0

¢ceD
and in particular EDf =0ifg=0.
Proposition 2.1. Let D be a bounded open set in C™. Then,

1) for any bounded differential form f on D the differential form EDf is C¢
on D for any o such that 0 < a < 1.
Moreover, for any a such that 0 < o < 1 there is a constant C,, such that,
for any bounded differential form f on D,

|§Df|a,D < C'oz|f|0,D

2) if f is a C* bounded differential form then EDf is CFT on D for any o
such that 0 < a < 1.

Proof. By definition of the kernel B (cf. formula (1.1)) there is a constant C
such that

Zj _EJ
IG5 A’Z]|2n ¢ —&[*"

d02na

Bof(z) = Bof(&) < Clflo Z /

where oy, is the Lebesgue measure on R?".

Lemma 2.2. Let n > 1 be an integer and let R be a strictly positive real
number. There is then a constant C such that, for any s and t € R™ such that
|s] < R and |t| < R,

AER"
lz|<R

Proof (of the Lemma). Given s and t € R™ such that |s|] < R and [t] <
consider the following sets:

r1 — 1 T — S

iL do, < Clt —s|- |10g|t—s|{.

o —t[*  Jz—f
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Then {z € R" | |z| < R} C W1 U W, U W5s.
Note that |z — s| > ||z —t| — |t — s|| = 3|t — s| for any # € W} and hence

I8
by integrating in spherical coordinates. Similarly,

o

ry—t1 1 — 8

1 —t1 X1 — 81
lz =t |z — s

d%g/WM—ﬂ“W%+CU—¢W/QMﬁ
W1 Wl

<Ot -]

—t —
RSt R S do, < C'|t —s|.

1
e =" fo— s

Moreover,

=t |z —s|?
_ (@ =t (e = sl — o — t) SImd o = 5] o =t [ty — sa] o — 1"
= |x — s|*|z — ¢t
n—1
|z —s[“|lz —t["7] |t — s
<|lz—s| -z —t
[l = sl =l ||Z;|x—SWM—ﬂ" M-

1 1 1
< nlt — s max{ , }—|— .
[z =8| o —tn ) e —sn

Since [t] < R and |s| < R it follows that

Jo

T —tl X1 — 81 dO’n

do, < C"|t — s|/

o —t]" |w— s {t—s|/2<yl<2Ry Y1

gy
<Ot — s — < CJt—s|-|loglt — s O
ft—slj2 T

End of the proof of the proposition. By the above lemma,
|Bpf(z) — Bpf(€)| < C|flo,plz — ¢||log |z — &[]

As sup, e p |z — &7 log |z — £|| < +oo for any a €]0,1[ claim 1) follows.

_ Assume that f is C* and bounded on D. Given z € D, let us prove that
Bp f is CkT® in a neighbourhood of z. Consider a function x € D(D) such that
X = 1 on a neighbourhood U, of z: ép(l —x)f is then C* on U, because B
is C*° on C" xC"\ A. It is therefore enough to prove that EDxf is Ck+ on U,.
Suppose that f is a (p, ¢)-form. Then Bpxf(&) = fCED X(OF(O)ABY_1(£,0)-

Set f(¢) = X |11=p f17(C)d¢r A dC;. Then

[J|=q
Bl 1(&,¢) = Z BrrmndC e ANdCy AdEL NdEy.
|K|=n—q—2
|L|=q—1
[M|=n—p
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and EDXf(f) = ZL,N hL,NdEL A dé-Na where

hi n(€ Z / Ofrs(Q)Brrmn(§0)dCr AdC; A dC g A déu

1,J,K,M

As x has compact support in D,

b= 3 [ MC O+ OBran (G €+ Qi A

1,J,K,M
AdCy NdCar.

As B = 7*kpy the functions Brryn (€, € + ¢) are independent of & and
are locally integrable with respect to ¢. Since f is_ C* we can differentiate k
times under the integral sign, which proves that Bpy f is C* and if |v| = k
then

D'hp.n(§) =
= ) / DY (xfro)(C + &) Brrmn (&€ + ¢)dCrAdC ;AdC i AdC
I1,J,K,M 7 CEC
= > D" (xf15)(Q)Br Lan (€, Q)dCrAdC yAdC e NdCs

I,J0,KM 7 CEC

It the follows from the definition of Bi sy that there is a constant C' such
that, for any {,w € D,

|D*hin(§) = DY hin (W) < Csup | > D¥(xf15)(<)l

CED 7
Zj —Wj
X do’zn
Z/gep I¢ - £I” ¢ —w[”
and we complete the proof of the theorem as in the proof of 1). O

Theorem 2.3. Let D be a bounded domain in C™ with C* boundary and let f
be a continuous (p,q)-differential form on D such that Of is also continuous
0n~ﬁ, 0<p<n, 0<q<n. The differential forms Ban, Bpaf, BDf and
OBpf are then continuous on D and

(2.4) (=1)P*9f = Bypf — Bpdf +dBpf on D.

Proof. The regularity of the differential forms E@ of, Bpd f and Bp f follows
from Proposition 2.1. The equation (2.4) holds for currents by Theorem 1.7,

but as the differential forms Byp f Bpd f and f are continuous 9Bp f is con-
tinuous. 0



2 Existence of solutions to the @ equation for compactly supported data 67

Corollary 2.4 (Bochner—Martinelli formula). Let D be a bounded do-
main with C' boundary in C™ and let f be a C' function on D. Then,

/ FQABY(20) ~ | Bef(Q)ABY(=Q) = f(2) for any z € D.
¢C€EdD

¢eD

If f is holomorphic on D and continuous on D then

/ F(O) ABY(2.0) = f(z) for any = € D.
CedD

Note that if n = 1 then Corollary 2.4 is simply the Cauchy—Green formula
and Cauchy’s formula in C.

Corollary 2.5.

1) Let g be an integer such that 1 < g < n—1 and let f € C]’,fyq((C") be a

(p, q)-differential form which is C* for some k > 0, 0-closed and compactly
supported in C™. There is then a (p,q — 1)-differential form uw which is
Ck+e for any o € 10,1 such that Ou = f in C".

2) If D is a bounded domain with C' boundary in C™ then for any (p,n)-
form f in C (D) there is a (p,n — 1)-differential form u which is Ck+*
on D for any a € )0,1[ such that du = f in D.

Proof. We start by proving 1). Let D be a bounded domain with C! boundary
in C™ such that D contains the support of f. Applying Theorem 2.3 we get

(=1)P*9f(2) = OBpf(z) for any z € D

since Bop f = Epgf = 0 because f is O-closed with compact support in D.
Setting u(z) = Bp f(z) = fcecn Q) /\Bgil (2,¢) we see that u is a C¥+® form
for any a € ]0, 1] by Proposition 2.1 and du = f on C".

We now prove 2). Note that BE = 0 for any p € {0,...,n} and it follows
from the Bochner—Martinelli-Koppelman formula that

(—=1)P*"f(z) = 0. p F(CO)ANBP_(2,¢) foranyz€ D,
€

where this equation is to be understood as an equality of currents if f is only
continuous. Setting u(z) = fCED f(Q) A BP_(2,¢) the function u is then the

n—1
solution we seek and u € C¥T< for any « € ]0, 1] by Proposition 2.1. |

Ezample. Assume that n = ¢ =1. If D is a bounded domain with C ! bound-
ary in C and f is a C* function for some k£ > 0 on D then the partial differential
equation

() Tu=f
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has a solution ug, which is C¥T% for any « € ]0, 1], given by

1 d¢ A dC
wo(2) (AeDf&) .

~ 2 (—z

To prove this, we simply apply statement 2) of Corollary 2.5 to the (0, 1)-
differential form f(z)dz. The general solution to () is then of the form
u = ug + h where h is a holomorphic function on D.

3 Regularity of 8

We now extend the Bochner—-Martinelli-Koppelman formula to compactly
supported currents and deduce a Holder hypoellipticity theorem for the oper-
ator 0 from it.

We continue to denote the Bochner—Martinelli-Koppelman kernel on C™
by B(z,(¢). If f is a continuous compactly supported differential form on C™
then for any z € C" we set

Emﬂ@:/‘ (O A B(2,0).

zeCn

Lemma 3.1. The map E(Cn is a continuous linear map from D,(C") to
C°(C™). Moreover, if f is a (p,q)-differential form then Bcr f has bidegree

Proof. Tt follows easily from Proposition 2.1 that if f is C°>° then Ecnf isaC™®
differential form. Note that if f is of type (p,q) then Ben f(2) = [ ccn f(O) A
B! _,(z,¢) and hence Bcx f is of bidegree (p,q — 1).

Consider an element f € D,(C™). We denote by DB f the differential form
obtained by replacing the coefficients fr; of f by their derivatives DeB fr.
Repeating the proof of Proposition 2.1 it is easy to show that DO‘B(E«;nf) =
Ben (DP f) — as moreover \gcnf|07cn < C(supp f)|flo,cn this proves that Ben
is continuous because a sequence of differential forms with compact support

converges to 0 in D,(C™) if all the terms in the sequence are supported on a

fixed compact set and converge uniformly to 0 along with all their derivatives.
O

If T is a compactly supported current on C" then we can define B'T by
setting

BN BT =T B = (T [

#(¢) A B(-0))

for any ¢ € D,(C™). This defines a current on C", and we note that if 7" is of
bidegree (p,q) then B'T is of bidegree (p,q — 1).
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Proposition 3.2. Let f be a continuous (p, q)-differential form with compact
support in C" and denote by Ty the current defined by f. Then,

B'Ty = (—1)P*9 ' Bea f.
Proof. Consider an element ¢ € D,,_p n_q11(C"). By definition of B/,
(B'Ty, ) = (Ty, Beny)
= [ sen ([ e0nBe0)
=yt [ ([ 5@ aBE0) re

As B(z,¢) = B((, ) it follows that (B'Ty, ) = (—1)PT4~1(Ben f, ©). O

Proposition 3.3. For any current T' with compact support in C™ the current
B'T is C™® on C" ~ suppT. More precisely, there is a differential form f
with C*° coefficients on C™ \ supp T such that

B'T|., Ty.

~supp T =

Proof. Tt will be enough to find such a form f for any relatively compact open
set U C C™ \suppT. Fix such a U and let x be a C* function on C” such
that x = 1 in a neighbourhood of supp 7" and x = 0 in a neighbourhood of U.
If ¢ € D,(U) then, by definition of B'T,

BTe) = (1, [ e0nB60)

As x = 0in a neighbourhood of the support of ¢ and x = 1 in a neighbourhood
of the support of T', we have

BT = (xCIT, |

cecn

(1= )(Qp(C) A B(20))

— (T, /Cecn X(2)(1 = X(O)p(Q) A B(50) )

= (=D)FH{T x(2) (1 = x(O)B(2,0))), #(C))

since x(2)(1 — x(€))B(z,¢) is a C* differential form on a neighbourhood of
suppT x C™. It follows that BT is equal to the C* differential form { —
(T, x(2)(1 = x(¢))B(2,¢)) on U. U

We now prove a Bochner-Martinelli-Koppelman formula for compactly
supported currents using the operator B’.
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Theorem 3.4. The following representation formula holds for any current T
with compact support in C™

(3.2) T = —(B'dT + B'T).

Proof. Assume that T has bidegree (p,q) and consider a form ¢ €
Di—pn—q(C™). By formula (2.4) we have

(3.3) (—1)P*9p = OBgny — BenOp
because ¢ has compact support. Applying T to both sides of (3.3) we get

(—=1)PHU(T, p) = (T,0Bcn ) — (T, Ben )
= (—1)PH Y ((B'AT, ¢) + (OB'T, ¢))

and the theorem follows. O

We can deduce a regularity result for the Cauchy—Riemann operator from
this formula.

Theorem 3.5. Let X be a complex analytic manifold and let T' be a degree 0
current on X. If T = Ty and f is a (0, 1)-differential form which is C* on X,
k=0,1,...,00, then

T =T, forsomegE€ ﬂ chre(X).

0<a<1
In particular, if 0T = 0 then T = T}, for some holomorphic function h on X.

Proof. Since the statement is local we can assume that X is an open set in C™.
It is then enough to prove that for any open set U € X there is a function
9 € Nocac: CFT*(U) such that T =T, on U. Let x be a C* function with

compact support in X such that y = 1 in a neighbourhood of U. Applying
formula (3.2) to xT', we get

(3.4) —XT = B'(d(xT)) = B'(Tdx) + B'(xTy)

since T is of degree 0 As supp(T9x) N U = @ it follows from Proposition
3.3 that B'(Tdx) = T,, where g; € C°°(U). Moreover E'(XTf) is equal to
Ben (xf) by Propom‘mon 3.2 and it follows that B'(XTf) € MNycger CFT(C™)
by Proposition 2.1. Setting g = g1 + B/( (XT¥) ’U, it then follows from (3.4)
that T'|,, = T,. 0

Remarks 3.6.

1) Theorem 3.5 remains valid for a current 7' of bidegree (p,0) because
any O-closed (p,0)-differential form has holomorphic coefficients and is
therefore C*°.
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2) The following result, dealing with the situation where we replace the de-
gree 0 current 7' in Theorem 3.5 by a current of bidegree (p,q), ¢ > 1,
will be proved in Chapter V, §4: there is a g € (o 1 C{;’Z“(X) such
that 9T = 9T, i.e. if the equation du = f for some f € C;f,q_s_l(X), has a
current solution then it has a solution which is C¥+ for any « € ]0, 1].

4 Hartogs’ phenomenon

The aim of this section is to show that if D is an open set in C", n > 2, and K
is a compact subset of D such that D \ K is connected then any holomorphic
function on D \ K can be extended to a holomorphic function on the whole
of D. In Chapter I we proved this theorem for a polydisc D in C"™ when n > 2.

We start by giving a more precise version of Corollary 2.5 for a (0,1)-
form f.

Theorem 4.1. Let f € C§,(C") be a d-closed C* differential (0,1)-form
(k = 0) with compact support in C"* where n > 2. There is then a com-
pactly supported function u which is C*¥** for any a €0, 1[ such that Ou = f
on C™. Moreover, u is given by the integral representation formula

(11) w) = [ FONBEO)

Proof. We proved in Corollary 2.5 that the function u given by (4.1) is a C¥+<
solution of the equation Ju = f on C". It remains to show that u has compact
support in C™. Note that u is holomorphic outside the support of f because
Ou = f. Moreover, if u is given by (4.1) then

PO p—

< Gtz supp ) 0

which implies that u(z) — 0 when |z| tends to co.

For any z € C", n > 2, we set z = (2/,2,) where 2’ € C"~! and z, € C.
As the support of f is compact there is a number R > 0 such that if [2/| > R
then the set {2’} x C does not meet the support of f. Fix such a z’. The
function z, — u(z’, z,) is then holomorphic and tends to 0 when |z,| tends
to infinity. By Liouville’s theorem this function is therefore identically zero.
This shows that u vanishes on the open set {z' € C"~! | |2/| > R} x C in
the complement of supp f. As w is holomorphic on C™ \ supp f it is therefore
identically zero on the non-bounded connected component of C™ \ supp f,
which implies that v has compact support. O

Remark. Theorem 4.1 does not hold for n = 1. This is implied by the following
more general fact: if f is a continuous J-closed differential (0,7)-form with
compact support in C™ then the equation du = f does not have a compactly
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supported solution in general. Indeed, if ug is a solution of the equation
Ou = f with compact support in C* and D is an open set with C!' boundary
in C™ containing the support of uy then

/ ug ANdzy A -+ ANdz, = 0.
aD
But applying Stokes’ formula we see that

/ uo/\dzl/\--~/\dzn:/d(uo/\dzl/\-u/\dz”)
8D D

= FfAdaA-Adz,
Cn

and this last term is not generally zero.

Theorem 4.2. Let D be a bounded open set in C™ such that C™ . D is con-
nected and assume that n > 1. For any holomorphic function f on a neigh-

bourhood of OD there is then a holomorphic function F' on a neighbourhood
of D which is equal to f on OD.

Proof. We denote the neighbourhood of 9D on which f is defined and holo-
morphic by Usp and choose a C* function x supported on Usp which is equal
to 1 in a neighbourhood of dD. The function f = x f is then defined on C"
and coincides with f on a neighbourhood of dD. We set

_ 5f on D
97Y0 onCr- D.

This is a C* differential (0,1)-form on C™ which is supported on D since
gf: Of = 0 in a neighbourhood of dD. Moreover, g is 0-closed in C", and
we can therefore consider the equation du = g. By Theorem 4.1, this equation
has a solution ug which has compact support and is therefore zero on some
open set in C" ~. D since D is bounded. As dug = g,ug is holomorphic on
C" \ D and since C" \ D is connected by hypothesis, 1o vanishes identically
on C" ~ D. It follows that F' = f — ug is the function we seek. O

Corollary 4.3. Let D be a domain in C™ and let K be a compact subset of D
such that D . K is connected. Any holomorphic function on D~ K can then
be extended to a holomorphic function on D.

Proof. We may assume without loss of generality that K is connected. Let D’
be a bounded domain in C™ such that C™ ~ D’ is connected, D’ is contained
in D and D’ contains K. Such an open set exists because D \. K is connected,
soif D # C™ we can set D' = {z € D | dist(z, K) < £} for small enough ¢ and
if D = C™ we can set D’ = B(0, R) for large enough R. If f is holomorphic on
D~ K then it is holomorphic in a neighbourhood of 8D’ and by Theorem 4.2
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there is therefore a holomorphic function F' defined on a neighbourhood of D
such that f|8D, = F|8D,. As 9D’ is a real hypersurface in C" and f and F
are holomorphic in a a neighbourhood of 8D’ and are equal on D', they
are equal on the connected component of their common domain of definition

. , . F onD’ . .
containing dD’. The function F = is then the extension we
f onDNK

seek. O

Comments

The formula known as the Bochner-Martinelli formula extending the Cauchy
formula to a bounded domain with smooth boundary in C" was discovered
independently by E.Martinelli [Mal] in 1938 and S.Bochner [Bo] in 1940.
These two authors used it to produce a rigorous proof of Hartogs’ phenomenon
(Ma2] and [Bo]). It was generalised to differential forms by W.Koppelman
[Ko] in 1967.

Proofs of the Bochner—Martinelli-Koppelman formula different from the
one given here are presented in [He/Lel] and [Ra]. The regularity properties
given in Section 2 are also discussed in these two books. The regularity
theorem for 0 is proved in Section 1 of the first chapter of Henkin and Leiterer’s
book [He/Le2] and Range gives a rather different style of proof of Hartogs’
phenomenon in Section 2 of Chapter IV of [Ra]. In [Ho2], Hérmander gives a
different proof of Theorem 4.1, based on the one-dimensional Cauchy—Green
formula, and deduces Hartogs’ phenomenon from it.
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Extensions of CR functions

Whilst studying Hartogs’ phenomenon in Chapter III we proved that if D is a
simply connected bounded domain in C", n > 2, then any holomorphic function
defined on a neighbourhood of the boundary of D can be extended to a holo-
morphic function on D. It follows that the restriction to D of a holomorphic
function defined in a neighbourhood of 9D is the boundary value of a holo-
morphic function on D which is continuous on D. We now try to characterise
the boundary values of holomorphic functions on a bounded domain D C C"
which are continuous on D. The main result of this chapter is Bochner’s ex-
tension theorem for CR functions defined on the boundary of a domain. Its
proof uses the Bochner—Martinelli transform which is studied in Section 1. We
also prove our first generalisation of Bochner’s theorem to CR functions which
are only defined on part of the boundary of the domain. This generalisation is
also based on the properties of the Bochner—Martinelli transform but it requires
two extra ingredients: Stokes’ formula for CR functions and the integrals of the
Bochner—Martinelli kernel.

1 The Bochner—Martinelli transform

Let U be an open set in C" and let V be a real smooth C' hypersurface in U
(i.e. V is areal C! submanifold of real dimension (2n—1) contained in the open
set U in C" ~ R?") such that U \. V has exactly two connected components
U™ and U~. We assume that V is oriented and its orientation is that of U .

Definition 1.1. Let f be a continuous function with compact support defined
on V. We define the Bochner—Martinelli transform of f by

F(z) = F(O)BY(2,¢) forany z € U\ V.
cev

We note that F is a C* (and even real analytic) function on U \ supp f
because Bf(z,() is a differential form with real analytic coefficients on
C" x C"\ A.

C. Laurent-Thié¢baut, Holomorphic Function Theory in Several Variables: An Introduction, 75
Universitext, DOI 10.1007/978-0-85729-030-4_4, © Springer-Verlag London Limited 2011
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The aim of this section is to study F' in a neighbourhood of a point con-
tained in supp f.

Remark 1.2. Let D € U be a domain with piecewise C! boundary such that
DcUtand dDNV Dsupp f. If z € U~ (VNAID) then

F(z) = /C L HOBS0 = /C QB0

It is easy to construct such a domain D. We can always assume that V'
is defined by V = {z € U | 7(z) = 0}, where 7 is a C! function on U such
that dr(z) # 0 for any z € V. Let D’ be a domain with C* boundary in V/
containing the support of f. There is then a C' function, p, defined in a
neighbourhood of D’ such that

D'={zeVnUp |p(z) <0},
OD' ={z € Up/ | p(z) =r(z) =0}
and dp(z) Ndr(z) #0 for any z € 9D".

Foranye > 0weset V. ={2 €U |r(z) =} f Ut ={z €U |r(z) >0}
and V. = {z €U | r(z) = —e} f Ut = {z € U | r(2) < 0}. For any small
enough e dr(z) # 0 for any z € V. N {p < 0} and dp(z) A dr(z) # 0 for any
z € Von{p=0}. Assume r is chosen such that UT = {z € U | r(z) < 0} we
set

D={zeU|-e<r(z)<0}n{zeUp |p(z) <0},

and D is then a domain with piecewise C! boundary satisfying the conditions
of Remark 1.2.

Theorem 1.3. Let f be a C* function (0 < o < 1) which has compact support
in V. The functions F’U+ and F|U, then have continuous extensions F+
and F~ to UT UV and U~ UV and on V these extensions satisfy the Plemelj
formula
+ -1
F ’v - F |v =/

Proof. Let D be a domain with piecewise C' boundary satisfying the condi-
tions of Remark 1.2. Then F(z) = [.op, f(Q)BJ(2, ().

Let f be a C* extension of f to U. We can construct f as follows:
let (U;)icr be an open cover of V' by open subsets such that for any i € I
there is a C' map h; : U; — R?" such that h;(V) = {z € R*" | z; = 0}
and if U; Nsupp f # @ then U; N (8D ~ V) = @. We define f; by f;(z) =
foh1(0,(hi)2(2),..., (hi)2n(2)) for any z € Uy; the function fi is then C®
on U; and satisfies fi‘UiﬁV = f. Weset Uy = C* \V and let (xi)icrufo}
be a C* partition of unity subordinate to the open cover (U;);erufoy- The

function f: D ier Xz'ﬁ is then an extension with the required properties.
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We set Fy(z) = F(2) — f(z) for any z € D and Fy(z) = F(z) for any
z ¢ D. By the Bochner—-Martinelli formula (Chapter III, Corollary 2.4 and
Remark 1.6 2))

Foo) = [ (7€)~ Ja)) B, 0).
(€dD
Since fis C* and ﬂaD = f we have

(f(C) - J?(Z))Bg(z, () = O(l/|< _ Z|2n—1—a)’

The differential form (f(¢) — f(2))BJ(z,() therefore has locally integrable
coefficients on 0D, and it follows that Fj is continuous on U. The existence
of functions F™ and F~ such that F*| —F~| = f then follows easily from
the existence of Fj. O

Remark. Under the hypotheses of Theorem 1.3 it is in fact possible to prove
that F* and F~ are C* on UT UV and U~ UV respectively (cf. [Ci]).

Theorem 1.4. Let zg € V be given. We set A, =V N B(zp,7) for anyr >0
and we denote by n, the unit normal vector to V at z in the direction of U™T.
For any small enough r and continuous function f with compact support in V
the quantity F(z +tn,) — F(z —tn,) converges to f(z) uniformly with respect
to z in A, ast tends to 0 along the positive real axis.

Proof. Choose r > 0 such that B(zg,2r) C U and decompose f as f = fo+ f1
where supp f1 C B(z0,2r) and fo = 0 on B(zg,7)NV. The Bochner-Martinelli
transform Fy of fy is obviously continuous on B(zp,r) and it is therefore
enough to study the Bochner—Martinelli transform Fj of fi.

Without loss of generality we can assume that zy = 0 and r is small enough
that:

1) 9B(0,2r) is transverse to V. We then let D be a domain with C! boundary
contained in B(0,2r) N U such that D NV contains the support of f.

2) if n, is the normal unit vector to V at z in the direction of Ut then
there is a constant C' < 1 such that |(( — z,n,)| < C|¢ — 2| for any
z,( € B(0,2r)NnV.

For any z € A,,

/ F(2) Bz + tne, ) = f(z) for small enough t >0
ceaD 0 - 0  fort<O.

by the Bochner—Martinelli formula. It follows that if |¢| < tg is small enough
then

(1.1) G(z,t) = Fi(z+tn,) — Fi(z —tny) — f(2)

- / A0 = AN (B + tne, ¢) — Bz — tn=,C).
¢eoD
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Lemma 1.5. There is a constant C such that
/ ’Bg(z—l—tnz,g) — BJ(z —tnz,C)’da(C) <O, foranyze A, 0<t< .
oD

Proof of Lemma 1.5. We set
A(t7 Cﬂ ) = |B8(Z + tnzv C) - Bg(z - tnza C)|

By calculations similar to those given in the proof of Lemma 2.2 of Chapter 111,
we get the following estimation

1 1 n 1
€= (z = tn:) P [C = (2 +tnz)|2"> ¢ —(z —tnz)IQ”)'

A(t,¢) < C’1|t|(max(

But now [( —z+tn.|? > (1—¢)[|¢ —2|? +#?] for any 2,( € B(0,2r)NV since r
is chosen such that |({ — z | n.)| < ¢|¢ — z|. It follows that

2]
For any z € A, and ~ such that 0 < v < r,
Alt.ao(c) = [ Alt. o) + | Alt, Q)do(C).
aD OD~B(z,7) dDNB(z,7)

The first integral on the right-hand side is clearly uniformly bounded with
respect to z in A,. After a choice of parameterisation of V N B(z,7), the
second integral can be bounded above by

t
I(t) = AeRQW*l de(l’)
e|<R

By a change of variable y = tx we get

t2mdV (y) dV (y)
I@:Aﬂ%www+ﬂw<4m4wwuw<+w
ly|<R/t

which completes the proof of the lemma. ([l

End of the proof of Theorem 1.4. Fix ¢ > 0 and choose n > 0 such that
|7(¢) = f(2)|] < &/C whenever |( — z| < n. We then cut D into two parts,
0D N B(z,n) and 0D \ B(z,n). We get the following estimation from (1.1)
and Lemma 1.5:

(1.3) |G(z,t)] < e+2|flop /(’)D 5 )|Bg(z+tnz,o—Bg(z—tnz,C)|da(C).
~B(z,n
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On dD\ B(z,n) the function A(t, () = |Bf(z+tn.,()—BJ(z—tn., ()| depends
continuously on (¢, ) and by (1.2) we have

i

A(t, () € Oy —5—5—.
(7C)\ 2(772+t2)n

It follows that the integral on the right-hand side of (1.3) tends to 0 as ¢ tends

to 0 and, moreover, this convergence is uniform with respect to z in A, since

BY(z,¢) only depends on z — (. There is therefore a t{, such that if 0 < t < ¢,

then, for any z € A,, |G(z,t)| < 2e. ]

Corollary 1.6. If f is continuous and compactly supported in V and F’U,
has a continuous extension '~ to U~ UV then F’UJr has a continuous exten-
sion F* to UT UV and
+ -1 —
F |v - F ’v =/

Proof. Let zg € V be fixed and let w € U™ be close enough to z9. We denote
the orthogonal projection of w to V' by z. Then w = z + tn,, where n, is the
unit normal vector to V' at z. We will prove that F'(w) tends to F~(z9)+ f(20)
as w tends to zg, which will prove the corollary

(14)  |F(w) = F~(20) — f(20)| <[F(z + tn.) — F(z — tn.) — f(2)]
+1f(2) = f(20)| + |F(z + tnz) — F~ (20)].

Choose € > 0. If w is close enough to zy then it follows from Theorem 1.4
that the first term in the right-hand side of (1.4) is bounded above by /3.
Moreover, if w is close enough to zp then z is close to zp and by continuity
of f the second term is also bounded above by €/3. And finally, if w tends
to zp then z —tn, also tends to zy and the continuity of £~ on U~ UV implies
that the third term is also bounded above by /3. (]

Example. Let D be a bounded domain with C' boundary and consider a
function f € C(OD). Assume that [, f(¢)BJ(z,¢) = 0 for any z ¢ D:
the function F(z) = [, f(¢)Bg(z,¢), which is defined on D, then has a

continuous extension to D and F(z) = f(z) for any z € 9D.

2 CR functions on a real hypersurface

Let V be a real oriented C! hypersurface in C". The aim of this section is to
define a class of functions on V' which contains the restrictions of holomorphic
functions defined in a neighbourhood of V' and which is equal to the set of
restrictions of holomorphic functions on D when V is the boundary of the
domain D.
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Definition 2.1. A continuous function f on V is said to be a Cauchy—
Riemann (CR) function if for any C*° differential form A of bidegree (n,n —2)
defined on a neighbourhood of V' such that supp A NV is compact we have

Ajﬁxzo

Remark. In terms of currents, f is CR on V means exactly that f[V]%! is 0-
closed, where [V]%! is the bidegree (0, 1) part of the integration current on V.

Ezample. If F is a holomorphic function in a neighbourhood of V' then
f= F|v is CR on V. Indeed, let A be a C* differential (n,n — 2)-form
in a neighbourhood of V' such that supp A NV is compact and let D be a
bounded domain with piecewise C' boundary contained in the domains of
definition of F' and A such that DNV D supp ANV and the orientation on V'
is the same as the orientation on 9D. We then have

/ fox = / Fox by definition of D and because f = F‘V
v oD
= O(F\) because F' is holomorphic
oD
_ d(FA) = 0 by Stoke’s formula

oD since A is of type (n,n — 2).

Definition 2.2. A function f € C}(V) is said to be Cauchy—Riemann (CR)
on Vif v(f) =0 for any p € V and any v € T"'(V).

Remark. If V is defined by {z € U | r(z) = 0}, where U is an open set in C"
and 7 is a real-valued C! function on U such that dr(z) # 0 for all z € U, then
a function f € C1(V) is CR if and only if for any p € V/

for any ¢ € C" such that 77, g—;(p)fj =0.

We will now prove that if f is a C' function on V then the above two
definitions coincide.

Lemma 2.3. Assume that V is C* for some k, 1 <k < oco. If f € C¥(V) is
a CR function in the sense of Definition 2.2 then there is a neighbourhood U
of V and an extension f € C¥~1(U) of f such that

) ], =/ )
ii) All the k — 1st order derivatives of f are differentiable at any point z € V
and D* f is continuous on V for any « such that |a| = k.
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i) 8f(z) =0 for any z € V.
Proof. For any p € V let Li(p),...,Ln_1(p) be a basis for T)-°(V) and let
Ly (p) # 0 be a vector such that T)(C") = Tpl’O(V) ®CL,(p). By Definition
2.2, flsCleandonlylfL()f—Oj—l — 1, for any p e V.
We seek an extension f of f such that 8f/az]( ) = 0 for any p € V and

hence L, (p) f =0 for any p € V. Let us check that this condition determines

the Taylor series of f up to order 1 at any point in V. If V is defined by
{2 € U | r(z) = 0}, where U is an open subset of C" and r is a real-valued C*
function on U such that dr(z) # 0 for any z € U, then we can choose

Lo(2) = j ﬁ( >(ai) zeU.

Then (L, — L,)(r) = 0 and hence L, (z) — L,(z) is an element of CT, (V) for
any z € V. It follows that if L, (z)f = 0 for any z € V then

Lo(2)f = [Ln(2) = Ln(2))f = [Ln(2) = Ln(2))f,

for any 2 € V, since ﬂv — f. Moreover, L;(z)f = L;(2)f and L;(z)f = 0 for
any 2 € V and 1 < j <n—1. As CT,C" is generated by (L;(2), Li(2))1<i<n
for any z € V, v f is therefore entirely determined for any v € CT,C™ and

zeV.
We can assume that L,7(z) = 1 for any z € V and f is the restriction

of a C*¥ function on U which we again denote by f We then set f ( ) =
F(z) = r(2)(Lnf)(2) for any z € U. It is clear that f is C*~! and f|v f
Since T{BD =0 and 7 is of class C¥ it is easy to prove ii).

By definition, 5]?( ) =0 for any z € V if and only if L; (z)f: 0 for any
zeVand j=1,.. nButL()f Lj(z)f =0 for any z € V because f
is CR and Ly, (2)f = Ln(2)f — (Ln(2)7)(Ln(2)f) = 0 because Ly (z)r = 1 for
any z € V. O

We now show that the two definitions are the same when f is C* on V. _

Suppose that f € C1(V) is CR in the sense of Definition 2.2 and let f
be an extension of f to a neighbourhood of V' for which the conclusions of
Lemma 2.3 hold. If X is a C*° differential (n,n — 2)-form on a neighbourhood
of V such that supp ANV is compact then

/ fOX :/ fg)\ since ﬂv =f
1% v
= / a(fA) since 8f =0 on V
v

_ I by Stokes’ formula
- /Vd(f)\) =0 since A is of type (n,n — 2).
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Conversely, if f € C1(V) is CR in the sense of Definition 2.1 and f is a

C! extension of f to a neighbourhood of V then 9(f[V]%!) = 0 which implies

that (9f) A [V]%! = 0 since [V] is a closed current. If 7 is a defining function
for V then [V]%! = §0r and hence df A [V]%! = 0 is equivalent to

or of ar of .
_ ) = h 1< < n.
( 05,07, 0%, 6‘21) 0 whenever i<k<n

For any p € 0D the vectors

or 0 or 0

= WI5=), = =W (= 1<j<k<n,
(azk PRoz /v~ 0z, 8zk)P)’ J "
are a generating family for T"' (V) and hence v(f) = 0 for any v € T"'(V),
peV.

3 Bochner’s theorem

Let D be a bounded domain with C' boundary in C”. We will study the
following problem: given a continuous function f on 0D, what are the con-
ditions on f and D under which f can be extended to a function F' which is
continuous on D and holomorphic on D.

We know by Hartogs’ extension theorem (Chap. ITI, Th. 4.2) that the prob-
lem can be solved for n > 2 if the boundary of D is connected and f is the
restriction of a holomorphic function defined on a neighbourhood of dD.

Let us start by finding some necessary conditions for the problem to have
a solution.

1) The function f must be CR.
Indeed, let o be a C* differential form of bidegree (n,n — 2) which is
defined in a neighbourhood of dD. Assume that f can be extended to a
continuous function F on D which is holomorphic on D and let x be a C>
function with compact support in the domain of definition of « which is
identically 1 on a neighbourhood of dD. Then,

foa = / FO(xa) by definition of F and
oD aD

/ d(Fo(xa)) by Stokes’ formula
D

Ql

/ O(Fo(x)) since « is of bidegree (n,n — 2)
D
FAO(xa) =0 since F is holomorphic on D.
D



3 Bochner’s theorem 83

2) It must be the case that 9D is connected or [, f(¢)BJ(z,¢) = 0 for any
2 ¢ D.
Suppose that 9D has two connected components I and I5. Let I7 be
the component which bounds the unbounded component of C™ . D and
denote the restriction of f to I; by f;, ¢ = 1,2. If the problem can be
solved then there is a continuous function F' on D which is holomorphic
on D such that F}F = f; for i = 1,2. If K is a bounded connected
component of C™ ~ D then by Hartogs’ theorem F' can be extended to a
holomorphic function F on D U K. By the Bochner—Martinelli formula
we then have

= 9(z,0) = — Y(z
F(z) = /g_ L HOABYEQ /C L HOABIEQ

for any z € K and hence

f(OBY(2,() =0 forany z¢ D
oD

since this integral clearly vanishes if z is in the unbounded component of
C"\ D.

Theorem 3.1 (Bochner’s theorem). Let D be a relatively compact do-
main with C' boundary in C", n > 2, such that C* ~. D is connected.
If f is a continuous CR function on OD then there is a continuous func-
tion F' on D which is holomorphic on D such that F|8D = f. Moreover,

F(2) = [ccop [(QOBG(2,C) for any z € D.

Proof. We start by proving that F' is unique if it exists. If F} and Fy are
two holomorphic extensions of f to D then F; — F5 is a holomorphic function
on D which is continuous on D and has the property that F; — F2|8D = 0.
By the maximum principle it follows that F; — F» =0 on D.

Moreover, if F' exists then by the Bochner-Martinelli formula

= OZ = OZ I any 2z
F(z) = /CGBDF(OB‘)(’O /Cean@)Bo( () foranyzeD

since F | op = f+ (This gives a second proof of the uniqueness of F.)
We now prove that F' exists. Consider the function

F(z)= [ f(OBJ(z).
oD
This function is C*° on C™ \. 9D and by our previous results on the Bochner—
Martinelli transform (cf. Cor. 1.6) it is enough to show that F' is holomor-

phic on C" \ 9D and vanishes identically on C" \ D. Let us now calculate
OF on C" . D. We have dF(z) = fceaD £(0)9.B§(2,¢) but 9.B§(2,¢) =
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~0¢BY(2,¢) on C" x C" \ A and hence 0F(2) = — [.cop, f(Q)0cBY(2,¢) =0
for any given z € C™ \. 9D since f is a CR function on the compact set 0D.
The function F' is therefore holomorphic on C™ \ 9D. Note that F'(z) tends
to 0 as |z| tends to infinity since |F(z)| < C/ dist(z,0D). As F is holomorphic
on C"~\ D, n > 2and C"~\ D is connected, F vanishes identically on C"™ ~. D
(cf. the proof of Theorem 4.1 in Chapter IV). O

Theorem 3.2. Let D be a relatively compact domain with C* boundary in C™
and let f be a continuous function on 0D. A necessary and sufficient condition
for the existence of a continuous function F on D, holomorphic on D, such
that F‘BD = f, is that for any O-closed C>® differential (n,n — 1)-form «
defined on a neighbourhood of D,

fa=0.

Proof.

1) Necessity. Assume there is a continuous £ on D, holomorphic on D, such
that F|8D = f and consider a 0-closed C* differential (n,n — 1)-form «

in a neighbourhood of D. Then,

fa= / Fa by definition of F
oD oD
= / d(Fa) by Stokes’ formula
D
= / OF Ao+ Foa=0 since F and « are O-closed.
D

2) Sufficiency. We start by proving that f is CR. Let A be a C* differential
form of bidegree (n,n — 2) defined in a neighbourhood of 9D and let x
be a C*> function with compact support in the domain of definition of A
which is equal to 1 in a neighbourhood of 0D. Then,

/an®=/an&><&=0

since O(xA) is a d-closed C* differential (n,n—1)-form defined in a neigh-
bourhood of D.
Consider the function F(2) = [..,p, f(()Bg(z,¢). This function is holo-

morphic on C"\9D by the proof of the above theorem. If z € C" \ D
then Bf(z,-) is a d-closed C> differential (n,n — 1)-form on C" ~ {z},
which is a neighbourhood of D. The hypothesis on f then implies that

F(z)z/ f(O)BY(2,() =0 for any z € C" . D.
¢eoD

It then follows from Corollary 1.6 that f is the desired extension.
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We end this section by studying the regularity of the extension F' when f

is C*.
Theorem 3.3. Let D be a bounded domain in C™ with C"™ boundary and let f
be a CR function which is ck for some 1 < k <m on dD. Assume that either

e C"~D is connectediand n =2 or
faD fa =0 for any 0-closed C*° differential (n,n — 1)-form « in a neigh-
bourhood of D.

There is then a C* function F on D, holomorphic on D, such that

F‘BD:f

Proof. The existence and uniqueness of F' follow from Theorems 3.1 and 3.2.
It only remains to study its regularity. We recall that

F(z) = / f(O)BY(2,¢) for any z € C" \ 9D.
¢edp

We start by showing that F is C! on D. Differentiating under the integral
sign we see that

a—F(z)—/ f(O)=— 0 By(z,¢) for any z € C" \ 9D.
¢coD

0%z 0z 0
As BY is of type (n,n — 1) with respect to ¢ and 9.-closed for any j €
{1,...,n} we can write
By = d¢; A By,

where B; is a (n — 1,n — 1)-differential form such that d.B; = 0. Moreover,
the coefficients of B; are functions in ¢ — 2. It follows that
oBY B;
O = —d¢j A =2 0
62’]‘ 8(1

—0¢B; = —d¢B;.
Let fbe an extension of f satisfying the conclusions of Lemma 2.3. For any
z € C" . 9D we then have
oF ~
5 @== [ R0
i ¢edD

= / dcf(z)/\Bj(z, ¢) by Stokes’ formula
¢€dD

) ,~
:/C f (Q)d¢; A By (2, ) since 9f|,, = 0

con 0G

_ /C . ggf (O)BY(z,¢) by definition of B;.
€ J
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As F =0 on C" \ D the same is true of 9F/dz; and it therefore follows from
Corollary 1.6 that 0F/0z; | p can be extended continuously to D.

The general case is proved by induction on k. Assume the result holds
for some k > 1. Let f € C**1(dD) be a CR function on dD and let f be
an extension of f satisfying the conclusions of Lemma 2.3. We have just
proved that if F(z) = fgeaD F(Q)BY(2,¢) for any z € C™ \. 9D then for any
7=1...,n

oF , if o .
TZJ(Z) = /ceaD ac; (()By(z,¢) for any z € C*" . 9D.

Since dF/dz; is holomorphic on D and continuous on D and F ’ op = 1
OF/0z;],, is CR and 9F/0z],,, = 0f/3¢),,, € C*(@D). It follows from

the induction hypothesis that 0F/0z; € C*(D) for any j = 1,...,n, or in
other words, F' € Ck+1(D). O

4 Stokes’ formula for CR functions

Let V be a real C! hypersurface in C", n > 2.

Let D be a relatively compact domain with C! boundary in V. If f is
a C! CR function on V then it follows from Stokes’ formula that, for any
differential (n,n — 2)-form a which is C! in a neighbourhood of V/,

(4.1) /Dféa: ana.

The aim of this paragraph is to extend formula (4.1) to the case where the
function f is only assumed to be continuous.

Lemma 4.1. If D is a relatively compact domain with C! boundary in V then
there is a bounded domain D in C™ with C! boundary in a neighbourhood of V
such that DNV =D and V' cuts 0D transversally.

Proof. Since 0D is a C' submanifold of codimension 2 in C" there are real-
valued functions r and p such that

a) r is defined and C! on a neighbourhood Uy of V in C* V =
{z € Uy | r(2) = 0} and dr(z) # 0 for every z € Uy.

b) p is defined and C' on a neighbourhood Usp of dD in C*, D =
{z € VNUyp | p(z) = 0}, dp(z) # 0 for every z € Uspp and
DNUgp = {Z e VNnUyp | p(z)<0}.

c) dr(z) ANdp(z) # 0 for every z € Uy NUyp.

We then define D as follows: D C {z € Uy | —e < r(z) <e}, DNV =D
and D NUsp = {z € Usp | p(z) < 0}, where ¢ is chosen small enough that
UspN{zeUy | —e<r(z)<e} #02. O
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Lemma 4.2. Let D be a relatively compact domain with Ct boundary in V
and let D be a domain associated to D by Lemma 4.1. If ¢ is a continuous
differential (2n — 1)-form on V and ¢ is a continuous extension of ¢ to C"
then

| ¢=xBLVIAD.
where K(-,-) is the Kronecker index.

Proof. We will prove that K([D],[V]%! A &) exists and is equal to Jpev @
which is equal to || p by definition of D and . Using a partition of unity we
can assume that the support of ¢ is small enough that we are in the following
situation: up to change of C ! coordinates, V is defined by the equation z; = 0
and D is defined by the equation x5 < 0 in a neighbourhood of the support
of .

Let (0:)e>o0 and (e )er>o be two families of regularising functions. The
following then holds:

KDL, [VIA @)

= tim [ (w0008 ) ([ 3 aste-)dy)ds
€,e’—0 Jp2n R2n—1 R27

where 2/ = (29,...,2,), @ = @dxo A -+ A dx, + dr; A1y and xg is the

characteristic function of the set {z € R®" | x5 > 0}. Applying Fubini’s
theorem and linear changes of coordinates we get

K([D],[V]A?)

~ lim 00.) [ 0.0) [ I @aw(e+0.2) - y)dydods
e,e’—0 R2n—1 R2n R27

~ lim 00.) [ 0.0) [ \F o+ 02) - pac (y)dydods
e,e’—0 R2n—1 R2n R2n

= lim Gg(x)/ Qrer (y)/ ©(0,2")x3 (z + (0,2") — y)dz'dydz.
R2n R2n—1

€,e’—0 Jp2n

Note that the function X2+ is independent of the variables x1,x3,..., %2,
and set 2" = (z3,...,22,). Then,
KDL [VINg) =

tim [ 00) [ o) [ [ o000+ gm0y duddyda,
R2n RrR2n-2 JR

€,e’—0 Jp2n

It follows that, since [4,, 0-(2)dz = [po, e (y)dy = 1,

DNV €,e’—0 Jp2n

[ (] (602 0,2) = 00,2 oy dy) da.
rR2n-2 \JR

kBLWIAe) - [ 5= [ 0w [ e
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As the function ¢ is continuous with compact support it is uniformly continu-
ous and hence ¢(0,u — x4 yo, 2”) tends to ¢(0, u, 2”") uniformly with respect
to (u,2”) for any x € suppf. and y € suppa.s, as € and €” tend to 0. It
follows that

K([EW}A@:/M@. 0

Theorem 4.3. Let D be a relatively compact domain with C* boundary in V.
For any continuous CR, function f onV and any differential (n,n—2)-form «
which is C' in a neighbourhood of V we have

/;féa:: [ e

Proof. Let D be an open set in C™ associated to D by Lemma 4.1, let fbe a
continuous extension of f to C" and let & be a C' differential (n,n — 2)-form
on C" equal to « in a neighbourhood of V. It follows from Lemma 4.2 that

/faa— D], V]! A a)

since a has bidegree (n,n —2). But the function f is CR and the current
[V]%1 A fa has bidegree (n,n — 1), so it follows that

d([V]> A fa) = (V™! A fa) = [VI@! A foa

Finally, we get
/D fBa = K(B), d(VI* A Fa)

and by Stokes’ formula for the Kronecker index (Chap. II, Corollary 3.7),
| foa=k@BLVI A = [ fa [ e 0
abnVv oD

5 Integral of the Bochner—Martinelli kernel

We recall that the Bochner—Martinelli kernel

" (L)L — %) A dT,
(’I’},— 1)' Z]_l( ) (C] J)géé\] C
(2im)™ ¢ — z|*"

BY(2,¢) = AdC A -+ NdG,

is a C*> differential form on C" x C™ \ A such that 9;BJ(z,¢) = 0 for any
z€C" and ¢ € C" ~\ {z}.

In this section we will find explicit differential forms which are solutions
of the equation du = BJ(z,-) on certain open sets in C" \ {z}.
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Given z € C™ we set for any k=1,...,n

(—=1)F(n —2)! 1
(2im)™ (Ck — 21)|¢ — 2[?" 72

(5.1) £2(z,Q) =

S

-1

[SC0@2) A a3 1)TGE) A ] AdGA - A,

1 s#35,k j=k+1 s#j,k

<.
Il

The differential form §2;(z,-) is C* on C" \ {¢ € C™ | ( = 21}
Lemma 5.1. The differential form 24 (z,-) has the property that
S, (2,7) = 02 (2,-) = By(z,) on C"\{¢ € C" | G = 2}

Proof. As the function 1/((x — 2x) is holomorphic on C* \ {( € C" | {x = 2z}
we have

= 1 _ —(n—1) Z;:l(CP - Zp)de
ac((Ck*Zk)\C*ZP”*Q) (G— ) ¢ — 2[?" .

On the other hand

k—1 n
9 (D17 =2) A d+ D (-1TNG -E) A dT)
j=1 s#j,k G=k+1 s#j,k
= —(’I’L - 1) /\ dZs
s#k
A straightforward calculation then gives us that
0c82%(2,¢) = B(2,0).

The form §2(z,-) has bidegree (n,n — 2), so d§2x(z,-) = 02(z, ). O

Given a holomorphic function ¢ on C™ and a point z € C" we set N, =
{C € C"| p(¢) = p(2)}. We will find integrals for the Bochner—-Martinelli
kernel on open sets of the form U, = C™ . N,. These integrals will be useful
for proving the extension theorem in Section 6. Lemma 5.1 solves this problem
for the coordinate map ¢(z) = zj.

Lemma 5.2. If ¢ is a holomorphic function on C" then there are n holomor-

phic functions (hy,...,hy,) on C* x C™ such that, for any (z,() € C" x C,

(5.2) 20— o2) = 3 bl O (G — 1),
k=1
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Proof. For k=1,...,n we set

hk('zaC): ! ) (p(zlwuazkthk?"'an)_30(217"'7zk7Ck+17~"7Cn) .

(Ck — 2

The function hy is holomorphic on C™ x C™ N\ {(2,() | zr = (&} and can be
extended by continuity to C™ x C™ because the function ¢ is holomorphic with
respect to the variable z;. Riemann’s theorem (Chap. I, Th. 6.4) then implies
that hy is holomorphic on C™ x C". Equation (5.2) follows immediately from
the definition of the functions hy. O

Remark. Lemma 5.2 no longer holds if ¢ is only defined on an open set (2
in C™. We will see some conditions on {2 under which Lemma 5.2 still holds
in Chapter VIII.

We can now define

(5.3) P(z,¢) = > 2O (Ck — 21) 2 (2, ).

20— () 2=

The differential form @(z,-) is C*° on C” \ N,.

Proposition 5.3. The differential form ®(z,-) has the property that
dd(z,) = 0D(z,-) = BY(z,") on C"~ N..

Proof. The differential form &(z,-) is of type (n,n — 2) and it follows that
d®(z,-) = 0P(z,-). Moreover, since the functions ¢, hg, k = 1,...,n are
holomorphic and ({x — 2)2k(z, ) is defined on C™ \ {z} we have

_ 1 n _
9¢P(z,¢) = m ;hk('z»oac(@k - Zk)Qk(Z7C))

for any ¢ € C"\.N,. It then follows from Lemma 5.1 and (5.2) that 0;P(z, -) =
BY(z,-) on C"™ \. N, by extending by continuity. O

6 An extension theorem for CR functions

Consider the following geometric situation: let V be a real closed oriented C!
hypersurface in C*, n > 2, and let I' be a domain with C* boundary in V.
We assume that:

i) OI' is contained in M = {z € C" | Rep(z) = 0}, where ¢ is some

holomorphic function on C".
ii) I' c {z € C" | Rep(z) > 0}.
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iii) OI" is the boundary of a bounded domain A in M. We denote by D the
bounded domain in C™ whose boundary is I" U A. We suppose that the
orientation on V is equal to that on 9D.

In this section we will prove that if f is a continuous CR function on I
then there is a unique continuous function F' on D U I" which is holomorphic
on D such that F|F =f

This result is a special case of an extension problem for CR functions
defined on part of the boundary of a domain which can be formulated as
follows. Let D be a bounded domain in C™ and let K be a compact set in
0D such that 0D \ K is a real connected C! hypersurface in C* \. K. Under
what conditions on K does any continuous CR function on 0D \ K extend to
a holomorphic function on D which is continuous on D ~ K? If K = @& then
the problem is solved by Bochner’s theorem. In this section we solve the case
where K is contained in the zero set of the real part of a holomorphic function
on C™. We will give alternative cohomological and geometric conditions on K
which imply that extension is possible at the ends of Chapters V and VII and
in Chapter VIII.

Theorem 6.1. Let f be a continuous CR function on I'. There is then a
unique holomorphic function F' on D, continuous on DUI", such that F’F =f.

Proof. We start by proving that F' is unique if it exists. For any given zy € D
choose € > 0 small enough that zo € D. = DN {¢ € C" | Rep({) > }. Set
I.=I'n{¢ €C" | Rep(() >c}and A. = DN{¢ € C" | Rep(() = ¢}.
Then, 0D, = I'. U A.. Assume that F exists: it is then holomorphic on D,
and continuous on D,, so we can apply the Bochner-Martinelli formula:

F(z) = /8D F()BY(20,¢) since zp € D,

:/ f(g)Bg(zo,g)+/ F(Q)BY(0,€) since F|, = f
I, A,

Set N, = {¢ € C" | ¢(¢) = ¢(2)} for any z € C™ and note that
N, N{¢€C"|Rey(() =c} = @ since zg € D.. There is therefore a neigh-
bourhood of A, which does not meet N, and if @ is the differential form
associated to ¢ defined in (5.3), we have 9:®(z0, () = BJ(z0, () on this neigh-
bourhood. As F' is holomorphic and @(z,-) has bidegree (n,n — 2) on D,
applying Stokes’ formula gives us that

(6.1) F(z) /f ) B3 (20, ¢ / F(Q)2(20,€)

since F‘F = f and OI. C I', which proves that F' is unique.
Let us now prove that F exists. We start by assuming that the data f is
continuous on I'. Letting € tend to 0 in (6.1) we see that if F exists then

(6.2) F(z) = /F FOBY(2.C) - /3 E(GLENS
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for every z € D. Consider the function F' defined by formula (6.2). This is
a C function on C"~\ (M UT") because B)(z, -) is defined and C* on C" \.{z}
and @(z,-) is C* on C™" \ N, where N, = {¢ € C" | p(2) = ¢(¢)}. We will
show that F' is the extension we seek and for this we will need the following
theorem which will be proved in Chapter VII. Let ¢ be a holomorphic function
on C", n > 2, and set U. = {z € C" | —e < Rep(z) < ¢} for any € > 0.
The open set Uy is then a domain of holomorphy (cf. Chap. VI, Prop. 1.16)
and every differential (n,n — 2)-form which is C* on U. is d-exact on U., i.e.
H™"=2(U.) = 0 (cf. Chap. VII, Th. 7.4).

First step: F is holomorphic on C" ~. (M U I'). Differentiating under the
integral sign in (6.2) we get, for any z € C* \ (I"U M),

0P () = [ £Q8.BY0) ~ [ 1090610
r ar
and since 9, B = —9:BY on C" x C" \ A it follows that
OF(:) =~ [ HOPBY0) = [ 7(08.0,0)
r ar

If n = 2 then a straightforward calculation proves that OF(z) = 0 for any
z € D since BY(z,-) is C* in a neighbourhood of I" for any z € D. If n > 2
then Proposition 5.3 implies that

0c(0.,®+ BY) =0.(0:®) + 0:B) = 0,B) +9:B} =0

for any (z,({) € C™ x C™ such that ( ¢ N,. Fix z € D and choose £ > 0 small
enough that z ¢ U, = {¢ € C" | —e < Rey(() < ¢}. The differential form
0,9(z,+) + BY(z,-) is then a O-closed (n,n — 2)-form of class C> on U, since
N.NU. = @. As H*""2(U.) = 0, there is a differential (n,n — 3)-form 6.
which is C* on U, such that 80, = 8,9(z,-) + BY(z,-) on U.. Let 6. be a C>®
differential (n,n —3)-form on C" equal to . in a neighbourhood of OI". Then,

EF(Z):Lf(C)EC(ggas(g)73?(27<))7 Mf(()(gcés(é)*B?(z,C))-

Applying Theorem 4.3, we get OF (z) = 0.

Second step: F vanishes identically on C* ~. (D U T"). Consider the open set
U={z¢€C"|Rep(z) ¢ [0,supsReyp]}. For any z € U the set N, does
not meet D and it follows that &(z,-) is C*° in a neighbourhood of I". As
0:®(z,-) = By(z,-) on C* \ N, formula (6.2) and Theorem 4.3 imply that
F(z) =0 for any z € U. Moreover, the open set U meets all the connected
components of C* \. (DU M) and F is holomorphic on C" \. (D U M), so by
the analytic continuation principle F' vanishes identically on C" ~\. (D U M).
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Third step: F|, = f.Set Fi(2) = [pf(()B(2,¢) and Fy(z) =
Jor F(Q)P(2,¢). By definition of F' we have ' = Fy — F,. The func-
tion Fy is C*° on C™ \. M because the set N, of singularities of &(z,-) does
not meet OI' for any z ¢ M. The function F is the Bochner-Martinelli
transform of f on I" and it is C* on C" ~. I.

We set F;r = Fj‘D and F;” = F; Cn (DUM) for j = 1,2. Note that Fy

can be extended continuously to F;” on (C"~ (DU M))UI. Indeed, Fj =
F|Cn\(BuM) + F, and by the second step F vanishes on C* ~. (DU M). The
continuity of F» on C" \\ M then completes the proof. Corollary 1.6 says that
F" can then be continuously extended to F;” on DUI" and F} |F - ’F =f,

SO F|D can be continuously extended to FonDUT and ﬁ}r = f because Fj
is continuous on C™ ~\. M.

This completes the proof of the theorem when f is continuous on I'. If f
is only continuous on I' then f is continuous on I'. for any ¢ > 0 and we
can apply the above to the set D.. We thus obtain a family of holomorphic
functions (F:)c>o such that F. = F. whenever € > ¢ by uniqueness.

The function F' defined by F |

D .Ul

= F is then the extension we seek. [
D.UTl.

Remark. Although it involves using a result which will not be proved until
Chapter VII, we prefer to include Theorem 6.1 in this chapter rather than in
Chapter VIII — where it would also have fitted in — because our method of
proof is similar to the proof of Bochner’s theorem.

Comments

On reading carefully the proof of Hartogs’ extension theorem in Bochner’s
article [Bo] one notes that the extension exists even if the data is just a CR
function on the boundary of the domain. The proof of Bochner’s extension
theorem given here is due to Harvey and Lawson [Ha/La] and Cirka [Ci]. The
case where the boundary of the domain is not assumed connected is due to
Weinstock [We]. The extension theorem of Section 6 was proved by Lupac-
ciolu and Tomassini [Lu/To] for locally Lipschitz data. The proof of Stokes’
formula for continuous CR functions which enables us to extend Lupacciolu
and Tomassini’s result to continuous CR functions can be found in [L-T2].
Most of these results are gathered together in Kytmanov’s book [Ky].






Vv

Extensions of holomorphic and CR functions
on manifolds

The aim of this chapter is to study the Hartogs—Bochner phenomenon on com-
plex analytic manifolds. We start by studying the relationship between Hartogs’
phenomenon and the vanishing of the Dolbeault cohomology group with com-
pact support in bidegree (0,1). We then give some cohomological conditions
which enable us to extend a CR function of class C* defined on a subset of the
boundary of a domain to a holomorphic function on the whole domain. This
work generalises the geometric situation studied at the end of Chapter IV. Prov-
ing similar results for CR functions of class C* requires two extra elements: a
theorem on local resolutions of & and an isomorphism theorem between the var-
ious cohomology groups HE?(X). This isomorphism theorem follows from the
local resolution and some sheaf-theoretic results which are given in Appendix B.
The existence of the resolution is proved by solving d in convex domains with C?
boundary using a new integral formula, the Cauchy—Fantappié formula.

1 Cohomology with compact support and Hartogs’
phenomenon

In this section we will study the link between Hartogs’ extension phenomenon
on a complex analytic manifold and the vanishing of certain Dolbeault coho-
mology groups on this manifold.

Let X be a complex analytic manifold of dimension n. We will say that
Hartogs’ phenomenon holds on X if for any relatively compact domain D
in X such that X \ D is connected and any holomorphic function f on a
neighbourhood Usp of the boundary of D there is a holomorphic function F’
defined on a neighbourhood of D which is equal to f on a neighbourhood
of OD.

In Theorem 4.2 of Chapter III we proved that Hartogs’ phenomenon holds
on C" for any n > 2.

Theorem 1.1. Let X be a non-compact complex analytic manifold. Suppose
that for any C* differential (0,1)-form v with compact support in X, 0-exact

C. Laurent-Thié¢baut, Holomorphic Function Theory in Several Variables: An Introduction, 95
Universitext, DOI 10.1007/978-0-85729-030-4_5, © Springer-Verlag London Limited 2011
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in a neighbourhood of its support there is a C* function u with compact support
in X such that Ou = v on X. Hartogs’ phenomenon then holds on X.

Proof. Let D be a relatively compact domain in X such that X \ D is con-
nected and let f be a holomorphic function on a neighbourhood Usp of the
boundary of D. Let x € D(X) be a function such that supp x € Uyp and
X = 1 on a neighbourhood Vyp C Usyp of dD. Set f~: xf: the function fis
then C* on X and holomorphic on Vyp. Set v = 8f on DU Vyp and v =0
on X \ D. Since f is holomorphic on Vyp, v is C*° on X and its support is
contained in D. Moreover, v = 8f on D U Vyp, and v is therefore O-exact in
a neighbourhood of its support. By hypothesis there is a C*>° function v with
compact support in X such that du = v in X. The function w is therefore
holomorphic on X ~\ suppwv, and in particular u is holomorphic on a neigh-
bourhood of X ~\ D. Moreover, as u has compact support it vanishes on an
open set in X . D and by analytic continuation it therefore vanishes on a
neighbourhood of X \ D because X \ D is connected. We can then simply
set I' = f —u. Indeed, we then have I' = f = f on some neighbourhood of
0D and OF = 0f —0u =0 on DU Vyp. O

Definition 1.2. Let X be a differentiable C* manifold, where 0 < k < oo.
We define the number e(X) of ends of X to be the maximum number of non-
relatively compact connected components of X \ K for a compact subset K
in X.

We will consider one-ended manifolds, i.e. manifolds such that e(X) = 1.
It follows from the definition that if X is one-ended then for any compact
subset K in X we can find a compact subset L in X containing K such that
X \ L is connected.

Ezamples.

1) An open set U in C is one-ended if and only if it is simply connected.

2) X is a compact manifold if and only if e(X) = 0.

3) A manifold X is one-ended if X has an exhaustion function, i.e. a function
¢ : X — R such that {zr € X | p(z) < ¢} € X for every ¢ € R, which
satisfies the following extra condition; there is a constant cg such that
{z € X | p(x) = ¢} is connected for any ¢ > ¢o.

Theorem 1.3. Let X be a one-ended complex analytic manifold. If Hartogs’
phenomenon holds on X then for any O-exact C* differential (0,1)-form v
with compact support in X there is a C*° function u with compact support
in X such that Ou = v in X.

Proof. Let v be a C* differential (0, 1)-form with compact support in X such
that v = Jw on a neighbourhood U of the support of v. The function w is
then holomorphic on U ~\supp v. By Hartogs’ phenomenon, w can be extended
holomorphically to each of the relatively compact connected components of
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U ~supp v to a function which we again denote by w. As X is one-ended, there
is a relatively compact domain D containing supp v and contained in the union
of U and the relatively compact connected components of X \ supp v such that
X \ D is connected. The function w is then defined in a neighbourhood of D.
It is holomorphic on a neighbourhood of 0D and by Hartogs’ phenomenon its
restriction to this neighbourhood can be extended to a holomorphic function w
on a neighbourhood of D. We set u = w — @ in a neighbourhood of D and
v =0 on X . D. The function u is then C* on X because w — w = 0 in
a neighbourhood of dD: moreover Ju = Ow = v in a neighbourhood of D
because @ is holomorphic, and du = 0 = v on X ~ D, because suppv C D. O

Remark. The hypothesis that X is one-ended is indispensable in Theorem 1.3.
Indeed, consider the case where X = C"™ \ {0}, n > 2. Hartogs’ phenomenon
holds in X, since X is an open set in C", n > 2. Consider a function x €
D(X) such that x(z) = 1 whenever 3/4 < |z] < 5/4, x(z) = 2 whenever
7/4 < |z| < 9/4 and the support of x does not meet

{zeC"| |2|<2/3}U{zeC"|4/3 < |z| <5/3}U{z€C"| |z| > 7/3}.

Set v = dx on 3/4 < |z| < 9/4 and v = 0 otherwise. This is a C> differential
(0,1)-form on X with compact support which is d-exact in a neighbourhood of
its support but there is no compactly supported function u such that du = v.
If u existed then u would be holomorphic on X \ {z € C" | 5/4 < |z| < 7/4},
and would vanish on |z| < r for small enough r and on |z| > R for large
enough R, and would hence be zero on X \ {z € C" | 5/4 < |z]| < 7/4}
by analytic continuation. The function x — u would then be holomorphic on
{z € C" | 3/4 < |z| < 9/4}, constant and equal to 1 in a neighbourhood of
|z| = 1 and constant and equal to 2 in a neighbourhood of |z| = 2, which is
impossible.

The following result linking Dolbeault cohomology with compact support
on X and Hartogs’ phenomenon is an immediate consequence of Theorem
1.1.

Corollary 1.4. Let X be a non-compact complex analytic manifold. If
HM(X)=0
then Hartogs’ phenomenon holds on X.

We end this section by stating a partial converse to Corollary 1.4 which
follows from Theorem 1.3.

Corollary 1.5. Let X be a non-compact complex analytic manifold. Assume
that X is one-ended and every 0-closed C* differential (0,1)-form with com-
pact support in X is 0-exact on X. If Hartogs’ phenomenon holds on X then

H>'(X)=0.
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Remarks.

1) If X = C™ then the conditions of Corollary 1.5 hold and Hartogs’ phe-
nomenon is therefore equivalent to the vanishing of the Dolbeault coho-
mology group H1(C").

2) If X is an open connected set in C™ whose complement has no bounded
connected components and H%!(X) = 0 then H>!(X) = 0 since Hartogs’
phenomenon holds in all open sets in C™.

2 Extension of C*° CR functions

Throughout this section X will be a non-compact complex analytic manifold.

Definition 2.1. Let V be a C* submanifold of X. A C* function f on V is
said to be a C*° CR function if f has a C* extension f to a neighbourhood

of V such that df vanishes to all orders along V.

Definition 2.2. Let X be a non-compact complex analytic manifold and
let K be a compact set in X. We say that the pair (X, K) has the C™
Hartogs—Bochner property if for any relatively compact domain D in X such
that

1) 0D \ K is a C*° submanifold of X \ K,
2) DN K =Int(D \ K),
3) X ~ (DUK) is connected

and every C* CR function f on 0D \ K there is a C* function F on D\ K,
holomorphic on D ~\ K, such that F‘BD\K =f.

As in Chapter III, we denote the family of closed sets in X ~ K whose
closure in X is compact by @.

Theorem 2.3. Let X be a non-compact complex analytic manifold and let K
be a compact set in X. We assume that

Hy' (X N K) =0.
The pair (X, K) then has the C* Hartogs—Bochner property.

Proof. We consider a relatively compact domain D in X satisfying conditions
1), 2) and 3) of Definition 2.2 and a C* CR function f on 0D \ K. By
definition of a C*°_CR function, f can be extended to a C*° function f on
X\ K such that 0 f vanishes to all orders on 0D\ K. Weset g = (x5 )(0f),
where X35 is the characteristic function of D~ K and g is a C™ differential
(0,1)-form on X \ K supported on D \. K. Since D \ K is contained in &
and we have assumed that Hg’l(M ~ K) = 0 there is a C* function h on
X ~ K with support in @ such that Oh = g. The function h is holomorphic
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on X \ (DUK) and vanishes on an open set in X \ (DUK) because X is not
compact. As X \ (D UK) is connected, h vanishes on X \ (DU K) by the
principle of analytic continuation and h therefore vanishes on X \ (D U K)
by continuity. The function I’ = f h is then the extension we seek. Indeed,

=0f —0h = 0 on D~ K and F{BD x = [ because h vanishes on
X < (DUK). O

Corollary 2.4. Let X be a non-compact complex analytic manifold such that
HYY(X) = 0. The pair (X, D) then has the C*° Hartogs—Bochner property.
In other words, for any relatively compact domain D in X with C*° boundary
such that X ~ D is connected and any C> CR function f on 0D there is a C*®
function F on D, holomorphic on D, such that F|aD = f.

We end this section by giving conditions on K and X which imply the
vanishing of the cohomology group Hg’l(X ~ K).

Theorem 2.5. Let X be a complex analytic manifold of dimensionn, n > 2,
and let K be a compact set in X such that X ~ K does not have a relatively
compact connected component. We assume that

i) HOY(X) =0,

i) the compact set K has a decreasing sequence of neighbourhoods (U, )nen
such that (,eyUn = K and for every n € N the map HY*(U,) —
H?2(X) induced by inclusion is injective.

We then have Hy' (X ~ K) = 0.

Lemma 2.6. Let X be a complex analytic manifold, let K be a compact set
in X and let U be a relatively compact neighbourhood of K. We assume that

i) HOY(X) =0,
ii) the map HY?(U) — H%?(X) induced by inclusion is injective.
For any 0-closed differential form f € C54(X N\ K) vanishing outside of a

compact set in X there is then a function g € COO(X \ U) vanishing outside
of a compact set in X such that 0g = f in X \U.

Proof. Let x be a C*° function on X such that xy = 0 on a neighbourhood
of K and x = 1 on a neighbourhood of X \ U. The differential form 9(yf)
is then C* and O-closed with compact support in U, so by ii) there is a
differential form h € C§3 (X)) with compact support in U such that dh = 9(x f)
on X. Consider the differential form yf — h. This form is d-closed, C> and
compactly supported in X. Hypothesis i) then implies the existence of a
function g € D(X) such that xf —h = dg. The function 9|X\U is then the

function we seek because xf —h = f on X N\ U. ]
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Proof of Theorem 2.5. Let f € C§%(X \ K) be a d-closed differential form
vanishing outside a compact set in X. Let g, be the solution of the equation
dg = f in X \U,, which exists by Lemma 2.6. The function ¢,,+1 — g, is then
holomorphic on X \ U,, and vanishes outside a compact set in X. It therefore
vanishes on all the non-relatively compact components of X \ U, by analytic
continuation. The function g defined by g = g,, on the non-relatively compact
connected components of X \ U, is then the function we seek because the

union of the non-relatively compact components of the sets X \ U, is X \ K.
|

Theorem 2.7. Let X be a complex analytic manifold and let K be a compact
set in X. Suppose that HP4(X) = 0 for some integer p > 0 and some integer
q > 1. The natural map i : HYY(X \ K) — HP9(X \ K) is then injective.
In particular, if H”4(X \ K) =0 then HyY(X ~\ K) = 0.

Proof. We have to prove that if f € C;% (XN K) is a O-closed differential form

which vanishes outside a compact set in X and f = d¢g on X ~ K for some
g € Cp5_1(X \ K) then we can find a go € C;5,_1(X ~ K) which vanishes
outside a compact set in X such that f = dgo in X \ K. Consider a function
X € D(X) such that x = 1 on a neighbourhood of K Usupp f. We set g = xg.
Then 0§ = Ox A g+ x0g = Ox A g+ f and the differential form Oy A g can be
extended by 0 to an J-closed (p, ¢)-form with compact support on X. Since
HP4(X) = 0, there is an h € DP9~1(X) such that dh = Iy A g on X and it
follows that g = Oh + f. The differential form gy = g — h is then the form
we seek because h has compact support on X. (I

3 The Cauchy—Fantappié formula and Dolbeault’s lemma

The aim of this section is to construct new integral formulae which will enable
us to solve 0 for non-compactly supported data on domains in C”.

Definition 3.1. Let D be a bounded domain in C*. A C! map w(z,() =
(w1(2,Q),...,wn(z,()) defined for any z € D and any ¢ in some neighbour-
hood Uyp of 0D with values in C™ is a Leray section for D if

(w(z,(),{ —2)#0 for any (2,{) € D x dD.

Example. The map w(z,() = ( — Z is a Leray section for any bounded do-
main D in C". Indeed,

(W(2,0),C—2) = ({~Z.C—2) = |C— 2> #0 for any = # .

Throughout the following D will be a bounded domain with C' boundary
in C" and w(z,¢) will be a Leray section for D. For any A € [0,1] and
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any z € D, we then set

) = 0N S

(_l)jiln}ﬂ(zv ¢ /\)(EZ,C + dx)ﬁfj(za G )‘) A

I

wlz,c,)\(’r]w(za Cv )\)) =
1

J

o —

A (aZ,C + d)\)n;](z7 G >‘) AERRA (aZ,C + d/\)nﬁ (Z7 ¢, )\)
We also set

(n_l)!f/

K" (2,¢,\) = W%,g,\

(1“(2,¢A) Aw(C = 2)

for any z € D and ¢ € Usp such that (w(z, (), — z) # 0. We also write

n

@, c(w(z,0) =Y (—1) w;(2,0)dzcwi(z,) A+

j=1 —

/\éz,gwj(zv C) AR Agz,cwn(z7 C)
and, for any z € D and ¢ € Uyp such that (w(z,(),{ — z) #0,

(n— 1N, (w(z,() ANw(C —2)
2im) (w(z,0),C—=)"

We note that K¢~ is the Bochner-Martinelli kernel B defined in Chapter III.
The kernel K" (z,¢,\) is a continuous differential form of degree (2n — 1) on
the set {(z,{,A) € D x Usp x [0,1] | (w(z,¢),{ — z) # 0}. The kernel
K" (2,¢) is a continuous differential form of bidegree (n,n — 1) on the set

{(27<) €D x UBD | <w(za<—)ac_ Z> 7& 0}

Lemma 3.2.

Kw(ZvC) =

i) We have (0, ¢ + dx)K"" (2,(,\) = 0 as currents for any z € D, € 0D
and A € [0,1],

i) K7 (2,¢,\
B(z,¢).

Proof. As the function (¢ — z) is holomorphic in (z,¢) and independent of A,

we have (0,,¢ + dx)w(¢ — z) = 0 and it follows that

= K"(2,¢) and K" (z,¢,\ = K$%(z,() =

Mazo i

(gz,g + d)\)an (Zv Ca )‘)

! - —
= (QZT)n (0z,c +da)ni (2, GGA) A - A (Ozc +da)ny (2,0, A) Aw(C — 2).
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Butjn“’(z, (,A);¢—z) =1on D xUp x [0,1], which implies that Y7, (¢; —

2i)(02,¢c + dx)n(2,¢,A) = 0. It follows that, for any 2 € D, ¢ € Usp ~ {z}
and A € [0, 1],

(8Z,C + dA)niU(Za Cv >‘) ARRRNA (az,c + d)\)ng(za C7 )‘) =0

which proves that (9, +dx)K"" (2,(,\) = 0.
The claim ii) follows from the definitions of the differential forms K",
K" and B = K¢% and from the following general result

-n £
w(&,m) = (& n) "W (€) Aw(n) =o' () Aw(n)
(&m)
which can be obtained by a straightforward calculation. (See Chapter III, §1
for the definition of p.) O

Theorem 3.3. Let D be a bounded domain in C™ with C' boundary and let
w(z,¢) be a Leray section for D. Assume that w is C? with respect to z and all
the partial derivatives of w of order at most 2 with respect to z are continuous
on D x Usp. We then define the operator T by

TFG) = ( /(C’A)Emw FOAKY (2,60 + f<<>AB<z,<>)

¢eD

for any continuous differential form f on D.

i) TfecCk, (D)if feCk, (D)NCpq(D), wis Ck+' with respect to z and
all the partial derivatives of w of order at most (k + 1) with respect to =z
are continuous on D X Usp.

ii) If f is a continuous differential (p,q)-form on D such that Of is also
continuous on D for some 0 < p,q < n then

(3.1) (—1)Praf = /ceaD fOANKY(¢)—=Tof +0Tf on D.

Proof. If w satisfies the hypotheses of i) then the kernel K" (z,¢,\) is C*
with respect to z. It follows by differentiating under the integral sign that
Jienyeonxoa F(€) AK" (z,¢,\) is CF on D whenever f is continuous on 9D.
Moreover, Proposition 2.1 of Chapter III says that if f € Cﬁq (D)NC, (D) then
the differential form Bp f = Jeen FOAB(¢) is CF*+e on D for any a € 10, 1[.
It follows that T'f is C¥. On D x D x [0, 1] the only non-zero contribution
to the wedge product f(¢) A K" (z,(, ) comes from the bidegree (p,q — 1)
part of K" (z,¢,\) with respect to z and as Bp f has bidegree (p,q — 1) the
form T'f also has bidegree (p,q — 1).
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By the Bochner-Martinelli-Koppelman formula (Chap.III, Th.2.3), to
prove (3.1) it is enough to prove that

(32) 2. ﬂOAK“MQM=/) 1O A B(2,0)

(¢, A)€aDx[0,1] ¢edD

—/ ﬂOAKW%O+/ D) AT (2,00,
ce€dD (¢,\)€dDx[0,1]

Fix z € D and apply Stokes’ formula to the differential form f(¢) A
K" (2,¢,\) on 0D x [0,1]. We get

(3.3) / (de + ) ((O) A K™ (2,6, 1))
(¢,\)€dD x0,1]

=1/ £ AET (2,0, ).
(¢,A\)€d(0Dx[0,1])

As 9(0D x [0,1]) = 0D x {0} — 9D x {1} it follows from Lemma 3.2, ii) that

(3.4) / FO) AE (2,6, 0)
(C,A)E@(BDX[OJ])

- [ 10RO [ 50 nBEo.
¢eoD

¢eoD
For bidegree reasons (f(¢) A K" (2,¢,\)) is saturated in d(, so
(de + ) (F(ONE™ (2,¢,0)) = (Oc + ) (F(Q AK™ (2,6, 1))

=9f(Q)NK" (2,¢,\)
+ (1P A D+ d)E™ (2,0, 0),

but now by Lemma 3.2, i), (9,.¢ +dx)K"" (2,¢,\) = 0 and hence

(de + dx)(F(Q) AK™ (2,¢,N)
FONE™ (2,60 + (=1)PHT () NDK™ (2,¢,N)
FONK (2,6,0) = 0. (F(O) AK™ (2,6, ).

5
5
We therefore get
<w>/‘ (de + ) (F(O) A K™ (2, 0) =
(¢,\)€8D x]0,1]
/' W@MKW%QM—@/ ) A ET (2,6,0).
(¢,\)€dDx[0,1]

(¢,A\)€0Dx[0,1]

Formula (3.1) then follows from (3.3), (3.4) and (3.5). O
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Corollary 3.4. Let D be a bounded domain in C™ with C* boundary and let
w(z,¢) be a Leray section for D depending holomorphically on z such that
all its partial derivatives with respect to z are continuous on D x Ugp. For
any continuous differential (p,q)-form f on D such that df is also continuous
on D, where 0 < p < n and 1 < ¢ < n, we then have

(3.6) f=0TPf+ TP 0f onD,

where TP = (=1)PYIT and T is the operator defined in Theorem 3.3.

If 0f = 0 then u = T,f is a continuous solution of the equation Ou = f
on D. Moreover, this solution u is C* on D for any a € 10,1[ and if f is C*
on D for some 1 < k < +oo then u is C*** on D for any a €]0,1].

Proof. By (3.1) it is enough to prove that under the hypotheses of the corol-
lary, fCeaD f(Q) ANKY¥(z,¢) =0 for any z € D to establish (3.6). But for any
ze D,
[ ronk o= [ HOM KD,
¢edD ¢edD

where (K*)I is the bidegree (p,q) part of K" with respect to z, since
dimdD = n —2. As q > 1, (K¥)) = 0 by definition of K* since w is
holomorphic in z, i.e. d,w = 0, and the result follows. If 9f = 0 then (3.6)
implies that f = Equ J on D and hence u =T? f is a solution of the equation
Ou = f on D. The regularity of u follows from Proposition 2.1 of Chapter III
and the fact that since w is C*° with respect to z the function

/ FO MK (2,0, 0)
(¢ A)€dDx(0,1]

is C* on D. O

When the domain D is convex with C2 boundary it is easy to construct
a Leray section for D which is holomorphic in the variable z. Let r be a C?
defining function for D. We set w(z,() = (aa—gl((), cee %(C)) for any ¢ in
a neighbourhood of dD. The map w is C' on C" x Upp and independent
of z: in particular, it is holomorphic in z. If {( € 9D then the condition
(w(z, (), —z) = 0 characterises the complex tangent space TCCZ?D to dD at ¢
which does not meet D because D is convex. It follows that (w(z,(),(—z) # 0
for any z € D and ¢ € 9D and w is therefore a Leray section for D.

It is immediate from this construction and Corollary 3.4 that for any O-
closed differential (p,q)-form f, where 0 < p < n, 1 < ¢ < n, which is C!
on D, we can solve the equation Ou = f on any bounded convex open set D
with C? boundary. More precisely:

Theorem 3.5. Let D be a bounded open convez set in C™ with C? boundary
and let v be a C? defining function for D. For any continuous differential
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(p,q)-form f on D such that Of is also continuous on D, where 0 < p < n,
1 < g <n, we have
f=0TPf+TV ,0f onD,

where
171(:) = (-1 FOAET (¢ + [ O ABO)
(¢;A\)€edDx[0,1] ¢eD
or or

In particular, if 0f = 0 then f = 5T§’f. Moreover, if f is C* on D then
uw="TPf is C*** on D for any a €]0,1[.

In particular, this theorem proves that we can always solve 0 with im-
proving regularity locally (by taking small balls, for example). This result is
called the Poincaré lemma for @ or Dolbeault’s Lemma.

We end this section by proving Dolbeault’s Lemma for currents.

Theorem 3.6. Let D be an open convex bounded set in C™ and let T be a O-
closed current of bidegree (p,q) on D, where 0 <p <n and 1 < q < n. For
any open set U € D there is a current S on U such that S =T on U.

Proof. Let x be a C* function with compact support on C™ such that xy =1
in a neighbourhood of U and supp x € D. Theorem 3.4 of Chapter III then
gives us a representation

XT = —(B'd(xT) + dB'(xT)) = —(B'(@x AT) + dB'(xT))

since 8T = 0. To complete the proof it is then enough to solve the equation
Oou = B’(ax AT) on U. By Proposition 3.3 of Chapter III, B (Ox AT) is C®
in a neighbourhood of U. Without loss of generality we can assume that U is
convex with C? boundary and we can then solve the equation du = B’(OxAT)
on U by applying Theorem 3.5. ]

4 The Dolbeault isomorphism

Let X be a complex analytic manifold of dimension n. We denote by (2P
the sheaf of germs of holomorphic p-forms on X and by H?(X, £2P) the Cech
cohomology groups of 2P on X. (The sheaf theory used in this chapter is
summarised in Appendix B.)

We denote by Z7 (X), 0 < a < oo, the subspace of differential forms
f € €5 ,(X) such that 0f = 0 and by E (X) the subspace of differen-
tial forms f € Z (X) such that f = dg for some g € Coyo1(X). We
set HP9(X) = Z8.(X)/E2,(X). With this notation HZA(X) is simply
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the Dolbeault cohomology group HP'?(X) defined in Chapter II. Letting

Z,*(X) denote the subspace of D), ,(X) consisting of d-closed currents

and E.2°(X) denote the subspace of Z, 2°(X) consisting of d-exact cur-
rents, we set H”I (X) = Z, 2(X)/E, °(X). We denote by & the map
Z2(X) — Z,°(X) which sends a differential form f to the current T}
defined by f.

Theorem 4.1. Let X be a complex analytic manifold of dimension n. Then,
(4.1) HUX,02°)=0 foranyp,gq=2n-+1

and for any pair (p,q) such that 0 < p,q < n there are isomorphisms

(4.2) 0P HP9(X) — HY(X,27), 0<a< ™

(4.3) oPd  HP (X)) — HI(X, 2P)

and the diagram

(4.4) | HIX, )
HPL(X)

is commutative for any a € [0,+00]. In particular, for any 0 < a < oo and
0 < p,q < n, the homomorphism

(4.5) o . HP(X) — H”Z (X)
iduced by @ is an isomorphism.

Proof. We consider the sheaf ZJ = of O-closed C? differential forms on X, the

sheaf D;,,q of currents on X, the sheaf Z, > of O-closed currents on X and

the sheaf C , of C* differential forms whose 9 is also C* (i.e. if U C X is an

open set then @(iq(U) ={fecy, U)|0f €C1(U)}).
We note that these sheaves are £-module sheaves, where £ is the sheaf of
germs of C*° functions on X. By Proposition 3 of Appendix B it follows that

(4.6) H"(X,C,,) =0 foranyr=>1
and
(4.7) H"(X,D,,) =0 foranyr>1.

It follows by the regularity of & (Chap. III, Th. 3.5 and Remark 3.6) that the
map

B O (X) — Z;3°(X)
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is an isomorphism and if 0 < o < oo then 2P(X) = Z2((X). The theorem
therefore holds for ¢ = 0.
Suppose that ¢ > 1. By Dolbeault’s Lemma for differential forms the

sequence
El

0— Zz?,sfl — fvg,sfl — Zg,s —0
is exact for any s = 1,...,n. Consider the long exact cohomology sequence

associated to this exact sequence (cf. Appendix B, Theorem 5)

0— Zz?,s—l(X) — 5048_1()() ; za (X) Cﬁ}s)
1 a 1 S gl 1 o 2 O
HY (X, 28, ) — HYX,Co, 1) -5 HY(X,Z2,) =5 .

~ 5 )
) — H'(X,Co, 1) 2 H'(X,28,) =2 ...

H'(X,ZY Cps—1

p,s—1
It follows from (4.6) that the connecting maps

(4.8) o tH™(X,Z3,) — HNX, Z5, )

a,(p,s)

0

induces an
a,(p,s)

are isomorphisms for any r > 1 and the connecting map ¢
isomorphism
(4.9) 0 et HES(X) — HYNX, 22, 1), 1<s<n

a,(p,s)

If ¢ > n+ 1 then the isomorphisms (4.8) for any r > 1 imply that
HOU(X, Z80) =~ HI™(X, Z8.,).
Since Z,, = 5371 and Z7, = (27 we therefore have

HI(X, ")~ HI""(X,C%,) forany ¢=>n+1

rTpn

and by (4.6) this establishes (4.1).
Assume that 1 < ¢ < n and set

q — -1 ! o
06" = O (1) © " © O, (p.g—1) © O (pug):

Since the maps (4.9) and (4.8) are isomorphisms for any r > 1 and Z, = 2P
we get an isomorphism

024 HPY(X) — HI(X, 2P).
Dolbeault’s Lemma for currents (Theorem 3.6) then gives us exact sequences
El

0—>Z;(231—>D;,8_1—>Z;§° —0 1<s<n.
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By the regularity of , i.e. the isomorphism between £27(X) and Z, 5°(X),
and (4.7) we can repeat the above proof and we get an isomorphism

ord L HP1 (X)) — HY(X, 27).

Moreover, we have the following commutative diagram of short exact se-
quences

« Ao El (e
0——Zps—1 Chs—1 Zps 0
@J 4{ }p
0—— 2,2, D)\ — 2,2 ——0.

By the second part of the Snake Lemma (cf. Appendix B, Lemma 7) each of
the diagrams

o
H™(X,28,) —2  gr+Y(X, 23, )

@*J J/q‘)* r>20,1<s<n

R _
H'(X,Z, ) —"5 H' (X, 2, 2)
is commutative and by definition of §2: and % it follows that diagram (4.4)
is commutative. ]

The isomorphisms in diagram (4.4) are called the Dolbeault isomorphisms.

Remarks. We can deduce the following results from Theorem 4.1.

i) If f is a C differential form for some 0 < o < co and there is a current T'
such that 0T = T then there is a C* differential form g such that dg = f.
(This is the injectivity of (4.5).)

ii) For any O-closed current T there is a current S such that T — 95 is a C>
differential form. (This is the surjectivity of (4.5) for a = 00.)

More precisely:

Corollary 4.2. Let X be a complex analytic manifold.

i) For any O-closed current T on X and any neighbourhood U of the sup-
port of T there is a current S on X such that T — 0S is a O-closed C>®
differential form with supp S C U.

ii) If f is a C* differential form on X, k = 0,1,...,00, and T is a current
on X such that OT = Ty then for any neighbourhood U of the support
of T there is a differential form g € (gcooq C¥T*(X, E) such that dg = f
on X and suppg C U.



4 The Dolbeault isomorphism 109

Proof. Let us prove i). Choose a neighbourhood V' of the support of T such
that V C U and let yo and y; be C* functions on X such that yo = 1 on
a neighbourhood of X \ V', x¢o = 0 on a neighbourhood of the support of T,
x1 = 1 in a neighbourhood of X ~. U and x1 = 0 on a neighbourhood of V.
Since T is O-closed and the morphism (4.5) is surjective, there is a current
Sp on X and a O-closed C* differential form fy on X such that T — 35Sy = Ty,
on X. Then Ty, = —9Sp on X \supp T and as the morphism (4.5) is injective
there is a C> form gy on X ~ supp 7 such that fo = dgg on X ~ supp7. On
X~V we then have 0(So + Typg) = T ;.54 = 0. The surjectivity of

(4.5) then implies that there is a current R on X \ V and a d-closed C>
differential form g; such that Sp + Ty, — OR = Ty, on X \ V. The current
S =80+ Txogo—x1g: — O(x1R) then satisfies i).

We now prove ii). Denote by F the sheaf on X defined in the following
way:

If V' is an open set in X then F (V') is the vector space of differential forms
9 € NocaciCiT™(V) such that dg € NgcueCET*(V). This is a sheaf of

&E-modules and it follows by Proposition 3 of Appendix B that
(4.10) HY(X,F)=0.

Let V.= (V;)ier and W = (W;);esr be open covers of X such that for
any i, V; € W; and V; and W; are biholomorphic to the unit ball in C™. Let
f € CF(X) be d-closed. By Dolbeault’s Lemma for forms (Theorem 3.5), we
can find a family of forms g; € Ny o<1 CET*(W;) such that dg; = f on W;.
If T is a current on X such that 9T = T, the injectivity of (4.5) implies there
is a C* differential form u on X such that Ou = f on X. We set h; = g; — u
on V. Then h; € Z¥(W;) and applying Dolbeault’s Lemma a second time
we get a family of forms k; € ﬂ0<a<1Cf+a(Vi) such that Ok; = h; on V;.
It follows that k; — k; € F(V; NV;) and by (4.10) there is a family of forms
u; € F(V;) such that k; — k; = u; —uj on V; NV;. Setting v = g; — du; on Vj,
we get a form v € (g ,q C"7*(X) such that dv = f on X.

In the above we have constructed a solution with the required regularity:
it remains to show that the support condition is satisfied. Since dv = f on X,
the current 7' — T, is O-closed on X and the surjectivity of (4.5) for a = oo
implies that there is a current S on X and a 0-closed C> differential form g
on X such that T—T,+dS =T, . Then dS = T,;,._ on X \supp7. By the
first part of the proof there is therefore a differential form h € (. ., Chta
(X \suppT) such that Oh = v+ goo on X \supp T. Choose a C* function y
on X such that y = 0 in a neighbourhood of the support of T and x = 1 in
a neighbourhood of X ~\ U. The differential form g = v + goo — 9(xh) then
satisfies ii). O

The following result which will be useful in Section 5 of this chapter follows
immediately from i) of Corollary 4.2.

Corollary 4.3. Let X be a complex analytic manifold of dimension n and
let © be one of the support families defined in Chapter II, § 7. We assume
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that HE*(X) = 0 for some pair of integers (p,q), 0 < p <n, 1 <qg<n. It
follows that if T is a O-closed (p, q)-current on X whose support is a member

of © then there is a current S whose support is a member of © such that
oS =T on X.

5 Bochner’s theorem and extensions of CR functions on
manifolds

We will extend the results obtained in Section 2 to CR functions of class C*.

Theorem 5.1. Let X be a non-compact complex analytic manifold and let K
be a compact set in X. Assume that Hg’l(X N K) = 0. For any relatively
compact domain D in X such that

1) 0D\ K is a C* submanifold of X ~ K for some k > 1.
2) DN K =Int(D \ K).
3) X N (DUK) is connected

and any CR function of class CF f on 0D ~ K, where 0 < s < k, there is a
C® function F' on D~ K, holomorphic on D \ K, such that F|3D\K = f.

Proof. Consider the current T = f[0D ~ K]%!. This current has bidegree
(0,1) on X ~\ K and its support is contained in D ~ K which is an ele-
ment of @. As the function f is CR, the current T is O-closed (indeed, if
@ is a C* differential (n,n — 2)-form with compact support in X \ K then
0T, ¢) = (T,00) = [, f A Dp = 0). The hypothesis Hy' (X \ K) =0
and Dolbeault’s isomorphism then imply the existence of a current S whose
support is a member of @ such that dS = T (cf. Corollary 4.3). Since the
support of T is contained in D ~\ K, S vanishes on X \ (0D U K); S is
therefore a holomorphic function on (D~ K) U (X \ (DU K)) (cf. Chap. III,
Th. 4.5). As the support of S is an element of @, S vanishes on an open set in
X~ (DUK) since X is not compact and DUK is compact. The connectedness
of X \ (DU K) and the principle of analytic continuation then imply that S
vanishes on X \ (DU K).

It remains to determine the behaviour of S close to 9D ~\ K. This follows
from a local calculation. Indeed, given a point £ in 9D ~\ K, a neighbour-
hood V¢ of € in X \ K on which the equation OR = f[0D ~ K|®! has a
solution and a current S¢ of degree 0 such that 9S¢ = f[0D ~ K|%! on Vg,
(S — S¢) =0 on V¢ and S — S¢ will then be a holomorphic (and hence C*°)
function on V. The currents S and S¢ are then equal on V¢ up to addition
of a C* function.

Consider £ € 0D \ K and choose a neighbourhood U of £ in X \ K such
that

a) Ug is contained in a chart domain U of X.



5 Bochner’s theorem and extensions of CR functions on manifolds 111

b) There are local coordinates on U such that the image of Us under the
chart map is a bounded open convex set in C”.
¢) Ug \ (0D U K) has exactly two connected components.

Without loss of generality, we can identify Ue with its image in C". By
Theorem 3.6, for any convex open set V¢ € U there is a current Sg such that
0S¢ = T on V;. Moreover, we can write S¢ = ug + B'(xT) where y is a C®
function with compact support in U which is equal to 1 in a neighbourhood
of V¢ and g is a C> function such that dug = B'(Ox AT) on Ve. On Vg the
current S¢ is therefore equal to

B(T) = /@ OB

up to addition of a C* function. In other words, up to addition of a C*
function, S¢ is equal to the Bochner-Martinelli transform of x f, which we
studied in Chapter IV, §1. As the current S vanishes on Ve N (X N (DUK)),

Se ’VEm(X\(ﬁuK) can be extended continuously to Sg on VeN(X N (DUK)), as

can the Bochner-Martinelli transform of x f. As f is continuous, S¢ |V£ A(D~K)
can be continuously extended to Sgr on Ve N (D~ K) and Sgr — S =fon
(0D \ K) N V. Tt follows that S|, . can be extended to a continuous
function F on D \. K such that F‘aD\K = f, since S‘X\(EUK) =0.

To prove the C* regularity of S up to the boundary, it is enough to consider
Fﬁ(z) = ngﬁaD f(C)B(z, C) since

BT~ [ 0BG - [ X(OF QOB Q)
VeNdD OD~(KUVE)
is C> on V¢. Assume that V¢NAD is an open set with C! boundary. Repeating
the proof of Theorem 3.3 of Chapter IV, we get, for any z € Ve \ 9D,

OF; ~ .
o ()=~ / F(Q)d¢Bj(2,¢) forany j=1,...,n,
Zj ¢edDNVg

where }’vis an extension of f satisfying the conclusions of Lemma 2.3 of Chap-
ter IV. Applying Stokes’ formula, we get

OF 7 () - 7 _
0z; () = /468DmV5 4 (€)1 Byz ) /c»eaDmavg HO A B;(=0)

af -
— [ Lorseo- [ fOaBEo.
¢edDNVg Cj ¢edDNIVe
where the last integral on the right-hand side is a C* function on V¢ be-
cause B; is C*° on C" x C" \ A. As F€|V€\D differs from S‘X\(EUK) =0

by a C* function on V¢, + can be continuously extended to Ve N D.

%|
823‘ Vg\
Induction on k completes the proof as in Theorem 3.3 of Chapter IV. O
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Corollary 5.2 (Bochner’s theorem). Let X be a non-compact complex an-
alytic manifold such that H'(X) = 0. For any relatively compact domain D
with C* boundary in X such that X \D is connected and any CR function f of
class C* on 0D, where 0 < s < k, there is a C° function F on D, holomorphic
on D, such that F|8D = f.

Proof. Simply apply Theorem 5.1 with K = &, since the families ¢ and @ are
equal in this case. O

Remark. Theorems 2.5 and 2.7 give cohomological conditions under which the
conclusion of Theorem 5.1 is valid.

Comments

The study of extensions of CR functions defined on part of the boundary
of a domain is mainly due to G.Lupacciolu [Lul, Lu2]. There is an excel-
lent presentation of this material in [Ci/St]. Poincaré’s Lemma for 0 is due
to P. Dolbeault and A. Grothendieck: it is the key point in the representa-
tion of cohomology groups of analytic sheaves in terms of the d complex (cf.
[Dol, Do2]). In this chapter, we prove Dolbeault’s Lemma using a resolution
of 0 in convex domains via the Cauchy-Fantappié formula. Another proof of
Dolbeault’s Lemma using a resolution of d in polydiscs is given in [Ho2]. The
proof of the Dolbeault isomorphism given here can be found in [He/Le2].



VI

Domains of holomorphy and pseudoconvexity

At the end of Chapter I and in Chapter III we met open sets in C"™ on which any
holomorphic function can be extended to a larger open set. The open sets which
do not have this property are called domains of holomorphy: in this chapter
we study such open sets. We start by giving a characterisation of domains of
holomorphy in terms of holomorphic convexity (the Cartan—Thullen theorem).
We then introduce the notion of pseudoconvexity in order to get a more an-
alytic characterisation of domains of holomorphy. This requires us to define
plurisubharmonic functions. We then prove that every domain of holomorphy is
pseudoconvex: the converse, which is known as the Levi problem, is studied in
Chapter VII.

1 Domains of holomorphy and holomorphic convexity

Whilst studying Hartogs’ phenomenon in Chapter IIT we saw that there are
open sets {2 in C™ such that any holomorphic function on {2 can be extended
holomorphically to a larger domain. This leads us to define domains of holo-
morphy as follows.

Definition 1.1. An open set {2 in C" is called a domain of holomorphy if
there is no pair of open sets {27 and (25 in C™ with the following properties:
a) @#Qlc.QQQQ;

b) 25 is connected and is not contained in (2;

c) for any f € O(S2) there is a function fo € O(f22) such that f = f; on §2;.

Domains of holomorphy in C™ are only really interesting if n > 2 since any
open set §2 in C is a domain of holomorphy (consider the function f(z) = ﬁ
for any zy € 912).

Ezamples.

1) Tt follows from Hartogs’ theorem (Chapter III, Corollary 4.3) that if 2 is
a domain in C™, n > 2, and K is a compact set in {2 then {2 \ K is not a
domain of holomorphy.

C. Laurent-Thié¢baut, Holomorphic Function Theory in Several Variables: An Introduction, 113
Universitext, DOI 10.1007/978-0-85729-030-4_6, © Springer-Verlag London Limited 2011
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2) The Euclidean ball B(0, R) with centre 0 and radius R in C" is a do-
main of holomorphy (for any zg € 9B, consider the function f(z) =
1/R? = 377, 22 where 29 = (2,...,2))).

3) Hartogs’ figure in C", n > 2

Q:{(zl,...,zn)E(C"||zi\<r/2,1<i<n—10rr/2<|zn|<r}

is not a domain of holomorphy (cf. Chap.I, Th.6.9).
Lemma 1.2. Any open convez set in C" is a domain of holomorphy.

Proof. Given a point zy in 92 the convexity of {2 implies there is an R-
linear map ¢ from C™ to R such that £(z) < £(zp) for any z € 2. We can
write £(z) = Y_7_| ajz; + B;Z; and since £ is real valued we have 3; = @j,
j=1,...,n. It follows that ¢(z) = Re(h(z)), where h(z) = 22?:1 oz for
any z € C". The holomorphic function on §2 given by f(z) = 1/(h(z)—h(z0))
then has no holomorphic extension to a neighbourhood of zj, which proves
the lemma. ]

We will now try to characterise domains of holomorphy in terms of con-
vexity with respect to holomorphic functions.

Definition 1.3. Let (2 be an open set in C" and let K be a compact set
in 2. We define Kg,, the holomorphically conver hull of K by

Ko={ze2|lf(z) <suwlfl, ¥ f € O(D)}.

Lemma 1.4. Let 2 be an open set in C" and let K be a compact set in 2.
The holomorphically convex hull K, is then contained in the convex hull of K.

Proof. We recall that the convex hull of K is the intersection of all the real
half-spaces containing K. Moreover, a real hyperplane in C” is defined by an
equation Re(z, &) = «, where £ € C™ is some complex vector and o € R. If a
point zy € C” is not in the convex hull of K then there is a £ € C” such that
Re(w, &) < Re(zg, &) for every w € K. Counsider the holomorphic function
on C" given by f(z) = exp({z — 20,&)). This function then has the property
that |f(z0)] = 1 and |f(w)| < 1 for every w € K, so 2y ¢ .[?Q O

Corollary 1.5. If £2 is an open set in C" and K is a compact set in {2 then
Ko is bounded in C™.

Proof. This follows immediately from Lemma 1.4 because the convex hull of
a bounded set is bounded. (]

Proposition 1.6. Let {2 be an open set in C" and let K be a compact set
in £2. Then:
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1) KCK_Q andKQ —KQ,

i) if K’ C K then KQ CKQ,

iii) sz is an open set in C™ such that 2 C D then K_Q C KD,

iv) Kg is closed in £2,

v) for any M >0, e >0 and 2 € 2~ K¢ there is an f € O(2) such that

supg |f] < e and f(z) > M.

Proof. Claims i), ii) and iii) are immediate consequences of Definition 1.3.

Let us prove iv). We note that Ko = mfeo(!?) Ay, where Ay =
{z € 2]|f(2)| <supg |f|}. As the functions in O(£2) are continuous on {2,
the sets Ay are closed in {2 and K o 1s therefore closed in (2.

Let us prove v). For any z € £2 \ K, there is a function h € O(£2) such
that supy |h| < |h(z)|. After multiplying by a constant, we can assume that
supg |h| < 1 < |h(2)|. We then set f = h* for large enough /. O

Remark. We have seen that K « is always bounded and closed in (2, but it is
not in general a compact set in 2.

Theorem 1.7. Let 2 be a domain of holomorphy in C"*. For any K in {2
we have R
dist(K, 002) = dist(K, 012),

where dist(K,012) = inf {|w — z| | w € K, z € 012} is the Buclidean distance
between K and 0f2.

If P(0,r) is the polydisc of centre O and multiradius (rq,...,7,) and a is
a point of {2 then we set

5p(a) =sup{A>0]a+AP(0,r) C 2}.
Then dist(a, d2) = inf {65, (a) | 7 >0, Lr? =1}.

Lemma 1.8. Let §2 be an open set in C", let K be a compact set in {2 and
let r be a multiradius. If n > 0 has the property that 67,(2) = n for any z € K
then for any a € Ko and f € O(82) the Taylor series of f al a converges on
P(a,nr).

Proof (of the lemma). Fix a function f € O(£2) and a real number 1’ such
that 0 < 7" < n. The set @ = U,cx P(a,n'r) is then a compact set in §2
and there is therefore an M € R such that supg [f| < M. By the Cauchy
inequalities, supg | D f| < alM(n'r)~® for any o € N*. As D*f € O(£2),

D f(a) < a!M(n/r)~ for any a € K

by definition of K « and the Taylor series of f at any point a € K £ converges
to P(a,n'r) by Abel’s lemma. As this holds for any #’ < 7, this Taylor series
converges on P(a,nr). O
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Proof (of the theorem). We note first that the inclusion K C K¢ implies that
dist(K o, 02) < dist(K, 892).

Assume that n = dist(K,0£2) > dist(.f(\'g,aﬁ): we will prove that {2 can-
not then be a domain of holomorphy. Consider a point a € K o such that
dist(a,02) < n. There is a multiradius r such that > 7, r? = 1 and
dh(a) < n < 0h(2) for any z € K. It then follows from Lemma 1.8 that
the restriction of any holomorphic function on (2 to the connected component
of 2N P(a,nr) containing a has a holomorphic extension to P(a,nr). As
0h(a) < n, P(a,nr) is not contained in {2 so the open set {2 cannot be a
domain of holomorphy. It follows that if 2 is a domain of holomorphy then
dist(K g, 002) = dist(K, 012). O

It is therefore natural to introduce the following definition.

Definition 1.9. Let 2 be an open set in C". We say that {2 is holomorphi-
cally conver if K, is relatively compact in (2 for any compact set K in (2.

If K is a compact set in {2 then K is said to be O(2)-convez if and only
if K = Ko.

Ezamples. Consider the open set 2 = {z € C" | 1/2 < |z| < 2} and the
compact set K = {z € C" | |2| =1} in £2.

1) If n = 1, then we can prove that IA(Q = K by using the holomorphic
functions f(z) = 1/z and f(z) = z on {2, which implies that K is O(£2)-
convex.

2) If n > 2 then Hartogs’ phenomenon implies that any holomorphic func-
tion f on {2 can be extended to a holomorphic function f on the
ball B(0,2). Applying the maximum principle to f we get |f(z)| =
|f(2)] < supg |f| for any z such that § < |2| < 1 and it follows that
B(0,1)nN C K¢ which proves that K, is not relatively compact in 2.
The open set §2 is therefore not holomorphically convex.

With this terminology, Theorem 1.7 says that any domain of holomorphy
is holomorphically convex. In the rest of this section, we will prove that
domains of holomorphy and holomorphically convex open sets are the same
thing.

Lemma 1.10. Let £2 be a holomorphically convex open set in C™. The set §2
then has an exhaustion (K;)jen by O(§2)-conver compact sets K.

Proof. We construct the sequence (K;),en recursively starting with any ex-

haustion (Q¢)een of 2 by arbitrary compact sets. We set K; = @1: this is
a compact set in {2 because (2 is holomorphically convex. Assume we have

constructed Ki,...,K; and consider some ¢; > j such that K; CQ@j. We
then simply set K;1q1 = Q\gj. O
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Lemma 1.11. Let {2 be a holomorphically convex open set in C*, let (K;)jen
be an ezhaustion of £2 by O(f2)-convexr compact sets and let (p;)jen be a
sequence of points such that p; € K11 ~ K;. There is then a function f €
O(£2) such that lim;_,o | f(pj)| = +o0.

Proof. The function f will be given as a series >~ | f, such that f, € O(£2),
supe, |fo] < 27 and |f(p5)| > j+ 1+ X0 [folpy)] for all j > 2. Note
that if such a sequence (f,),en+ exists then the series ) 07, f, converges
uniformly on any compact set K in {2 and hence its sum f is holomorphic
on (2. Moreover, if j > 2 then

P = 1)l =D 1) >3+ 1= 1fu(p))].

Py v>j

This implies that |f(p;)] > j since >, .. |fu(p;)| < Yoo 27 < 1. We
construct the series (f,),en recursively. We set f; = 0 and given f1,..., fi—1
it follows from v) of Proposition 1.6 that there is a f, € O({2) such that

supg, | fe| < 27 and | fo(pe)] > €+ 1302 [ £, (pe)], since pe ¢ K. 0

Proposition 1.12. An open set §2 in C™ is holomorphically convex if and
only if for any sequence (p,)ven C §2 without accumulation points in §2 there
is a function f € O(£2) such that sup,cy |f(py)| = +o0.

Proof. Suppose that 2 is holomorphically convex and consider an exhaustion
(Kj)jen of £2 by O(£2)-convex compact sets. Such an exhaustion exists by
Lemma 1.10. If (p,),en is a sequence of points in {2 without accumulation
points in {2 then there are sequences (v;)ren and (jr)ken such that p,, €
Kj, .. ~ Kj, . The existence of f then follows from Lemma 1.11.

Conversely, let K be a compact set in (2. By definition of holomorphic
convexity, it will be enough to prove that any sequence (p,),en of points in
I/(\'Q has an accumulation point in I/(\'Q Let (p,)ven be a sequence of points
in Kg; for any f € O(£2) we then have sup,ey | f(pv)| < supg |f| < +o00. By
hypothesis for any a sequence (p,) without accumulation points in {2 we can
find a holomorphic function on {2 which is not bounded on (p,), so (p,)ven
has an accumulation point in 2. As K o is closed in {2 this accumulation
point lies in K. O

Application. Let {2 be an open set in C™. The set (2 is holomorphically

convex if for any point p € Of2 there is a function f, € O({2) such that

limz~£ | fp(2)] = +o0. Indeed, if (p,),en is a sequence of points in 2 without
ze

accumulation points in {2, then either (p,) is an unbounded sequence and
f(z) = z is then unbounded on (p,) or (p,) has an accumulation point p €
012 and f, is then unbounded on (p,),en. By Proposition 1.12, 2 is then
holomorphically convex. This proves that any open set in C is holomorphically
convex, as is any convex open set in C".

We can now state and prove a theorem due to H. Cartan and P. Thullen
characterising domains of holomorphy in terms of holomorphic convexity.
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Theorem 1.13. Let {2 be an open set in C™. The following are equivalent:

i) 2 is a domain of holomorphy,

ii) dist(I?Q, 002) = dist(K,982) for any compact set K in (2,

iii) 2 is holomorphically convez,

iv) There is a function f € O(§2) such that for any pair of open sets {1
and §25 in C" satisfying a) and b) of Definition 1.1 there is no function
fe O(22) such that f: foon (.

Proof. The facts that ii) = iii) and iv) = i) are immediate consequences
of Definitions 1.9 and 1.1 respectively. The fact that i) = ii) follows from
Theorem 1.7. It remains only to prove that iii) = iv).

Lemma 1.14. Let {2 be an open set in C™, let p be a point in 32, let U be a
connected neighbourhood of p and let D be a connected component of U N 2.
Then 0D N (UNIN) # @.

Proof. As D is a connected component of U N {2, D is open in C™ and closed
in UNS2. As the open set U is connected and D is strictly contained in U, D
is not closed in U. Consider a point g on the boundary of D in U. As D is
closed in U N {2, the point ¢ must be contained in 9f2. O

Lemma 1.15. Let 2 be an open set in C™ and let (K,),en be an exhaustion
of £2 by compact sets. There is then a sequence of natural numbers (v;);en
and a sequence (p;);jen of points in {2 such that the following hold:

1) pje Ky, ., NK,, foranyj €N
2) for any p € 92 and any connected neighbourhood U of p every connected
component D of UNS2 contains an infinite number of points in the sequence

(pj)jeN'

Proof. Let (a,),en be a sequence running through the set of all points of {2
with rational coordinates, let r, be the distance from a, to 92 and let B,
be the ball B(a,,r,) C 2. Let (Q;)jen be a sequence whose elements are
the balls B, and which contains each B, infinitely often: for example, the
sequence Bl7 Bl; BQ, Bl) BQ, Bg, Bl, BQ, Bg7 B47 ... will do.

Set K, = Ko and suppose we have already constructed points p1, ... ,pe1
and compact sets K, , ... ,K,, satistying 1) for j =1,...,¢—1. As Q; is not
contained in any compact subset of {2 because it is one of the balls B, there
isapr € Qv~ K,,. We then choose vy such that p, € K,,,, and 1) holds
for j = £. Let us prove that 2) also holds for the sequences thus constructed.
Consider a point p € 912, let U be a connected neighbourhood of p and let D be
a connected component of UN (2. By Lemma 1.14, there is a ¢ € dDNUNOL2.
As the sequence (a,),en is dense in C™, there is a point a,, € D close enough
to ¢ that B, C D. But as B,, appears infinitely often in the sequence (Q;);en
and p; € ); the set U N D contains infinitely many points p;. (]
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End of the proof of Theorem 1.13. Suppose that {2 is holomorphically convex.
By Lemma 1.10 it has a exhaustion (K, ),en by O(£2)-convex compact sets.
We can then apply Lemma 1.11 to the sequences (p;);jen and (K, ) en asso-
ciated to the sequence (K, ),ecn by Lemma 1.15 and this proves that there is a
function f € O(£2) such that lim;_. | f(p;)| = co. Consider a point p € 942,
let U be a connected neighbourhood of p, let D be a connected component of
U N 2 and suppose there is a h € O(U) such that h = f on D. Let U’ € U be
a neighbourhood of p and let D’ be the connected component of U’ N {2 meet-
ing D. Then supp, |h| < supy. |h| < 400 and f must therefore be bounded
on D’. But this is impossible since by construction the open set D’ contains
an infinity of the points p; and lim;_., | f(p,)| = +oo. Condition iv) therefore
holds for the function f. ]

We end this section by giving some new examples of domains of holo-
morphy and some stability properties of domains of holomorphy under set
operations.

Proposition 1.16. Let §2 be a domain of holomorphy in C™ and let f1,...,fn
€ O(£2) be holomorphic functions on §2. The set

Q2 ={ze2||f(z)|<1, j=1,....,N}
s then a domain of holomorphy.

Proof. Let K be a compact set in {2y and choose a real number r < 1 such
that |f;| < ron K forany j =1,..., N. Of course, this inequality is still valid
on K o and K  is therefore contained in £2;. But K « is compact because 2 is
a domain of holomorphy and contains K 2;- This implies that K 2; 1s compact
and proves the proposition. O

Remark. If 2y € (2 then (2 is a domain of holomorphy even if {2 is not
because K, is closed in £2 since Ko, C {z € 2] |f;(2)] <7} C 5.

Ezamples.

1) If ¢ € O(C") then 2 = {z € C" | —A < Rey(z) < A} is a domain of
holomorphy.

2) An open set 2 € C™ is said to be an analytic polyhedron if there is a
neighbourhood U of 2 and functions fi,..., fy € O(U) such that 2 =
{zeU||fj(z)| <1,j=1,...,N}. Any analytic polyhedron is a domain
of holomorphy.

Proposition 1.17. The interior of an arbitrary intersection of domains of
holomorphy is a domain of holomorphy.

Proof. Let (§2;);er be a family of domains of holomorphy and let {2 be the

interior of (,c; £2;. Assume that 2 # @. If K is a compact set in {2 then
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0 < d = dist(K,002) < dist(K,942;) for any i € I. As the open sets {2; are
domains of holomorphy it follows from Theorem 1.7 that d < dist(K,, 82;)
for any i € I. As K « is contained in every set of the form K o, the distance
from I:( « to the boundary of the domains (2; is at least d, as is the distance
from K, to the boundary of 2. The open set {2 is therefore holomorphically
convex and by Theorem 1.13 it is a domain of holomorphy. (]

Proposition 1.18. Let 21 C C™ and 25 C C" be two domains of holomor-
phy. The cartesian product £21 X 29 is then a domain of holomorphy.

Proof. Tt will be enough to prove that, for any compact set K in {21 x {25
of the form K; x Ks, where K; is a compact set in (2; for i = 1,2, the set
K, x 0, is relatively compact in £27 x 2. If f € O(£2;) for i =1 or 2 then f
defines a holomorphic function on £2; x {25 and it follows that

I?leﬂz C (I/{-l)()l X QZOQI X (I?Q)QQ.

It follows that I 2, %2, 18 contained in (IA(l) @ X ([A(g) ©2,, which is relatively
compact in 21 x {25 because the (2; are holomorphically convex. O

If an open set {2 in C" is not a domain of holomorphy then it is natural
to ask whether there is a largest element E(f2) in the set of open sets D
containing {2 such that every holomorphic function on {2 can be extended to
a holomorphic function on D.

Ezamples.

1) Let © be a domain of holomorphy in C™ for some n > 2 and let K be a
compact set in @ such that ©\ K is connected. Set 2 = O~ K. It follows
from Hartogs’ phenomenon and the definition of a domain of holomorphy
that E(£2) exists and E(£2) = 6.

2) Let ¢ be a holomorphic function on C” for some n > 2. Let © be the
domain of holomorphy © = {z € C" | Reyp(z) < 0}. If K is a closed
subset of © such that K € C™ and © \ K is connected then we set
2 : @~ K. The extension theorem given in Section 6 of Chapter V and
Hartogs’ phenomenon then imply that F((2) exists and E({2) = 6.

As the following example shows, E({2) does not exist in general if we
restrict ourselves to the class of open sets in C". When it exists the set E({2)
is called the envelope of holomorphy of (2.

Consider the subset v in C defined by v = {:c eR|1I<zL 2}U{z =2¢" |
06K 7r} U {x eER|-2<z< 0}. We denote by I the subset of C2 defined
by I' =y x {0}. Set Wy = {z € C? | 0< |21| <1/2, 0< |22| <1}U{z € C?|
0< |21 <1, 1/2 < |z2| < 1}. Wy is a Hartogs figure and by Theorem 6.9 of
Chapter I, any holomorphic function on Wj can be extended to a holomorphic
function on the bidisc D(0,1) x D(0,1). We set Wo = D(1,1/4) x D(0,1/4),
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Wy = {z € C? | dist(z,I') < 1/4} and 2 = Wy U W, U W3. The open set {2
in C? is connected because each of the sets W;, i = 1,2,3 is connected and
C x {0} N £2 is connected. Consider a function f € O(£2) which is a square
root of (z; — i) on Wi (f exists and is unique because (2 is connected; it
can be constructed by analytic continuation). If the envelope of holomorphy
E() of 2 existed as an open set in C? then E(£2) would contain the open
set 2 = D(0,1) x D(0,1) U Wy U W3, which is impossible. Indeed, let F' be
an extension of f to E(f2): the function z; — F|5(21,0) would then be a
holomorphic function on (C x {0}) N £2, which is a ring enclosing (i,0), and
would be equal to f on (C x {0}) N 2. This would mean that /z; — ¢ can be
defined on a ring enclosing ¢, which is impossible.

2 Plurisubharmonic functions

In this section we will generalise subharmonic functions to several complex
variables. These new functions will be used to define pseudoconvexity in
Section 3.

A. Harmonic and subharmonic functions

We start by recalling the definition and most important properties of harmonic
functions. For more details the reader may wish to consult Section 1.4 of
[He/Lel] or Chapter I of [Kr].

The Laplace operator A is defined in C by

0% 02 02

A= L9 .
222 Vo2 = “oz02

Definition 2.1. A C? function v on a domain D in C is said to be harmonic
if and only if Au =0 on D.

Properties.

1) A real-valued function u defined on an open set D in C is harmonic if and
only if u is locally the real part of a holomorphic function. In particular,
any harmonic function is C* and even real analytic.

2) Mean property. If u is a harmonic function on D C C then

1

T or

2m
u(a) / u(a + re?)dh
0
whenever {z | |z —a| <r} C D.
3) Mazimum principle. Let u be a real-valued harmonic function on an open
set D in C. It is then the case that:
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iii) If u has a local maximum at @ € D then u is constant on some neigh-
bourhood of a and u is therefore constant on the connected component
of D containing a,

iii) If D is relatively compact in C and u € C(D) then u(z) < maxgp u
for any z € D,

4) Dirichlet problem. Let 2 be a domain with C! boundary in C. If f is a
continuous function on the boundary of {2 then there is a unique function
F € C(£2), harmonic on 2, such that Flyp = f.

Definition 2.2. A function u defined on an open set D in C with values in
[—00, +0oo] is said to be subharmonic if and only if

i) u is upper semicontinuous (u.s.c.), i.e. {z € D | u(z) < s} is open for any
s € R or alternatively lim,_,u(z) < u(a) for any a € D.
ii) For any compact set K C D and continuous function h on K, harmonic

on I%, such that A > v on K, we have h > u on K.
Remarks.

e If u = —oo then u is subharmonic.
e In R we have A = §?/0z?, the harmonic functions are the linear functions
and the subharmonic functions are therefore the convex functions.

Proposition 2.3. Let D be an open set in C.

i) If u is subharmonic on D then Au is subharmonic on D for any A > 0.
i) If (ua)aca is a family of subharmonic functions on D such that u =
SUD,c 4 Ua 18 finite and upper semicontinuous then u is subharmonic on D.
iil) If (up)nen is a decreasing family of subharmonic functions on D then
u = lim,, oo Up, 18 subharmonic.

Proof. Claims i) and ii) follow immediately from Definition 2.2.

Let us prove iii). We note that if u = lim,, . up then {z € D | u(z) < s} =
Unen {# € D | un(2) < s} for any s € R. This set is therefore open and u is
therefore upper semicontinuous. Let K be a compact set in D and let h be a

[e]
continuous function on K, harmonic on K, such that h > v on 0K. For any
e >0, weset Ej = {z € 0K | u;(z) > h(z) + ¢} for any j € N. The sets E;
are closed in 0K since the functions u; are u.s.c., so they are compact sets.
Moreover, the sequence (E}) en is decreasing and their intersection is empty.
There is therefore an integer ¢ € N such that Ey = @, which implies that
up < h+eondK. But upy < h+ ¢ on K as the function uy is subharmonic,
and it follows that u < h + € on K since the sequence (uy,)nen is decreasing.
As this holds for any € > 0 we have u < h on K. O

Corollary 2.4. The function
u(z) = —log(dist(z,0D))

s subharmonic on D for any open set D C C.
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Proof. If D = C, u = —oo0 and hence u is subharmonic. If D # C then u is
continuous and u(2) = sup¢cyp(—log |z — (). But —log |z — (] is a harmonic
function, since it is locally the real part of a choice of —log(z — (), and it
follows from ii) of Proposition 2.3 that u is subharmonic. O

We will give several different characterisations of subharmonicity. We
recall that if p is a positive Borel measure on a compact set K and u : K —
R U {—oo} is an upper semicontinuous function then the integral [ o udp is
meaningful and is defined by

/udu:inf{/ wdu | ¢ € C(K), <p>u}.
K K

Moreover, u € L' (K, p) if and only if [} udy > —oo.

Theorem 2.5. Let D be an open set in C and let u be an upper semicontin-
uous function from D to RU {—oc}. The following are then equivalent:

1) w is subharmonic.
ii) For any disc A € D and any holomorphic polynomial f such thatu < Re f
on OA we have u < Re f on A.
ili) For any a € D there is an rq such that 0 < rq < dist(a,dD) and

1
(2.1) u(a) < o

2m
/ u(a +re®)dd  for any r €]0,7,].
0

Remark. Property iii) is both local and additive, so it follows that:

1) If uy and ug are subharmonic functions on D then uj + ug is subharmonic
on D.

2) A function u defined on an open set D in C is subharmonic if and only if
every point of D has a neighbourhood on which w is subharmonic.

Lemma 2.6. Ifu is an upper semicontinuous function on an open set D in C
such that 1) of Theorem 2.5 (the submean property) holds then u satisfies the
mazimum principle.

Proof. We argue by contradiction. Assume that the submean property holds
for v and u has a local maximum at a € D, i.e. there is a p > 0 such that
u(z) < u(a) for all z € D such that |z —a| < p. If w is not constant in a
neighbourhood of a then there is a zp € D such that |zo —a| = r < min(p, r,)
and u(zo) < u(a). Consider the set {6 € [0,27] | u(a+re”?) < u(a)}: thisisan
open set in [0, 27| because u is u.s.c. and it is non-empty because |zg —a| = r.
We deduce that

2m 2m
/ u(a +re')dh < / u(a)dd = 2mu(a)
0 0

which contradicts the fact the u satisfies iii) of Theorem 2.5. O
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Proof (of Theorem 2.5).

The fact that i) = ii) follows immediately from the definition of subhar-
monic functions.

Let us prove that ii) = iii). Consider a point a € D and let r > 0 be
such that A = {z € C | [z —a| < r} € D. Consider a function ¢ € C(0A)
such that ¢ > u on JA. We can assume that ¢ is in fact continuous on A
and harmonic on A by the solution to the Dirichlet problem. For any 7 < 1,
we set - (2) = ¢(a+ 7(z — a)). The functions thus defined are harmonic on
some neighbourhood of A and the family (,);<1 converges uniformly to ¢
on A as 7 tends to 1. Moreover, there are holomorphic functions f, defined on
some neighbourhood of A such that ¢, = Re f, since A is simply connected.
For any ¢ > 0 there is therefore a holomorphic polynomial f such that

u<p<Ref<p+e

(we simply take the initial terms of the Taylor series of f, for some 7 close
enough to 1). It follows from ii) and the mean property for Re f that

2m
u(a) < Re f(a) = QL/ Re f(a + re')df
™ Jo

27
<% ; <p(a+rei9)d9+5.

As the real number ¢ > 0 is arbitrary we get

1 27 )
< 6
u(a) < 27r/0 wla+re’)do

for any ¢ € C(0A) such that u < ¢ on A, and the result follows by definition
of the integral of an u.s.c. function.
We complete the proof of the theorem by proving that iii) implies i). Let

K C D be a compact set and let h € C(K) be a harmonic function on K
such that u < h on K. We will prove that if iii) holds then u < h on K.
Consider the function u — h: it follows from iii) and the mean property for h

that (v — h) satisfies iii) on K and by Lemma 2.6, u — h therefore satisfies the

maximum principle. It follows that (u — h)(z) < supgg(u — h) < 0 for any
z € K, or in other words, u < h on K. O

Proposition 2.7. Let D be an open set in C. If f € O(D) then log|f] is
subharmonic on D.

Proof. Consider a point a € D. If f(a) = 0 then log|f|(a) = —oco and iii) of
Theorem 2.5 holds; if f(a) # 0 then there is a simply connected neighbourhood
of a on which f does not vanish and log | f| is harmonic on this neighbourhood
so iil) again holds. Since log|f] is clearly u.s.c. the proposition holds. O
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Proposition 2.8. Let ¢ be an increasing conver function on R. We set
p(—00) = limy oo p(x). If u is a subharmonic function on an open set D
in C then ¢ ou is subharmonic on D.

Proof. Since the function ¢ is convex and increasing, for any zg € R there is
a real number k such that ¢(x) > ¢(xg) + k(x — x¢). This implies that, for
any z € D and r > 0 such that D(z,r) € D,

1 27 ) 1 2 4
2, o(u(z +7e))do > o(xo) + k(ﬁ /0 u(z +re?)dh — :co)
Let us take xg = i OZW u(z 4+ re??)df. By the subharmonicity of v and the

fact that ¢ is increasing we have

1 2 " 1 27 "
o(u(z)) < L,O(%/O u(z + re’ )d9) < %/0 o(u(z 4+ re*)db

which proves the proposition since ¢ o u is clearly u.s.c.. (I

Ezamples. If f € O(A) then both |f| and more generally |f|* for any « > 0
are subharmonic functions.

Proposition 2.9. Let u be a subharmonic function on an open set D in C.
Assume that u is not equal to —oo on any connected component of D. The
function u is then integrable on any compact subset of D and in particular
u > —oo almost everywhere with respect to the Lebesgue measure.

Proof. Let z € D be such that u(z) > —oo and let A be a closed disc of
centre z contained in D. As the function w is u.s.c., it is bounded above on A

SO
/ udA < +00.
A

If 6 denotes the radius of the disc A then the submean property implies that

6 2w
/ ud\ = / (/ u(z + rew)dH)r dr > m6*u(z) > —oo0.
A o Mo

It follows that u is integrable on A. We denote by E the set of points z
such that u is integrable in a neighbourhood of z. This is an open set and
it follows from the above that u = —oo in a neighbourhood of any point in
D~ E. Since u is u.s.c., D \ E is also open. It follows that D \ FE is a
union of connected components of D, which must be empty by hypothesis
since u = —oco on D N\ E. O

‘We end this section with a new characterisation of subharmonic functions.
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Theorem 2.10. Let u be a subharmonic function on an open set D in C
which is not identically —oo on any connected component of D. For any
positive v € D(D) we then have

(2.2) /uAv d\ > 0,

where X\ is the Lebesgue measure on C.

Proof. Consider a real number r € R such that 0 < r < dist(suppwv,CD). For
any z € supp v,

2
2mu(z) < / u(z + re?)dh
0
since v is subharmonic. Multiply this equation by v and integrate with respect

to A, which is possible by Proposition 2.9; we then get

(2.3) / ul2) ( /O 7 v(z — re?)do — 27rv(z))d)\(z) > 0.

Taking the Taylor series to second order of v we get

) ov ov
v(z+h+ik) =v(z)+ h%(z) + kza—y(z)

1/ 0% 0% 5 0% 3
+§(h gz (7) + 20k 5 (=) 4 aTﬂ(z)) +O(|h + ik[?).

Replacing h + ik by —(r cos@ + irsin ) and integrating with respect to 6 we
get
2m ) 7.(.,,42
/ v(z — re®)df — 2mv(z) = TAv(z) +0(r?).
0

Multiplying (2.3) by 2/77? and letting 7 tend to 0 we get (2.2). |

Note that if v is a C? subharmonic function then Theorem 2.10 says that
Au > 0. We now prove the converse for C? functions. This converse still holds
for locally integrable functions in the following form (cf. [Ho2|, Th. 1.6.11):

Let u € L] (D) be a function such that JuAvd\ > 0 for any positive

loc
v € D(D). There is then a unique subharmonic function % on D which is

equal to v almost everywhere.
We shall not prove this version of the theorem.

Theorem 2.11. Let u be a C? function on an open set D in C such that
Au >0 on D. The function u is then subharmonic on D.

Proof. Let K be a compact subset of D and let h be a continuous function

on K, harmonic on K, such that v =u —h < 0 on 0K.
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Suppose first that Au > 0 and argue by contradiction. If there is a z € K

o
such that v(z) > 0 then v will have a maximum at some point zy €K and
it follows that Av(zp) must be negative or zero. Indeed, if g(t) = v(xo + it),
where o = Re zg, then g has a maximum at ¢t = yo = Im 2y and it follows
that 0%v/0y?(z0) = 0%g/0t%(yo) < 0. We can show in a similar way that
0?v/0x%(29) < 0 and hence Av(zp) < 0. But this contradicts the fact that
Av = Au — Ah > 0 since Ah = 0.

We return to the case where Au > 0 and set u;(z) = u(z) + |2|?/j. Then
Au; = Au+4/j > 0 for any j € N* and wu; is therefore subharmonic by
the above. The sequence (u;);en is a decreasing sequence of subharmonic
functions which converges to u, so it follows from Proposition 2.3 iii) that u
is subharmonic. ]

We end this section with a lemma on the mean values of subharmonic
functions which will be very useful in the rest of this section.

Lemma 2.12. Letu be a subharmonic function on the disc {z € C | |z—a| < p}.
The function

1 2 )
A(u,r) = ﬁ/o u(a + re?)db

is then an increasing function of r on 10, p|.

Proof. We set A(r) = {z € C| |z —a| < r} and we consider two real num-
bers ry and 7y such that 0 < r; < rp < p. Consider a function ¢ € C(0A(r2))
such that ¢ > u on 0A(rz2). By the solution to the Dirichlet problem we can
assume that ¢ is continuous on A(re) and harmonic on A(rz). The mean
property for harmonic functions then says that A(p,r) = ¢(a) for any r < ro.
Since u is subharmonic on A(p) we have u < ¢ on A(rz) and hence

Alu,r1) < Alg,m1) = A(g,2),

so finally we get
A(u,r) < inf {A(cp,rg) | o € C(OA(r2)), ¢ = u} < A(u,r2). O

B. Plurisubharmonic functions
Let D be an open set in C”.

Definition 2.13. A function v from D to RU {—oo} is said to be plurisub-
harmonic (psh) on D if u is upper semicontinuous and for any a € D
and w € C" the function A — u(a + Aw) is subharmonic on the open set
{AeC|a+ we D}

We denote the set of plurisubharmonic functions on D by PSH(D).

A certain number of the properties of plurisubharmonic functions follow
directly from the corresponding properties of subharmonic functions:
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i) Let (4a)aca be a family of plurisubharmonic functions on D. If u =
SUP,c 4 Ua is finite and upper semicontinuous on D then w is plurisubhar-
monic on D.

ii) If (un)nen is a decreasing sequence of plurisubharmonic functions on D
then u = lim,,_, u,, is plurisubharmonic.

ili) The set PSH(D) is stable under addition and multiplication by positive
constants.

iv) A function u € PSH(D) if and only if u is plurisubharmonic in a neigh-
bourhood of every point a € D.

v) If f € O(D) then log |f| is plurisubharmonic on D as is |f|* for any a > 0.

Remark. If D is an open set in C™ then the function u(z) = —log(dist(z,0D))
is not necessarily plurisubharmonic. Indeed, consider the open set D =
C? \ {0} and points @ = (1,0) € D and w = (0,1). Then

u(a 4+ Aw) = —log(dist(a + Aw, D) = —log /1 + |A]%.

This function has an absolute maximum at the point A = 0 and therefore
cannot be subharmonic, which proves that u is not plurisubharmonic.

Theorem 2.14. Let D be an open set in C™ and let u be a real-valued C?
function on D. The function u € PSH(D) if and only if the complex Hessian
of u at the point z

Z 62] 82 2G5

18 a positive semi-definite hermztzan form on C™ for every z € D.

Proof. A straightforward calculation proves that

2

u(a + Aw) = Lot apu(w).

ONON
The theorem then follows from Theorems 2.10 and 2.11 which characterise C2
subharmonic functions by the positivity of their Laplacian. O

Corollary 2.15. Let D be an open set in C", let D' be an open set in C™
and let F be a holomorphic map from D to D'. If u € PSH(D')NC?(D') then
uo F € PSH(D).

Proof. For any a € D and w € C" we have Ly(u o F)(w) = Lpyu(F'(a)w).
We then simply apply Theorem 2.14. O

Definition 2.16. Let D be an open set in C" and let u be a C? function
on D. The Levi form of u at z € D is the complex Hessian L,u of u at z, i.e.
the Hermitian form

(— L, u Z 8Zj32k CgC}c
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Definition 2.17. A function u € PSH(D) N C%(D) is said to be strictly
plurisubharmonic on D if and only if for any z € D the Levi form L,u of u
at z is a positive definite Hermitian form.

We want to extend Corollary 2.15 to arbitrary plurisubharmonic functions.
To do this we start by proving a regularisation theorem.

Lemma 2.18. Let u be a plurisubharmonic function on an open set D in C™.
Assume there is no connected component of D on which u is identically —oo.
The function w is then integrable on any compact set in D and in particular
u > —oo almost everywhere.

Proof. Repeat the proof of Proposition 2.9 replacing the disc A by a polydisc.
|

Theorem 2.19. Let D be an open set in C": set Dj ={z € D | |z| <j and
dist(z,0D) > 1/5}. Let u be a plurisubharmonic function on D which is not
identically —oo on any connected component of D. There is then a sequence
(uj)jen of functions in C*°(D) such that

i) w; is strictly plurisubharmonic on D;.
) u;(2) = ujp1(z) for any z € D;.
iii) lim;_ oo u;(2) = u(z) for any z € D.
) if u is continuous then the sequence (u;)jen converges to u uniformly on
all compact sets in D.

Proof. Let 0 € D(R) be a positive C* function supported on [—1, 1] such that
Jon 0(|2])dA(z) = 1. Since Dj is relatively compact on D the function u is
integrable on D; and we can consider the function v; defined by

0;(2) =/ w(©)8(j]z - ¢)7>"dA(C)

D;

which is a C*° function on C". We now prove that v; has the submean property
for every complex line segment contained in D; J, which implies that v; is
plurisubharmonic on D;. Note that v;(z) = [, u(z —¢/4)0(|¢|)dA(¢) for any
z € Dj;. For any a € D;j and w € C",

1 2w . 1
— vi(a+re'w)dd = / [—
Cn

2T 0 2T

> / u(a — ¢/5)0(C)AAC) = v;(a),
(Cn

2m
| e e - crivas]ocharc)

since w is plurisubharmonic. By Lemma 2.12 applied to the subharmonic
function A — u(z — A(), the integral

1 2m

Py u(z—e”{/j)dt
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is a decreasing function of j. Moreover,

00 = [ alz = ¢/iB0ANO = [ ulz = ce/i)ocharc)

for any ¢t € R and hence

o= [ [ e = ette/) e o(DiN).

It follows that the sequence (v;);jen is decreasing. Applying the submean
property to the subharmonic function A — u(z — A(), we get

5> [ u@B(CDING) = ulz).

Since u is upper semicontinuous for any ¢ > 0 there is a § > 0 such that
B(z,6) C {¢ € D|u(() <u(z)+e}. It follows that, for any j > 1/4,

u(z—¢/j) <u(z)+e for[¢| <1

whence

vj(z) = /(C” u(z —¢/5)0(/¢))dN(¢) < u(z) + & because /W 0(|¢)dA(¢) = 1.
For any j > 1/6 we therefore have u(z) < v;(z) < u(z) + €.

If moreover u is continuous the properties of regularising operators imply
that (v;);en converges uniformly to u on all compact sets.

To complete the proof we simply set u;(z) = v;(z) + |2|?/j. The sequence
(uj)jen then satisfies conditions i)-iv). O

Theorem 2.20. Let D be an open set in C", let D' be an open set in C™
and let F be a holomorphic map from D to D'. If u € PSH(D’) then uo F €
PSH(D).

Proof. We can assume without loss of generality that {2 is connected and
that u is not the constant map —oo. Let (u;);jen be a sequence of functions
converging to w which satisfies the conclusions of Theorem 2.19. If (2 is
relatively compact in D then for large enough j the functions u; o F' are
plurisubharmonic on 2 by Corollary 2.15. The sequence (u; o F')jen is then
a decreasing sequence of functions which converges to w o F, so u o F is
plurisubharmonic on D. O

Remark. It follows from the above theorem that if F' is a biholomorphic map
from D to D' and u is a function on D’ then v € PSH(D’) if and only if
wo F € PSH(D). This implies that it is possible to define plurisubharmonic
functions on complex analytic manifolds.

It is clear that any strictly convex C? function u on D is strictly plurisub-
harmonic. We now prove that if du # 0 then the converse is true up to
holomorphic change of local coordinates.
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Definition 2.21. Let D be an open set in C” and let u be a real-valued C?
function on D. For any z,{ € D we set

{ ZaCJ Z anaC zj — G) (=2 — Ck) |-

The function ﬁu(z, ¢) is called the Levi polynomial of u.

The following lemma links the Levi form and Levi polynomial of u to the
second-order Taylor series of w.

Lemma 2.22. Let D be an open set in C* and let u be a real-valued C?
function on D. For any ( € D and any z close enough to (,

u(z) = u(¢) — Re Fy(2,¢) + Leu(z — ¢) + o(|¢ — 2]?).

Proof. Let (2;(¢))1<j<2n be the real coordinates of ¢ € C" such that (; =
z;(¢) + ix4n(C). A straightforward calculation proves that

ou
jzlaT,j(C)(:Ej( z) — QRQ[ZZ“)CJ G }
and
1 2n 82u
2 Z 0x;0xy, (IJ(Z) IJ(Q) (Ik( )*Ik(C))
J.k J

The lemma then follows from the definitions of ﬁu and L¢u on taking the
Taylor series of u at ¢ to order 2. ([

Theorem 2.23. Let u be a strictly plurisubharmonic C? function on a neigh-
bourhood of 0 € C™. If du(0) # 0 then there is a biholomorphic map h from
a neighbourhood U of 0 in C™ to a neighbourhood W of 0 in C™ such that
wo h™! is strictly convex on W, i.e.

2 92uoh!
Z ﬁ(@)tjtk >0 forany ¢ €W andt € R*™ ~ {0},

where ; = x;(¢) are the real coordinates of ¢ given by (; = x;({) + iz 4n(C).

Proof. Since du(0) # 0 and wu is real-valued, du(0) # 0. Assume that
0u/9¢1(0) # 0. The map h(z) := (F.(z,0),29,...,2,) is then a biholomor-
phism from U to a neighbourhood V of 0 = h(0). We set

f(C) = (fl(g)7 s afn(()) = hil(g)
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for any ¢ € V. For any ( close enough to 0 we then have

wo f(¢) = u(0) — Re F,(£(C),0) + Lou(f(C)) + o(| £(C)I)

by Lemma 2.22. But ﬁu(f(g‘), 0) = ¢; by definition of f = h™!, which implies
that

wo f(¢) = u(0) = Re (i + Lou(f(C) + oI F(O)
as ¢ tends of 0. Let F' = (Fy,..., Fy,) be the differential of f at the origin, i.e.

the linear map F : C® — C™ such that f(¢) = F(¢) + O(|¢|?) as ¢ tends to 0.
Then

wo f(¢) = u(0) = Re (1 + Lou(F () + o(|¢[*)
as ( tends to 0, which implies that

Z O] 0)y (CJon(€) = Lau(F(C)) for amy ¢ €T
8x]8xk k 0 Y

by the uniqueness of the Taylor series of uw at 0. As F'(¢) # 0 for any ¢ # 0
since f is biholomorphic at 0 and wu is strictly plurisubharmonic in a neigh-
bourhood of 0 we get

aQUOf 2n
Za%ak )tjty >0 for any t € R°" \ {0}.

As the function u is C? this remains true if we replace 0 by a point ¢ in some
neighbourhood W of 0. (]

We end this section with a lemma proving that strictly plurisubharmonic
functions are stable under small perturbations.

Lemma 2.24. Let p be a strictly plurisubharmonic C? function defined in a
neighbourhood of a compact set K in C™. There is then a real number € > 0
such that, for any C? function ¢ defined in a neighbourhood of K such that

nga(;” < e forany z € K and 1 < 4,k < n, the function p + ¢ is again

strictly plurisubharmonic in a neighbourhood of K.

Proof. By definition of strictly plurisubharmonic functions we simply take

n
= E 2)w;jW. O
n? ek, weC" 5'zjazk J
lwl=1 Ik
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3 Pseudoconvexity

We saw in the previous section that if 2 is an arbitrary open set in C” then
the function — log(dist(z,df2)) is not necessarily plurisubharmonic. In this
section we will study a new class of open sets in C™, pseudoconvex open sets,
which are characterised by the fact that the function — log(the distance to
the boundary) is plurisubharmonic. We will prove that this class contains
the class of domains of holomorphy. (Indeed, we will see in Chapter VII that
these two classes are the same.)

Theorem 3.1. If 2 is a domain of holomorphy in C™ then
— log(dist(z, 02))
18 a continuous plurisubharmonic function.

Proof. The function u(z) = —log(dist(z, d12) is continuous on {2. To prove it
is also plurisubharmonic we need the following lemma

Lemma 3.2. Let §2 be a domain of holomorphy in C™ and let K be a compact
set in 2. If f € O(f2) is a function which has the property that |f(z)] <
dist(z, 092) for any z € K then |f(2)| < dist(z,092), for any z € K.

Proof. If | f(2)| < dist(z,012) then |f(z)| < d,(2) for any multiradius r > 0
such that X7 =1 (cf. Section 1 for the definition of df,(z)). If ¢ € ]0, 1[ then
the set

D={weC"| |wj—z]| <trjlf(z)],j=1,...,n, z€ K}

is a compact set in 2. For any u € O({2) there is then a constant M such
that |u(w)| < M for any w € D, and by the Cauchy inequalities it follows
that

1
(3.1) |D“u(z)|t‘a|ra|f(z)|‘o‘|—‘ < M, foranyze K.
al

Since the function fl*/ D%y is holomorphic on 2, (3.1) still holds if » € Ko.
We have therefore proved that the Taylor series of v at any point ¢ € K 1o}
converges on the polydisc ¢ + |f(¢)|P(0,r). As £2 is a domain of holomorphy
this polydisc must be contained in {2, which implies that |f(¢)| < dist(¢, 042)
for any ¢ € Ko. |

End of the proof of Theorem 3.1. Fix points zg € 2 and w € C™ ~ {0} and
choose r > 0 small enough that D = {z + 7w | 7 € C,|7| < r} is contained
in 2. We set bD = {z0 + 7w | 7 € C,|7| = r}. Let f be a holomorphic
polynomial such that

(3.2) —log (dist(zp + 7w, d2)) < Re f(r) whenever |7| = 7.
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Consider a holomorphic polynomial F' on C™ such that F(zg + 7w) = f(7);
condition (3.2) can then be written as

leF(®)| < dist(z,892) for any z € bD.

By the maximum principle the holomorphically convex hull of bD relative
to {2 contains D. It then follows from Lemma 3.2 that

—log (dist(zp + 7w, d12)) < Re f(r) whenever |7| < 7.
Theorem 2.5 then implies that the function
7 — —log(dist(zo + Tw, 912))

is subharmonic on the open set of C on which it is defined. It follows that the
function — log(dist(z, d42)) is plurisubharmonic on (2. O

We now give some other conditions which are equivalent to the hypothesis
of Theorem 3.1.

Definition 3.3. Let {2 be an open set in C". For any compact subset K of {2
we define the psh-conver hull of K relative to {2 by

K?, = {2 € 2| u(z) < supy u,Vu € PSH(R2)}.
Remark. As f € O(£2) implies that |f| € PSH(£2) it is clear that K C Ko.

An analytic disc in C" is a non-constant holomorphic map ¢ : A — C"
where A is the unit disc in C. If ¢ can be extended continuously to A then

we will say that ¢(A) is a closed analytic disc and that ¢(9A) is the boundary
of the disc.

Theorem 3.4. Let {2 be an open set in C™. The following conditions are
then equivalent:

i) —log(dist(z,042)) is continuous and plurisubharmonic on (2.
ii) There is a continuous plurisubharmonic function u on §2 such that, for
any c € R,
N.={z€ 2| ulz) <c} e

iii) For any compact set K in {2 we have I??z € .
iv) Let (0a)aca be a family of analytic discs contained in £2. If|J,c 4 b € £2

then |Jyea 0o € §2. (This result is called the “Kontinuitdtssatz”.)

Proof. We prove first that i) implies ii). We set u(z) = |z|? —log(dist(z, 012)):
the function w is then continuous and plurisubharmonic on (2 by i) and it is
clear that it satisfies ii).
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Suppose that ii) holds. Let K be a compact set in D and let u be the
function whose existence is guaranteed by ii). Set ¢ = maxy u. Then u < ¢
on K¥, by definition of the psh-convex hull and hence

I?gc{zefﬂu(z)gc}@ﬁ.

Let us now prove that iii) implies iv). Let J be a closed analytic disc
in 2 and let v € PSH({2) be a plurisubharmonic function on f2. Consider a
parameterisation ¢ : A — {2 of §. The function u o ¢ is then subharmonic
and it follows that, for any z € A,

uwo(z) < sup uop(C).
CedA

It follows that, for any p € 9,

u(p) < sup u(§),
£€06

which implies that § C &5?3 It follows that if (dn)aca is a family of closed
P

analytic discs in {2 then (J,ec 4 0a C (Uqea 09a),, Which proves that iii) im-
plies iv).

We end by proving that iv) implies that the function — log(dist(z, 9£2)) is
plurisubharmonic. As in the proof of Theorem 3.1, fix points zg € {2 and w €
C™ \ {0} and choose r > 0 small enough that D = {zp + 7w | 7 € C,|7| < r}
is contained in (2. Let f be a holomorphic polynomial such that

—log (dist(zp + 7w, d12)) < Re f(r) whenever |7| =7,
or in other words
(3.3) le=(M| < dist(z9 + 7w, 2) whenever |7| = r.

We want to prove that this inequality still holds if |7| < r, which will
prove the subharmonicity of 7 — — log(dist(zg 4+ 7w, 842)), which in turn will
establish i). Consider a point a € C™ such that |a| < 1 and consider the map
7+ 20+ 7w+ ae~7(7) defined whenever |7| < r. We denote the image of this
map by D,. The sets D, are closed analytic discs in C™; moreover, bD, € {2
so D, € {2 for any a such that |a| < 1 by iv) applied to the family consisting
of the discs D,. Therefore,

204+ Tw+ae~ 7 € 2 whenever |a| < 1 and |7| < 7.
Letting |a| tend to 1 we get
le=/(M| < dist(zo + 7w, d2) whenever |7| <,

or in other words — log(dist(zo + 7w, 042)) < Re f(7) whenever |7| <r. O
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Definition 3.5. An open set {2 in C" is said to be pseudoconvez if one of
the equivalent conditions of Theorem 3.4 holds.

Definition 3.6. A continuous real-valued function ¢ defined on an open
set D in C™ is an ezhaustion function for D if for any ¢ € R the set
D, ={z€ D | ¢(z) < c} is relatively compact in D.

Remarks.

1) An exhaustion function ¢ has the property that ¢(z) — oo as z approaches
the boundary of D.

2) A domain D is therefore pseudoconvex if and only if it has a continuous
plurisubharmonic exhaustion function.

Corollary 3.7. If 2 is a domain of holomorphy in C™ then (2 is pseudocon-
ver.

Proof. This follows immediately from Theorem 3.1 and the definition of pseu-
doconvexity. O

Remarks.

1) The converse of Corollary 3.7 holds and will be proved in Chapter VII.

2) If 2 is a holomorphically convex set in C™ then it is clearly pseudoconvex
since for any compact set K in {2 we have K e K . By this method we
can reprove Corollary 3.7 using Theorem 1.13 instead of Theorem 3.1.

Theorem 3.8. Let (£2,)aca be a family of open pseudoconvex sets in C™.
The interior {2 of the intersection of the sets {2, is then also pseudoconver.

Proof. This follows from i) of Theorem 3.4 and the fact that the upper bound
of a family of plurisubharmonic functions is plurisubharmonic if it is contin-
uous. In our case,

—log(dist(z,02)) = sup — log(dist(z, 0£2,))
a€cA

is indeed continuous. (]

We will now prove that pseudoconvexity is in fact a local property of the
boundary.

Theorem 3.9. An open set §2 in C" is pseudoconvez if and only if every
point § € 2 has a neighbourhood Ue such that Us N (2 is pseudoconvez.

Proof. Necessity. Simply take Ug to be any convex neighbourhood of £ since
UeN {2 is then pseudoconvex because it is the intersection of two pseudoconvex
domains.

Sufficiency. We start by considering the case where {2 is bounded. Con-
sider a point £ € 042 and let Ug be a neighbourhood of £ such that Us N (2
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is pseudoconvex. The function —log(dist(z,d(Ue N §2))) is then plurisub-
harmonic on Ue N £2. As dist(z,0(Ue N 2)) = dist(z,092) for any z close
enough to &, there is a neighbourhood U of 9f2 such that the function
—log(dist(z,042)) is plurisubharmonic on U N §2. As the open set 2 is
bounded, 2 \ U is compact and the number m = sup . (— log(dist(z, 912))
is finite. It follows that

©(2) = max(— log(dist(z, 892)), |z|> + m + 1)

is a plurisubharmonic exhaustion function for {2 which implies that {2 is pseu-
doconvex.

If 2 is not bounded then we apply the above argument to the open
set (2, = 2N B(0,v) which is pseudoconvex because it is a bounded set
satisfying the conditions of the theorem. Since (2 is the increasing union
of the sets {2, the sequence of functions (—log(dist(z,df2,))) is a decreas-
ing sequence of plurisubharmonic functions which converges to the function
—log(dist(z,042)). This function is therefore plurisubharmonic. It follows
that 2 is pseudoconvex. O

Theorem 3.10. Let §2 be a pseudoconver open set in C" and let K be a
compact set in £2. For any neighbourhood U of KY, in {2 there is a function p
such that

i) p is strictly plurisubharmonic and C* on 2.
ii) p<0on K andp>0o0on2\U.
ili) For anyc e R, {z € 2| p(z) < c} € .

Proof. The key to the proof of this theorem is the construction of a continuous
plurisubharmonic function ¢ for which ii) and iii) hold. As the open set 2 is
pseudoconvex, it has a continuous plurisubharmonic exhaustion function 1.
After adding a constant to 1 if necessary, we can suppose that ¢» < 0 on K.
Consider the set K’ = {z € 2 | ¥(z) < 0}; the set K’ is then a compact
set in {2 because 1 is an exhaustion function. Since U is a neighbourhood
of K% for any z € K' N (2 \ U) there is a function ¢, € PSH({2) such that
p.(z) >0 and ¢, < 0 on K. Moreover, the regularisation theorem 2.19 says
that we can assume ¢, is continuous. As the function ¢, is continuous it is
strictly positive on some neighbourhood of z and by the compactness of K’
we can therefore find a finite number of strictly plurisubharmonic continuous
functions ¢1,..., N on §2 such that

max(¢1,...,on) >0 on K'N(N2\U)
and max(¢1,...,on) <0 on K.

The function ¢ = max(¥, ¢1,...,¢n) is then plurisubharmonic and continu-
ous on {2 and satisfies ii) and iii).

To get a C*° plurisubharmonic function p satisfying ii) and iii) we simply
apply the following lemma.
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Lemma 3.11. Let u be a continuous plurisubharmonic exhaustion function
on a domain 2 C C™. For any compact set K in {2 and any real number e > 0
there is a C*° strictly plurisubharmonic exhaustion function p on {2 such that

u< pon 2 and |p(z) —u(z)|] <e forany z € K.

Proof. For any j € N we set £2; = {z € 2 | u(z) < j}. Then 2; € 2 and,
adding a constant to u if necessary, we can suppose that K C (9. Fix an
¢ > 0. By Theorem 2.19 there is a sequence (u;);en of C*> functions on {2 such
that the functions u; are strictly plurisubharmonic on 219, u(z) < ug(z) <
u(z) + ¢ for any 2z € 27 and u(z) < u;(z) < u(z)+ 1 for any z € 2, j > 1.
It follows that u; —j+1 < 0 on £2;_2 and uj —j+1 > 0 on 2; \ 2,4
for any 7 > 2. Let x be a C* function on R such that x(¢t) = 0 for any
t < 0 and x(t),x'(t) and x"(t) are strictly positive for any ¢ > 0. Then
xo(uj—j+1)=0on {2;_5 and xo(u; —j+1) > 0on 2\ (2;_5. Calculating
the Levi form we see that x o (u; — j + 1) is plurisubharmonic on {2, and
strictly plurisubharmonic and positive on ﬁj N £2;_1. We then recursively
choose integers m; such that for any ¢ > 2, pp = uo + Zﬁ:z mjxo (u; —j+1)
is strictly plurisubharmonic on 2,. We have therefore constructed a sequence
of functions (pg)e>2 such that p, = up on 2y, pr > v and pg = pg—1 on 2y_s.
The function p = limy_., p¢ then has the required properties. O

Remark. It follows from Lemma 3.11 and the definition of pseudoconvex open
sets that an open set {2 in C" is pseudoconvex if and only if it has a C? strictly
plurisubharmonic exhaustion function. By the following Morse lemma every
open pseudoconvex set {2 in C" has a C? strictly pseudoconvex exhaustion
function p such that the set of its critical points, i.e. {z € 2 | dp(z) = 0}, is
discrete in (2.

Lemma 3.12 (Morse lemma). Let {2 be an open set in C" and let p be
a C? strictly plurisubharmonic function on £2. For any € > 0 there is then
an R-linear form L : C" — R such that max ccn =1 |L(2)| < €, the set
Crit(p+ L) ={z € 2 |d(p+ L)(z) =0} is discrete in {2 and p+ L is strictly
plurisubharmonic on (2.

Proof. Since p is C? the classical Morse lemma (cf. [Mi, §2, Lemme A], [Ra,
Appendix A] or [He/Le2], Appendix B) says that the critical points of p + L
are isolated for almost any R-linear form L : C* — R. For any € > 0 we can
therefore find an R-linear form L : C" — R such that max.ecn |21 |[L(2)] < &
and Crit(p+ L) is discrete. It follows from Definition 2.17 that p+ L is strictly
plurisubharmonic because the second derivatives of L are zero. O

Corollary 3.13. Under the hypothesis of Theorem 3.10 there is a func-
tion p such that i), @) and iii) of Theorem 3.10 hold and Crit(p) =
{z € 2| dp(z) =0} is discrete in (2.
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Corollary 3.14. If 2 is a pseudoconvex open set in C" and K is a compact
set in {2 then Kg = Kpm . In particular K is closed and 1is therefore
compact in §2.

Proof. Since IA(%OCOO ={z € 2| u(z) <supgu,Yuec PSH(2)NC>(£)} it is
obvious that I? P IA{ PAC™ - Consider a point z € 2\ I/(\' ; applying Theorem

3.10 to the compact set K and the neighbourhood U = 2\ {z} in KQ we see
that there is a function ¢ € PSH(£2) N C>({2) such that ¢(z) > 0 and ¢ < 0
on K% Tt follows that ¢(z) < 0 on K and hence z ¢ K%' O

Proposition 3.15. Let 2 be an open set in C™. If there is a continuous
plurisubharmonic function p defined on a neighbourhood Uy of the boundary
of £2 such that

N2NUsp ={z€Usp | p(z) <0}

then 2 is pseudoconver.

Proof. Consider a point £ € 912 and let € > 0 be small enough that B(¢,¢)
is relatively compact in Ugp,. By Theorem 3.9, it is enough to prove that
2N B(&,¢) is pseudoconvex. Consider the plurisubharmonic function defined
in some neighbourhood of 2NB(¢,¢) by
p(z) = max(|z — £] — €, p(2))-
Then ¢ =0 on 9(2NB(&,e)) and ¢ < 0 on 2N B(&,e). Let K be a compact
subset of 2N B(&,¢). Then supg ¢ = o < 0 and
K?ZOB(QE) - {Z €nNn B(f,E) | (p(z) < Oé} S QﬂB(ﬁ,&‘),

from which it follows that 2N B(&,¢) is pseudoconvex. O

We now give a characterisation of pseudoconvex domains with C? bound-
ary.

Theorem 3.16. Let 2 be an open set in C™ with C? boundary and let p be a
real-valued C? function defined on a neighbourhood Usgq of the boundary of £2
such that Usgo N 2 = {z € Usqn | p(z) < 0} and dp(z) # 0 for every z € 012.
The open set {2 is then pseudoconvex if and only if

(3.4) L.p(w) =0 for every z € 92 and w € TE(0S2),

where L,p(w) = Z?k 1 85282 (2)w;W, is the Levi form of p at the point z
and TE(002) the complex tangent space {w € C™ | ZJ 1 82 L (z)w; = 0}.

Proof. Let p; be another C? defining function for £2. We saw in Chapter II,
Lemma 8.2 that there is a strictly positive C! function h on 0f2 such that
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p1 = hp. A straightforward calculation then proves that, for any z € 92 and
w € TE(00),
L.pr(w) = h(2)L.p(w)

and hence (3.4) does not depend on the choice of defining function.

Necessity. Set p(z) = —dist(z,002) if z € 2 and p(z) = dist(z,02)
if z € C" \ 2. Since 012 is C? the function p is C? in a neighbourhood
Usg, of the boundary of 2. As 2 is pseudoconvex the function — log(—p) is
plurisubharmonic and C2 on {2 and hence

n

S (420 20 1P
P> 0z; 0Zk, p 0z;0Z

(2)|w;wy =0
Jik=1

for any z € Ugp N2 and any w € C™. If z € Ugp, N {2 and Z?Zl g—;;(z)wj =0
then

then implies that w € TC(042).

Sufficiency. We argue by contradiction. Suppose that {2 is not pseudo-
convex and let Uy be a neighbourhood of the boundary of {2 on which the
function p defined by

(2) = —dist(z,002) ifze€ 2
P = dist(z, 012) if ze C"\ 12

is C2. As {2 is not pseudoconvex there is a point & € 2 N Uy such that
the function —log(—p) is not plurisubharmonic at ¢ (cf. Theorem 3.9). This
means that there is a w € C™ \ {0} such that

2

0
= 5o log(—p(& + )xw))|/\=0 > 0.

Letting A tend to 0, Taylor’s formula says that
(3:5)  log(—p(& + Aw)) = log [p(€)] + Re(ad + BA%) +~|A[° +o(|A]?),

where a are § are constants (cf. Lemma 2.22). Choose n € C™ such that
In| = [p(&)] and € +n € 8R2. Set (s(A) = € + Mw + spe® P for any
0 < s < 1. By (3.5) there is a ¢ > 0 such that if |A\| < ¢ and 0 < s < 1 then

v

2

—p(& + Aw) — s|n| e}V
2 2

(&) (eYN1/2 — g)|ear A

dist(Cs(N), 802) >
(3.6) >
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and it follows that
dist(¢s(N),092) > 0, whenever 0 < s <1 and |A| <e

As (5(0) = €+ snp € 2 for any 0 < s < 1 we have (;(\) € 2 for any
0 < s <1 and |\ < e. Passing to the limit as s tends to 1 we get (;(\) € 2
whenever || < e. As € € Uy, diminishing € if necessary, we can assume that
(N € 2N Uyg for |A| < e and we then have p(¢1(N)) = —dist(¢1(N), 02).
It follows by (3.6) that

(3.7) —p(GL(N) = p(&) (/2 - 1)[e AN for A < e

The right-hand side of (3.7) is a strictly convex positive function of A on some
neighbourhood of 0. Since p(¢;(0)) = 0 the function —p o ¢; is strictly convex
at 0 and d(p o ¢1)(0) = 0. In particular

PpGN)| g OGO

a)\a)\ })\ 0 a O\ |)\ 0 =0.

Since (1(A) is a holomorphic function of A it follows that

n

Z zjﬁzk (& +nw;wr <0 and Z@ (E+nw; =0

which contradicts (3.4) because £ +n € 912. O

Definition 3.17. Let {2 be a relatively compact open set in C™ with C2
boundary and let p be a real-valued C? function defined on a neighbourhood
Uaq of the boundary of 2 such that Ugn, N2 = {z € Usq | p(2) < 0} and
dp(z) # 0 for every z € 912. We say that (2 is strictly pseudoconvez if

(3.8) L.p(w) >0 for any z € 2 and w € TE(952) ~ {0}.

Remark. Of course, condition (3.8) is independent of the choice of defining
function p.

Theorem 3.18. A relatively compact open set 2 in C" with C? boundary
is strictly pseudoconvex if and only if it has a C? strictly plurisubharmonic
defining function. If £2 is strictly pseudoconvex and p is a C? defining function
for 2, then the function p = e —1 is a C? strictly plurisubharmonic defining
function for large enough X.

Proof. Suppose that {2 has a C? strictly plurisubharmonic defining function p.
For any z contained in some neighbourhood of 92 and any w € C™ \ {0} we
then have L,p(w) > 0, so (3.8) holds.

Conversely suppose that (2 is strictly pseudoconvex. It will be enough
to prove that for large enough A the function p = e — 1 is strictly
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plurisubharmonic on some neighbourhood Us, of 912 since 2 N Usn =
{z € Usgp | p(z) < 0} and dp(z) = Ae”dp(z) # 0 for any z € 9f2. Then

p &p xo o, 1290p | Op
9,05 D) = Moo ) TN g, B, ()

It follows that, for any z € 02 and w € C",

(3.9) L.p(w) = AL p(w)+/\2)zn:@(z)w<‘2
. z z = 8ZJ J

Consider the set

n 32

Kz{(zw)E@QxC”Hw|—1andZa w]wk<0}.

2j0Z;

Since K is compact and (3.8) says that |}
(z,w) € K so if X is large enough then

i 162 (z)w;| > 0 for any

max L. < A min ’ —zw‘
max |Lzp(w)] Moin Z (2)w;

By (3.9) and Definition 2.17, 5'is strictly plurisubharmonic in a neighbourhood

Theorem 3.19. Let 2 € C" be a strictly pseudoconver open set with C?
boundary. There is then a neighbourhood Us of 2 and a C? strictly plurisub-
harmonic function p : Ug — R such that dp(z) # 0 for any z € 002 and

2= {zeUq| pl2) < 0}
and 002 ={z € U5 | p(z) = 0}.

Proof. By Theorem 3.18, the open set {2 has a C? strictly plurisubharmonic
defining function pg. In other words, pg is defined on a neighbourhood Uy,
of the boundary of £2, dpg(z) # 0 for any z € 912 and 2N Uy = {z € Usg |
po(z) < 0}. Let § > 0 be small enough that K5 = {z € Ugn | —0 < po(z) < 0}
is a compact set in Uyg, and choose a real-valued C*° function x on R such
that

x(t) = -3 for any t < =4,

x(0) =0,
d*x
ﬁ(t) >0 foranyteR

dx

d
an 7

—(t) >0 whenever —§ < t < 400,
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Define p; by p1 = —6 on 2~ K and p; = xopg on Ugp,. It follows immediately
from the properties of y that p; is a C? plurisubharmonic function on 2UUpg,
which is strictly plurisubharmonic on {z € Upgq | po(z) > —0}, dp1(2) # 0 for
any z € 0f2 and

N={2€ Uy | p1(z) < 0}.

It follows from Theorem 3.10 that there is a C* strictly plurisubharmonic
function ps on {2 such that 2, = {z € 2| p2(2) < a} € 2 for any a € R.
Choose 8 € R large enough that p; > —§/2 on 2 \ 23 and choose a real-
valued function 1 € C*°(C™) such that ¢ = 1 on some neighbourhood of 25
and 1 = 0 on some neighbourhood of C™ \ (2. Define ps by pa = 1ps on 2
and pa = 0 on C™ ~ (2. The function py is strictly plurisubharmonic on
some neighbourhood of 25 and hence p; + cps is strictly plurisubharmonic on
some neighbourhood of 25 for any ¢ > 0. As the function p; is also strictly
plurisubharmonic on Upg \{2g and p2 = 0 on Upg \ {2 the function p = pi+cpo
is C? and strictly plurisubharmonic on Ug = Usp U 12 for small enough c. For
small enough ¢ we also have 2 = {z € Ug | p(2) < 0}. Choose a positive C*
function ¢ on C™ such that 2 = {z € C" | p(2) = 0} (cf. Lemma 1.4.13
in [Na2], for example). Passing to a smaller Ug if necessary, the function
p = p+ e is then the function we seek provided ¢ is small enough. (]

Corollary 3.20. Let 2 € C" be a strictly pseudoconvex open set with C?
boundary. For any compact set K C 92 and any neighbourhood Uk of K
in C™ there is a strictly pseudoconver open set £2 with C? boundary such that

QUK CNCNUUE.

Proof. Consider an open set Ug and a function p for which the conclu-
sions of Theorem 3.19 hold. Choose a positive C*> function x with com-
pact support in Ug N Ug which is strictly positive on K. The set 2 =
{z € Uz | p(2) — ex(z) < 0} is then the open set we seek provided ¢ is small
enough. O

We will now study the link between strict convexity and strict pseudocon-
vexity.

Proposition 3.21. Any strictly convex domain 2 € C™ with C? boundary is
strictly pseudoconver.

Proof. This follows from the fact that a strictly convex C? function is strictly
plurisubharmonic. O

We now prove that the converse is locally true up to holomorphic change
of coordinates.

Lemma 3.22. Let V be an open set in C" and let p be a strictly convex C?
function on' V. We set D = {z € V| p(z) < 0}; for any compact convex set
K c DNV and any neighbourhood Ux of K there is then a strictly convex
open set 2 with C? boundary such that K C 2 cUgND.
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Proof. Since K is convex there is a strictly convex open set 2 with C> bound-
ary such that K € 20 € Ux NV. Let p; be a strictly convex C* function on
a neighbourhood Uy € Ux NV of 29 such that 2 = {z € Uy | p1(2) < 0}.
Since no point of the boundary of 2y is a local minimum of p; and p; is
strictly convex dp;(¢) # 0 for any ¢ € 962¢. It follows that if ¢ > 0 is small
enough then 25 = {z € Uy | p1(2) < e} € Uy. Choose C* functions f and g
from R to R such that:

of g 0 f ?g

— — >0— > — =

on (t) >0, 9t t)=>0 52 (t) > 0 and 52 (t) 20 forallteR,
—1<f®)<0ift<0, f(0)=0, and f(t)>0ift>0,

gt)=0ift <0, g(t)>0ift>0 and g(t)=1ift>e.

Set p(z,y) = f(x) + g(y) for any (z,y) € R?. The function ¢ is then a
convex C*® function on R? such that
dp

3}
%(x,y)>0 and a—i(:&y)}O on R?

o(z,y) > 0 if max(z,y —e) >0 and p(z,y) <0if 2z <0and y < 0.

The function 1(z) = ¢(p(2), p1(z)) is then a strictly convex C? function and
if 2 =1{z¢€U|¢() <0}then 22ND C 2 C 25N D and hence K C
2 C Ug N D. Since 1 is strictly convex and no point of the boundary of {2
is a local minimum of ¥, dy(z) # 0 for any z € 92 and it follows that 2 is a
strictly convex open set with C? boundary. O

Theorem 3.23. Let V be an open set in C" and let p be a C? strictly
plurisubharmonic function on V such that dp(z) # 0 for any z € T’ =
{z €V |pl) =0} Set D={z¢eV|plz) <0} Forany point{ € I
there is then a neighbourhood Us of § and a strictly pseudoconvex open set
with C? boundary, £2 € C*, such that

i) UseynD C 2CD. B
ii) There is a biholomorphic map h defined on a convex neighbourhood of {2
such that h(§2) is strictly convez.

Proof. By Theorem 2.23 there is a biholomorphic map h from a convex neigh-
bourhood Vg of £ in C" to an open set W in C" such that po h™! is strictly
convex on the open set W. Let U’ € W be a ball centred on h(§). By
Lemma 3.22 there is a strictly convex open set 2 with C? boundary such that
U nh(VenD) c 2 C h(Ve N D). Setting Ue = h=1(U’) and 2 = h=1(£2)
proves the theorem. O

Corollary 3.24. A relatively compact open set 2 in C™ with C? boundary is
strictly pseudoconvez if and only if for any point £ € 0f2 there is a neigh-
bourhood Ug of £ in C" and a biholomorphic map he defined on a convex
neighbourhood of Ug such that he(Ug N §2) is a strictly convex open set with
C? boundary.
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Proof. The condition is necessary by Theorem 3.23. It is sufficient by defi-
nition of strictly pseudoconvex open sets because condition (3.8) is invariant
under holomorphic coordinate changes. (Il

Remark. The above proves that strict pseudoconvexity is the locally biholo-
morphically invariant version of strict convexity. A counter-example by
J.J. Kohn and L. Nirenberg shows that there is no similar relationship be-

tween convexity and pseudoconvexity even in the case where the boundary is
assumed C? (cf. [Ko/Nil).

Comments

Historically, the characterisation of existence domains of holomorphic func-
tions started with the work of F. Hartogs and E.E.Levi at the beginning
of the century. The characterisation of such domains in terms of holomor-
phic convexity is due to H. Cartan and P. Thullen [Ca/Th]. Plurisubharmo-
nic functions were introduced by K. Oka and P. Lelong, who described their
main properties [Lell]. The plurisubharmonicity of the function —logdg,,
suggested by Hartogs [Har|, was proved by K. Oka [Ok], P. Lelong [Lel2] and
H. Bremermann [Br2]. Levi’s condition for domains of holomorphy was dis-
covered in 1910 by E.E. Levi [Lev] in the two variable case.

All the concepts and theorems presented in this chapter can be found
in most books on several complex variable function theory, such as [He/Lel],
[Ho2], [Kr], [Nal] and [Ra]. We follow Range’s presentation [Ra] closely for the
Cartan—Thullen theorem and holomorphic convexity; for plurisubharmonic
functions and pseudoconvexity we closely follow Hormander [Ho2] and we
closely follow Henkin and Leiterer [He/Lel] for strictly pseudoconvex domains
with C2 boundary.






VII

The Levi problem and the resolution of 8 in
strictly pseudoconvex domains

This chapter is devoted to solving the Levi problem — or in other words, to
proving that any pseudoconvex open set in C™ is a domain of holomorphy. We
proceed by studying 9 in pseudoconvex open sets using local integral representa-
tion formulas for strictly pseudoconvex domains and then applying H. Grauert’s
bumping technique.

We start by studying the Cauchy—Riemann equation in bounded strictly
convex domains with C? boundary in C". Using the Cauchy-Fantappié formula
introduced in Chapter V, we prove that the solution is Holder continuous of order
1/2 if the data is continuous on the closure of the domain. This result together
with the fact that locally strictly pseudoconvex domains with C? boundary are
the same thing as strictly convex domains enables us to prove a finiteness result
for certain O-cohomology groups using functional analysis techniques. In Sec-
tion 4 we develop Grauert’s bumping method and show that these 9-cohomology
groups are isomorphic to the Dolbeault cohomology groups defined in Chapter I1I.
And finally, a result of Laufer’s presented in Section 5 proves the vanishing of
Dolbeault cohomology groups on bounded strictly pseudoconvex open sets with
C? boundary in C". Section 6 is devoted to the construction of a global inte-
gral formula for solving 0 in bounded strictly pseudoconvex open sets with C2
boundary in C". We finally solve the Levi problem in Section 7. The last section
then generalises the above results to complex analytic manifolds. We get a char-
acterisation of Stein manifolds in terms of pseudoconvexity and prove vanishing
theorems for Dolbeault cohomology with compact support which, together with
the cohomological results in Chapter V, enable us to give geometric conditions
which imply the existence of extensions of CR functions.

1 Solving @ with Holder estimates in strictly convex
open sets

Let D be a bounded strictly convex open set with C? boundary in C". There

is then a real-valued C2 function p on C" such that

D ={zeC"|p(z) <0}, dp(z) #0 for any z € 9D,

2n
92
and Z aip(Z)tjtk P oz\t|2 for any z € D and t € R?",
k

s

C. Laurent-Thié¢baut, Holomorphic Function Theory in Several Variables: An Introduction,
Universitext, DOI 10.1007/978-0-85729-030-4_7, © Springer-Verlag London Limited 2011
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where « is some strictly positive real number and the coordinates =; = x;(2)
are the real coordinates of the point z € C™ such that z; = z;(z) + i 4n(2).
As we saw in Section 3 of Chapter V, the function

9 O
¢y 7 9C,

is a Leray section for the open set D. Since D is strictly convex we have the
following, more precise, estimate:

w(2,0) = (52 5-(0)

Lemma 1.1. There is a neighbourhood Ugp of the boundary of D and there
are strictly positive real numbers € and 3 which have the property that, for
every ¢ € Uspp and z € C™ such that | — z| < &,

(1.1) 2Re(w,(¢), ¢ — 2) = p(Q) — p(2) + BIC — 2.

Proof. Let x; = z;(¢) be the real coordinates of {( € C™ such that ¢; =
2;(¢) + j4n(¢). Then

2Reuy(€), ¢ Rez (320 = i52=(0) (¢ = 2) + my10(c = 2)
2n
N9 vae -

The Taylor—Young formula then says that

p(2) = p(¢) — 2Re(w, (¢) Z amjaxk 25(¢ = )21 (¢ ~ 2)

+O(|C - Z|2)a

which implies that for small enough ¢ and for ¢ contained in some neighbour-
hood Ugp of 0D,

« .
2Re(w,(Q), ¢ = 2) 2 p(Q) — (=) + FIC — 2P, |G =2/ < e
since p is strictly convex. (]

In Chapter V, we proved the following theorem.

Theorem 1.2. Let D be a bounded conver open set in C™ with C? boundary
and let p be a C? defining function for D. For any continuous differential
(p,q)-form f on D such that Of is also continuous on D, 0 < p < n and
0<gs<n,

f=Lf+T70f onD ifqg=0

f= 6Tpf—|— q+1af on D if 1 <qg<n,
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where Lf = chaD F(OANKYe(-,¢) and

FQAB(.Q)).

¢ceb

P £ _— (_1)\pta nve ..
=y HOAKT G+

In particular, if Of =0 and ¢ > 1 then u = TPf is a solution of the equation
Ou = f on D. Moreover, if f is C¥ on D then u = TPf s Ckte on D for
every a € )0, 1[.

The estimate given in Lemma 1.1 will provide us with an estimate for the
order 1/2 Holder norm of solutions of & on strictly convex domains with C?
boundary.

We proved in Chapter III, Proposition 2.1, that if D is a bounded open
set in C™ and f is a bounded differential form on D then the function

Bpf = FOAB(,C)

¢eD

has the property that _
|BDf‘(x,D g Coz|f|0,Da

for any a € ]0, 1[. We still have to deal with the quantity
Ropf = / FONKT"(CA).
(¢,\)€edD x]0,1]

Lemma 1.3. Let D be a bounded open set in C" with C' boundary and let
Usp and Uy be neighbourhoods of 0D and D respectively. Let w(z,¢) =
(w1(2,€), ..., wn(2,¢)) be aC' map from Ug x Ugp to C™ with the following
properties:

i) w(z,() depends holomorphically on z in Up and dcw(z, () therefore also

depends holomorphically on z in Up,

ii) w(z,¢) is a Leray section for D,
iii) for any point & € dD there is a neighbourhood Ug of & and real-valued C*
functions t1(2,¢), ..., tan—1(2,C) defined for any z and ¢ in Ue such that
a) for any z € U the functionst1(z,-), ..., tan—1(2,) are real coordinates
on 0D NUg,

b) there is a 0 > 0 such that, for any z € DN U and any ¢ € 0D N U,

(1.2)  [w(2,0),¢ = 2)| = 8(Jt1(z, Ol + [t(z, O + dist(z,0D)),

with [t(z, Q)2 =377 [t;(2,Q)? and dist(z,0D) =inf{|z—x|,x € OD}.
There is then a constant C' such that for any continuous differential form f
on D

|R5p fli/2,0 < C|flo,p-



150 VII The Levi problem and the resolution of &

Proof. Note that if n = 1 then R4, = 0. Assume from now on that n > 2
and set &(z, () = (w(z,(),( — z). The determinantal expression then gives us
that

(1.3)  (2im)"Rgp f(2)

- / FO A det (1(2,CA), (B + da)n® (2 ¢ A)) Aw(C — 2)
(¢,\)€dD x[0,1]

1,n—1
where ) _
nY(z,A) = (1 —A + A
BN =0 M50 A e—p
and
det (ay,...,am) =det(ar,...,a1, .., Qmy---,0m).
S$1°"Sm ——— —_——
S1 Sm

For simplicity, we assume that f has bidegree (0, q); we can therefore replace
w(¢ — 2) by w(¢) in (1.3). By hypothesis i), d,w = 0 and 9,9 = 0 so that

— (—% 0, 0P
(dx + 02,00 (2,C, ) = (KCZZ|2 - S)i+ =N (5 - 25
dC—dz (-7 D.¢¢—2)?

A - .

MeE e )

Developing the determinant in (1.3), we get

Ryp f(2)
n—2 - = =
w (—%Z Ocw d(—dz
= FONY ps  det —, , , AdANw(()
/(g,/\)ean[o,u ;0 Lln—s=2,s (Qj =22 @ "|¢— Z|2)

where the functions ps are polynomials in A. Integrating with respect to A
gives us that

n—2 = _ = = .
i)=Y 4, /C £(0) n dtLnmec2s (W€ = 2 0w dg = d2) |y
s=0

con = TIC 2P

The coefficients of the differential form R, f are therefore linear combinations
of integrals of the following form:
(1.4) B(2) :/ iy A dE; A w(0),

oD @n—s—lK _ Z‘25+2 j#m

where 0 < s <n—2 and 1 < m < n, the function f; is one of the coefficients
of f and ¢ is a product of functions of type wj, Zj —Zj or Ow; /0, j, k =
1,...,n. As 1 contains at least one factor of the form Zj — Zj, there is a
constant C such that |[¢| < C1|¢ — z|.

To estimate the integrals appearing in (1.4) we use a lemma due to Hardy
and Littlewood.
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Lemma 1.4. Let D be a bounded domain in R™ with C' boundary and let
g € CY(D) be a function such that

|dg ()| < Cyldist(x, D)7,

where Cy is a positive constant and o € 0,1[. Then g € A*(D). Moreover,
there is a compact set K in D and a constant C' > 0 depending only on D
and o such that

|9]a,p < C[Cy + |9]K]-

Proof. Let us start by proving the following result:

There is a real number e € ]0, 1] with the property that if g

is any C! function on D such that |dg(z)| < Cy[dist(z,0D)]*~!
then [g(z) — g(y)] < CCylz — y|*

for any x,y € D such that |z —y| < ¢

(1.5)

Since 9D is C!, there is a sufficiently small ¢ > 0 and a constant C’ > 0
such that for any x,y € D which have the property that dist(xz,dD) < e,
dist(y,0D) < € and |z — y| < € there is a C! function v, 4 : [0,3|z — y|] — D
such that

Vay(0) =2, 7y Bz —yl) = v,

]%%,y@) <C' forany A € [0,3z — yll,
A if A € [0, 2 — yl,
dist(vs,y(A), 0D) = < |z — y| if A € [lz —yl, 2]z —yl],

Bl —y|— A if Xe 21z —y|, 3z —yl].

We therefore get
Blz=yl 4
o) =gl =] [ F5o0es )
3lz—y| d
<[ oy | G50y
3la—y|
<c / dg (2. (X)) dA

|z—y| 2|z —y|
<c'e, [/ AOLdN 4 / lz — y[o~LdA
0 |

z—y|

3lz—y|
+/ (3lz —y| — A)* " tdA
2

|z—y|

< (2 +1)CCyl — gl
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We set K = {x € D | dist(z,0D) > ¢/2}. The set K is compact because D is
bounded. Moreover, as g is C!, for any z,y € K and |z — y| < ¢,

lg(z) —g(y)| < C"|x —y| < C"|z —y|* for any e < 1

which proves (1.5). It then follows from (1.5) that |g|p < |g|x +CCye® < +00
and hence if |z — y| > ¢ then

lg(z) — g(y)|

(16) Ayfay) = S

< 2[glpe™.

It follows from (1.5) and (1.6) that

sup Agy(z,y) < max(CCy,2|g|pe™ )
x,yeD

and the lemma follows. |

End of the proof of Lemma 1.3. By Lemma 1.4 it is enough to prove that for
any j=1,...,nand z € D,

}6E/8zj(z)|

(L.7) and |0E/0z;(z)|

} < Clflo,p[dist(z,0D)] /2,

where C' is a constant independent of z € D and f. We have

o ¥ 90/0z, (n— s — 1)(98/0z,)0

aizj@nfsflm‘ — 22 T sl — 2542 gns|¢ — 2252

(s +1)(¢; —Z)¥

- (pnfsflK _ 2‘25+4

and since 09/0%; = 0,
0 ¥ 9/ 0z; (s + DG = 2)¢

a?j,@nfsflk‘ — z[2s+2 = Pn—s—1|¢ — 22542 Pr—s—1|( — z[25+4

As v /0z;,00/9z; and 0y /0z; are bounded for (z,{) € D x dD and [¢| <
C4]¢ — z|, there exists a constant Cy such that

o 1 L1
82’]‘ @n—s—l‘c _ Z|2S+2 |¢|n—s—1|<‘ _ z|28+2 ‘¢|n—s‘<‘ _ Z|2s+1

5% 7= <
0z Pr—s—1|( — z|2s+2 = |@|n—s—1|¢ — Z|23+2'

<

We can therefore find a constant C3 such that 0E/0z;(z) and 0E/9%Z;(z)
are bounded by

doon—_1 doon—1
1.8 C / +/ s
18)  Cilflon| | Grmne e ), @

where dog,_1 is the volume form on 9D.
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Let us prove that for any £ € 9D there is a neighbourhood Ug of £ and a
constant C¢ such that, for any z € D N Uk,

d02n—1 . —1/2
1.9 / < C¢[dist(z,0D /
(9 o, [BoIC — 2ot < Celistz D)

den—l . —1/2
1.10 / < Celdist(z,0D)] /2.
(1.10) opnue P[5 7HC — 2?12 eldist( )

We start by proving (1.9). Fix £ € dD and consider a neighbourhood Ug
of £ and coordinates t1(z, (), . .. ,tan—1(2, () such that condition iii) of Lemma
1.3 holds. Let ¢(z,¢) be the function defined for any z € Us and any ¢ €
0D N Ug with the property that, for any z € Uy,

dogn_1 = 90(757 Odﬁtl(zv C) ARERNAN dét2n—1(zv C)

There is a v > 0 such that | — z| > ~|t(z,()| for any z € Us and any
¢ € 0D N Ug, and hence for any z € D N Ug

/ doon—1

opnue |P"75(¢ — 2]+

o 1 / o(z,Q)dct1(z,¢) A+ Adetan—1(2,Q)
S0y Japaue (2, C)] + |t(z, )2 + dist(z,0D))" " Jt(z, O) |25+

Restricting Ug if necessary, we can find constants I' and R such that
lo(2,¢)| < I' for any z € Ug and ¢ € 0D NUg and for every z € Ug the surface
0D N Ug is mapped by the diffeomorphism ¢ +— (tl(z,C), ooy ton—1(2,0)) to
an open set in the ball of centre 0 and radius R in R?"~!. Then

/ doan—1
apnue |P["75¢ — 2[5!
< r / d.’ElA"'Adl'Qn,l
X 5n—s,y2s+1 reR2"—1 (|$1| + |x|2+diSt(Z,8D))n_s|x‘28+l

|lz|<R

but now
(\x1| + |z|? + dist(z,aD))n_s|a:|25le > (|a:1| + |z|? + dist(z,@D))2|x|2”73

and it follows that

doon—1
(1.11) / —
opnue [P 5[C — 2[2
< I / da:l /\"'/\dl‘gn_l
RS 5n75725+1 x‘eﬁinlgl (‘371‘ + |$|2 +diSt(Z,aD))2|x|2n_3'
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Similarly, to prove (1.10) we start by proving that

doan—1
(1.12) / —
oprue [P[" 5T — 2[5 F2

<;/ dri N+ ANdxo,—1
T gn—s—ly2s42 a:elR2" ! (|:c1| + |x|? + dist(z, 8D))|x|2”*2'

We now only have to estimate the right-hand sides of (1.11) and (1.12) to
complete the proof of (1.9) and (1.10).

Lemma 1.5. Consider numbersn > 1 and R > 0. There is a constant C' > 0
such that, for any e > 0,

1) / d.fl Ao A dxn < 05_1/2
R™ 2 2| p|n—2 ’
ecs (al + o7 + <Pl

dry N---Nd
T
AT x| + |x]? +¢)|z

Proof. Let us prove i). Forn =1,

d B 2zd
/ 233 ST g/ %\C’Dloge<Cs
lzl<r (2] + [2]* +€)?|z| 0o 2+

For n > 2 we set 2’ = (9, ...,z,) and integrating with respect to the vari-
able x; then gives us

/ drxi N\ Ndxy, <C / dxo N -+ Ndxy,
X 1
lej<r ([21] + |2|* + €)?[z|"~2 w|<r (€4 |22 2

don—
Cl/ dT/ 02 2 2
|/ |=r (e 4+ r2)rn—

R
< Cz/ dr S < Ce M2
0 eE+r

Let us now prove ii). We have
/ dxi N\ -+ Ndxy, < / dxi N\ -+ ANdxy,
|x|<R(|$1|+|$|Q+€)\$|” U Jieigr (22 +5)|x\" '

dgn 1
d
/ ’r~/|z—r —|—T‘2 rn— 1

R
< Co/ dr S <Ce V2, O
0 e+r
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End of the proof of Lemma 1.8. For any £ € 0D let Ug be a neighbourhood
of ¢ such that (1.9) and (1.10) hold for any z € Us N D. If Ve € Ue is a
neighbourhood of £ then the integrals

/ doon—_1 and / doan—1
aD~U, |P["5[¢ — 2| H1 ap~U, |P["757H( — 2|?s+2

are clearly bounded on Ve N D and it follows that, for any z € Ve N D,

dogn— . _

(1.13) /aD \Q5|nfs|g— «13|2s+1 < Ce[dist(z,0D)] 71/
do’2nf . —

(114) /BD |¢|n—371|< jZ|2s+2 < Cg [dISt(Z’ aD)] 1/2'

Since 0D is compact there is a neighbourhood V' of 0D such that the left-
hand sides of (1.13) and (1.14) are bounded by C[dist(z,dD)]~/? for any
z € VN D. As these two integrals are bounded on D \ V this completes the
proof of the lemma. O

Theorem 1.6. Let D be a bounded strictly convexr domain with C? bound-
ary in C". There is then a constant C > 0 such that, for any continuous
differential form f on D,

(1.15) IRoh.f + §Df\|1/2,p < C|flo.p-

In particular, if f is a continuous differential (p,q)-form on D where 0 <
p<mn and 1 < g < n such that Of = 0 then the solution of the equation
ou = f given on D by u = (—1)P*U(Ry?, f + Bpf) has the property that

(1.16) luli/2,0 < C[flo,p-

Proof. By Theorem 1.2 and Lemma 1.3, (1.15) will be established if we can
prove that the Leray section w, associated to the domain D verifies the hy-
potheses of Lemma 1.3.

Let p be a strictly convex defining function for D on C™. The function

ap ap
96 (@ 5 ()

is then a Leray section for D so ii) holds. The section w, is independent
of z, so i) also holds. It remains to prove iii). Let the coordinates z; = x;(()
be the real coordinates of ( € C™ such that {; = x;(() + ixj1n(¢). Set
t1(2,¢) = Im(w,(¢),{ — 2). Then

w,(2,0) = (

020 = 3 5 [FQrsanlc = 2) = oo (Qhalc =)
dp
B Gachrn

and  deti(2,0)]. =Y % {anj(z)de"(z) () ()]
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But now dct1(27C)|C:Z Adp(z) # 0 for any z € 9D because the coeffi-

cient of dz;(z) A dxjin(z) in the differential form dctl(Z,C)|C:Z/\dP(Z) is
7%((%(2))2 + (%(z))z), which cannot vanish for all j = 1,...,n be-

cause dp(z) # 0. Choose a point £ € dD. We can then find a neighbour-
hood U of £ and C! functions t,...,tan_1 on Ue such that for any z € Ug
the functions (¢1(z,-),t2,...,t2n—1) are local coordinates on 0D N Ug. Set
ti(2,¢) = t;(¢{) — t;j(z) for any 2,{ € Ug and j = 2,...,2n — 1. For any
z € Ug the functions (t1(z,-),t2(z,),...,tan—1(2,)) are then local coordi-
nates on 0D N Ug. We now prove (1.2). Since ¢;(z,2) = 0, on restrict-
ing Ug it follows from Taylor’s formula that there is a d; > 0 such that
|¢ — 2| = 81]t(2,¢)| for any z,¢ € Ue. After again restricting U, Lemma 1.1
implies that there is a d2 such that, for any z,¢ € U,

2|(w,(€), ¢ = 2)| = 82 (Ita (2, Q) + p(C) = p(2) + [t(C = 2)[),

which proves (1.2) since p = 0 on 9D and on restricting Us we can assume
there is a d3 > 0 such that —p(z) > d3 dist(z,dD) for any z € DN Uk. O

We end this discussion by proving — using a counter-example of E.M. Stein
— that the order 1/2 Holder bound proved above cannot be improved.

Let D = {(z1,22) € C" | |21]*> 4 |22]* < 1} be the unit ball in C%. Let log
be the branch of the logarithm defined on C \ R* with argument between 0
and 2m. We set

dzo
f(Zl,ZQ) = log(zl - 1)
0 if (21722) = (1,0).

if (2:1,22) (S E N {(1,0)}

This is a C* differential (0, 1)-form on D ~\ {(1,0)} since log(z; — 1) does not
vanish if z; ¢ (1, +00). Moreover, f is continuous on D because |log(z; — 1)]
tends to oo as z; — 1 and the fact that the function z — 1/log(z; — 1) is
holomorphic on D implies that Of = 0 on D. We will prove that if o >
1/2 then there is no function u defined on D such that du = f on D and
|t|a.p < +00. Suppose that u is a solution of the equation du = f such that
|ula,p < +o00. Since d(Z2/log(z1 — 1)) = f, the function u — z3/log(z; — 1)
is then holomorphic on D. Let € be a real number such that 0 < 2¢ < 1; the
circles

{(21,22) €C? | 21 = 1 — ¢, |22| = VE}
and {(21,20) €EC? | 21 = 1 — 2¢, | 2| = VE}
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are then contained in D. Applying Cauchy’s theorem to the function zy —
u(z1, 22) — Z2/log(z1 — 1) on each of these circles, we get

oy N
/ u(l —e,22)dze = / F207 _ _AmE
|22 |=v/E |22 =yz 10g(—¢)  log(—e)

Zodzo 2ime
and / u(l — 2e,29)dzg = / = .
PAENG 2=z 108(—2¢)  log(—2e)

Since |u|q,p < +00 there is a constant C' > 0 such that, for any e satisfying
0<2 <1,

1 1
log(—¢)  log(—2¢)
But now log(—¢) = Log|e| + im and log(—2¢) = Log2 + Log |e| + im and it
follows that Log2 < Ce®~1/2|log(—¢)log(—2¢)|, which is impossible.

Using Corollary 3.22 of Chapter VI, Theorem 1.6 gives us a local resolution
result for bounded strictly pseudoconvex domains with C? boundary.

< Ce*1/2,

Corollary 1.7. Let 2 be a bounded strictly pseudoconvex open set with C?
boundary in C" and let f be a differential (p,q)-form where 0 < p < n and
1 < ¢ < n which is continuous on {2 and 0-closed on (2. For any & € 012

there is then a neighbourhood Ue of & in C", a differential (p,q — 1)-form
ug € A;{(f_l(Ug N$2) and a constant C¢ > 0 such that dug = f on U¢ N 2 and
luel1 /2,000 < Celflo.o-

Proof. If £ € 082 then Corollary 3.24 of Chapter VI says that there is a
neighbourhood Ug of  in C™ and a biholomorphic map h¢ defined in a neigh-
bourhood of U such that he(Ug N 2) is a bounded strictly convex domain

with C? boundary. If we set ug = hZThg*f, where T = Rgﬁ(Ung) —&—Eh(Ust),
then u¢ has the required properties by Theorem 1.6.

2 Local uniform approximation of d-closed forms in
strictly pseudoconvex domains

We start by proving that any holomorphic function defined in a neighbourhood
of some compact convex set in C™ can be uniformly approximated on this set
by holomorphic functions on C™.

Proposition 2.1. Let K be a convex compact set in C™ and let V' be a neigh-
bourhood of K. If 0 < p < n then any holomorphic (p,0)-form on V' can be
uniformly approximated on K by holomorphic (p,0)-forms defined on C™.

Proof. Since K is a compact convex set in C™ and V is a neighbourhood of K
there is a convex open set D with C2 boundary such that K C D € V and
D = {z € C" | p(z) < 0}. Here, p is a C? convex function on C" such that
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dp(z) # 0 for any z € C™ . D. Let h be a holomorphic (p,0)-form on V,
set Do = {z € C" | p(2) < a} and let ap be the supremum of the set of
real numbers o € R such that i can be uniformly approximated on K by
holomorphic (p, 0)-forms defined on D,. Since K C D € V we know that
ag > 0.

We start by proving that ay = +o0co. Argue by contradiction and sup-
pose that oy < +o0o. For any o > 0, consider the Leray section w,({) =
(%(C),...,%(Q) for D,. The function @(z,¢) = (w,(¢),{ — z) is then
holomorphic with respect to z on C". Let § > 0 be a sufficiently small real
number: by definition of ap, the (p,0)-form h can be uniformly approxi-
mated on K by holomorphic (p,0)-forms defined on some neighbourhood of
Dyy—s. It will be enough to show that any holomorphic (p,0)-form defined
on a neighbourhood of D,,_s can be uniformly approximated on K by holo-
morphic (p, 0)-forms defined on D, +s. If f is a holomorphic (p, 0)-form on a
neighbourhood of D,,_s then

1! G re@
10 =Ty, SO g e € D

by Leray’s formula. Since 0D,,_s is compact, to construct the required
approximating form it will be enough to prove that for any given point
&o € 0D, 5 the function 1/$(z, ¢) can be uniformly approximated on K x Vg,
by functions which are holomorphic in z on D5, where Vg, is some neigh-
bourhood of & in 0D,,—s. Fix a point & € 0D,,—s and choose a finite
number of points &1, . .., & such that

ap — 0 =p(&) < - <p(€) =a0+3
and sup |1 — 2z, 531‘<1 forany j =1,...,k.
zeK @(
Wenotethatif|1f€p ’g°)| < 1for any z € K then sup, g |1— f:((;é)| <r<l1

for any ¢ in some nelghbourhood Ve, of &. Then, for any ¢ € Vg,

1 i SEE
4’)(2,() 51 SZ[ 51)}

where the above sum converges uniformly on K x Vg, and

Mg

1 _ [ D(z SJ 1)]
826 1) Bz sj 2 (=)

where the above sum converges uniformly with respect to z on K. It follows
that the function 1/®(z,() can be uniformly approximated on K x Vg, by
polynomials in &(z, (), P(z,&1),...,P(z,&k—1) and 1/P(z, &), all of which are
holomorphic functions on D, 4s. After integrating over 9D,,_s using a finite
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partition of unity subordinate to a finite cover of 0D,,_s by open sets of the
form Vg, we get a uniform approximation of f on K by holomorphic (p, 0)-
forms on D, 1s. It follows that ap = +o0.

To complete the proof it remains to show that for any € > 0 there is a
sequence of holomorphic (p,0)-forms g; defined on D; 1y, j = 0,1,..., such
thatgozh,D:DOCVand

€ :
ZSGUSJ_ 19i(2) — gj+1(2)| < oif1 forany j=0,1,...

Indeed, the sequence (g;)jen would then converge uniformly on all compact
sets in C™ to a holomorphic (p, 0)-form g on C™ such that supy |h—g| < e. To
construct this sequence, assume g, . .., g already constructed (for &k = 0 we
have go = h): since Dy is compact and convex the above method proves
that there are holomorphic (p,0)-forms giy; defined on Djyyo such that
lgk(2) — gra1(2)] < g/2FFL for any 2 € Dy,. O

Theorem 2.2. Let D be a bounded strictly convex open set with C? boundary
in C". If K is a compact set in D then every O-closed differential form on D
which is continuous on D is a uniform limit on K of continuous O-closed
differential forms on C™.

Proof. After translating if necessary, we can assume that 0 € D. Let A > 1
be a real number and set Dy = {z € C" | z/\ € D}. The set D, is then a
bounded strictly convex open set with C? boundary in C" which contains D.
If f is a O-closed differential (p, ¢)-form on D which is continuous on D, where
0 < p, ¢ < n, then we set fy = @} f, where ¢, is the homothety of ratio 1/A.
The function fy is then a J-closed differential (p,q)-form on Dy. Fix ¢ > 0
and choose A > 1 such that

(2.1) sup f — fl < 5.
D

Suppose initially that ¢ = 0. The holomorphic (p,0)-form fy is defined
on D,, which is a neighbourhood of the compact convex set D. By Proposi-
tion 2.1, there is a holomorphic (p, 0)-form g on C™ such that

€
(2.2) sup|fin —g| < 7
D

It then follows from (2.1) and (2.2) that supy |f — g] < €.

If ¢ > 1 then there is a form uy € Cp ,_1(D(x41)/2) such that duy = fx
on Dyy1)/2 because D(yy1)/2 is a bounded strictly convex open set with C?
boundary contained in Dy (cf. Th.1.2). Since D(511)/2 contains D we can
find a C* function x with compact support in D(y1)/2 which is equal to 1
on D. We then set g = dx ux and by (2.1) we have supg |f —g| < § <e. O
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Corollary 2.3. Let {2 be a bounded strictly pseudoconvex open set with C?
boundary in C*. For any & € 02 there is a neighbourhood U of £ in C"
such that any continuous differential form on Ug N §2 which is 0-closed on
Ue N 02 is a uniform limit of continuous 0-closed differential forms on C™ on
any compact set in 2N Ug.

Proof. This follows immediately from Theorem 2.2 and Corollary 3.24 of
Chapter VI. O

3 Finiteness of Dolbeault cohomology groups of strictly
pseudoconvex domains

The aim of this section is to deduce finiteness theorems for certain groups
of 0-cohomology from local resolutions of & with Holder estimates. To do
this we will need some ideas and results from functional analysis which are
summarised in Appendix C.

Let D be a bounded open set in C™*. We consider the Banach spaces
C (D) of continuous differential (p,q)-forms on D and the Banach spaces

A},{(?(D) of Holder continuous differential (p, ¢)-forms of order 1/2 on D

(cf. Chap. IIL, §2). We set AL/ (D) = 0 and if ¢ > 1 we let F./* (D)

p,q—1
be the domain of definition of 9, considered as an operator from Al/ > (D)

p,q—1
to C) (D), i.e. the subspace of differential forms f € A;’/;fl(D) such that the

distribution Jdf is continuous on D and has a continuous extension to D. We

set El/z( D) = o( ;/qz 1(D)). We let Z) (D) be the subspace of differential

forms f € C) (D) such that f = 0 on D — this is a closed subspace of the
Banach space CJ (D). And finally, we let H{"{ ,(D) be the quotient space

0,1/2
- 1/2
70 (D)/E}; (D).

Proposition 3.1. Let D be a bounded strictly pseudoconvex open set with C?
boundary in C™ and let p and q be integers such that0 < p<n and0 < g < n.
The following then hold:

i) there are continuous linear operators TP from Cp (D) to /111)/(]2 1(D) with

the property that, for any f € Cy (D) such that 6f e, (D),
(3.1) f=0TPf + q+13f+Kpf,

where K is a compact operator from CO ( ) to itself.

i) ifg>1 then 6Tp defines a continuous lmear operator from Zg,q(ﬁ) to
itself whose image has finite codimension.

iii) the space E;/(f(D) is a closed subspace of finite codimension in Z) (D).
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Proof. By Corollary 3.24 of Chapter VI there is a finite cover of D by open
sets Uy, ..., U, in C" such that for any j = 1,..., m there is a biholomorphic
map h; defined on a neighbourhood of U; such that h;(U; N D) is a bounded
strictly convex open set with C? boundary. It then follows from Theorems 1.2

and 1.6 that we can find continuous linear operators (77);, j = 1,...,m, from
Cy (D) to A;/; 1(U;N D) such that, for any f € C) (D) and df € C q+1(ﬁ)
(3.2) f=0(T);f + (TF,1);0f onU;ND.

Choose C* functions (¢;)j=1,..,m with compact support on C™ such that
D Nnsupp ¢; EUj and Z;":l pj=1on D and set TP f = Z;"Zl @i (TP);f for
any f € C) (D). This defines a continuous linear operator from CO (D) to
AYZ (D) such that

p,q—1
f=0TPf+TF Of — Z&p] )jf on D.

Set KPf = — Em Opj A (TP);f for any f € C) (D). The operator K? thus
defined is a continuous linear operator from CO ,(D) to /111,/112 (D): by Ascoli’s

theorem it therefore defines a compact operator from CO ( ) to itself and i)
follows. Moreover, K? sends Z0 (D) to itself. Indeed, 1f f € Z) (D) then

_5( >0 A (Tf)jf) = 0 NO(TD); f
j=1 j=1

Z&pj Af by (3.2)since f € Z) (D)
j=1

OKP f

=0 since 327, p; =1on D,

By (3.1) we know that 077 = I — K? on Z) (D) for any ¢ > 1 and as K?
is compact the image of I — K? has finite codimension in Z3 (D), which
proves ii).

Condition iii) follows from Proposition 4 of Appendix C because E;,/qQ(D),
which is the image under 9 of Fp1 {12 1(D), is of finite codimension because it
contains the image of JT7. (]

Corollary 3.2. If D is a bounded strictly pseudoconvexr open set with C?
boundary in C" then

dlmHO f/Q(D) < 400 whenever 0 <p<nandl <qg<n.
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4 Invariance of Dolbeault cohomology under strictly
pseudoconvex extensions

Using Grauert’s Beulenmethode, we will now prove that for any bounded
strictly pseudoconvex domain 2 in C" the d-cohomology group H. é’”f /Q(E) is
isomorphic to the Dolbeault cohomology group H?-%(f2) defined in Chapter II.
Corollary 3.2 then implies that the Dolbeault cohomology groups of a bounded
strictly pseudoconvex domain in C” are finite-dimensional.

Definition 4.1. By an elementary strictly pseudoconvex extension we mean
an ordered pair [0, 62] of open sets in C™ with C? boundary such that 6; C 6
and the following holds: there is an open set V' containing 6 \ 61, there are
strictly pseudoconvex domains Dy and D5 such that Dy C Do, 65 = 6, U Da,
61N Dy = Dy and (61 ~ D3) N (02~ 01) = & and there is a biholomorphic
map h defined on a neighbourhood of V such that for j = 1,2 the set h(D;)
is a bounded strictly convex domain with C? boundary in C".

Lemma 4.2. Let [01,02] be an elementary strictly pseudoconvex extension.
For any (p,q) such that 0 <K p<n and 0 < qg< n,

i) the restriction map Hg’lqﬂ@g) — Hg’fﬂ@l) is surjective if ¢ > 1,

1
ii) the restriction map Hg’f/Q(ég) — Hé’jlq/Q(?l) is injective if ¢ = 2 or if

q =1 and 6, is bounded and strictly pseudoconvez,

iii) the restriction map Zg’q(gg) — Z9 ,(01) has dense image if 6, is bounded
and strictly pseudoconvex.

Proof. Since (61 \ 02) N (02 \ 61) = & we can find neighbourhoods V' and V"
of 0 \ 61 such that V' € V" € V and V" N (6; ~ D3) = &. Choose a C*
function x on C" such that xy =1 on V’ and supp xy C V".

Let us prove i). Consider an element f; € Z0 (01), where 1 < ¢ < n:

we seek differential forms u; € /111),/;_1(91) and fo € Zg’q(ég) such that fo =

fi1 — Ouy on 6. Asﬁ D is the image under a biholomorphic map defined in a
neighbourhood of D; of a bounded strictly convex domain with C? boundary
there is a form u € A'/?(D;) such that f; = Ou on D; (cf. Theorem 1.6). Set

0 on 01 ~ Do fi —0u; on 6
u; = _ and fo = _—
xu on Dy 0 on 6y \ 0.

The differential forms u; and f> then satisfy the required conditions.

Let us prove ii). Let fo € Z)) ,(02) and u; € A;’/qul(Hl) be such that du; =

fo on 01. We seek an element us € /111;7/(1271(02) such that Qus = fo on fs. As Dy

is the image under a biholomorphic map defined in a neighbourhood of D-
of a bounded strictly convex domain with C? boundary there is a function

u€ /1}1,’/;71(52) such that fo = du on Dy and hence u —uy € Z, 1 (Dy).
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If ¢ > 2 then there is a form v € A;{;fQ(Dl) such that Ov = v —uy on D;.

Therefore, u; — d(xv) = w on V' N 6. Setting

wy u; — O(xv) on 6
S Y on G, NV’

we get u € /11177/;71(92) and Oug = fo on fsy.

Suppose that ¢ = 1 and #; is bounded and strictly pseudoconvex. It
then follows from the definition of an elementary strictly pseudoconvex ex-
tension that 6, is also bounded and strictly pseudoconvex and hence Ell)’/12(92)

is a closed subspace of ZJ,(f;) by Proposition 3.1, iii). It is therefore
enough to construct a sequence (wy)reny of Holder continuous differential
(p,0)-forms of order 1/2 on 6 such that the forms dwy, are continuous on 0
and limg o0 | f2 — gwk|0’52 = 0. The differential (p,0)-form u — w; is contin-
uous on D; and O-closed on Dy. It therefore follows from Theorem 2.2 that
there is a sequence (vg)gen of holomorphic (p,0)-forms on V' such that

klggo |vk N (u B u1)|0751051mpx =0.
We now define a sequence (wi)ren by setting wy, = (1 — x)ur + x(u — vg).
Then dwg = fa + (9x)(u — u1 — vi) and the sequence (wg)gen therefore has
the required properties.

We end the proof of the lemma by proving iii). Consider an element f €
Z3 ,(61). By Theorem 2.2, there is a sequence (vy)ren of d-closed continuous
(p, g)-forms on V' such that limy—cc [f — Vkly g, nsupp , = 0- Then
klim |Ox A (f — k)05, = 0.
—00

Set fk = (1 — x)f + xvi: this is a sequence of continuous differential forms
on 6, which converges uniformly to f on 6, such that gfk = A (f —vx)
converges uniformly to 0 on #s. By Proposition 5 of Appendix C, it fol-
lows from Proposition 3.1 that there is a continuous linear operator T' from
Z9 (02) to CJ 1 (f2) such that 9T = I on Egﬂ(@g)ibecause 6, and there-
fore 0y are strictly pseudoconvex. We set up = T(9x A (f — vg)). Then
limy_ oo |uk|0,§2 =0 and Oup, = 5}; and it follows that if fr = ﬁ — uy, then
the sequence (fx)ren is contained in Zgﬁq(gg) and converges uniformly to f

on 6. O

Lemma 4.3. Let 2 be a bounded strictly pseudoconvexr domain with C?
boundary in C" and let p be a strictly plurisubharmonic defining function
for 2, d.e. 2 ={z € Usqn | p(z) <0}. Set 2. ={z € Ugp | p(z) <e}UN.
For small enough |e|, £2. is a strictly pseudoconver domain with C* boundary.
There is then a real number g > 0 such that whenever —eg < a <0< 0 < &g
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there is a finite set of domains 601,...,0n such that 2, =61 C 0, C --- C
On = 25 and [0;,0;41] is an elementary strictly pseudoconvex extension for
any j=1,...,N —1.

Proof. Theorem 3.23 of Chapter VI says that for any £ € 0f2 there is a neigh-
bourhood Ug of £ in C™ and a holomorphic function h¢ defined in some neigh-
bourhood of U such that h(Ug N £2) is strictly convex and has C? boundary.
As 012 is compact we can extract a finite subcover (U;)1<i<n from the cover
(Ug)econ- There is then a real number g9 > 0 such that 2.~ 2_., C Uil U;.
~ with compact support in C™ such that

suppx; C Uj, 5 = 1,...,N, and Z;V:lXj =1on 2, 2. Given «
and 3 such that —eg < a <0 < 8 < gg we set

O ={2€C" [ p(z) —a < (B—a) X5 x;(2)}

Then 2, =6y C --- C Oy = 23 and for any small enough ¢ the pair [6,,1, 6,]
is then an elementary strictly pseudoconvex extension. O

Definition 4.4. Let D € {2 € C" be open sets in C". We say that {2 is a
strictly pseudoconvex extension of D if there is a neighbourhood U of 2\ D
and a strictly plurisubharmonic C? function p on U such that

DNU={z€U|p(z) <0} and 2NU={z€U]|p(z) <1}.

We will say that the extension is non-critical if the function p has no critical
points.

The results proved below are still valid if the non-critical hypothesis is
dropped. They will be proved in full generality in Section 8.

Proposition 4.5. Let D and {2 be open sets in C", D € 2 € C", such
that §2 is a non-critical strictly pseudoconvex extension of D. Then,

i) for any (p,q) such that 0 < p < n and 0 < q < n, the restriction map

Hg”f/z(!?) — Hgﬁ’f/Q(D) is an isomorphism,

ii) for any (p,q) such that 0 < p < n and 0 < q < n the restriction map

0 0 (D -
Zy,,(82) = Z}, (D) has dense image for the topology defined by the | |5
norm.

Proof. By definition of a non-critical strictly pseudoconvex extension there is
a neighbourhood U of 2 \ D and a C? strictly plurisubharmonic function p
on U without critical points such that D NU = {z € U | p(z) < 0} and
NNU ={z€U | pk) <1} Set 2, = DU{z € U | p(z) < t} for
any 0 < ¢t < 1. Let T be the supremum of the set E of values ¢ € [0,1]
such that there is a finite sequence 04,...,0; of open sets in C™ such that
D=0yC- - COp=9 and [0;-1,0;], j = 1,...,k, is an elementary strictly
pseudoconvex extension. Let us prove that T = 1. Indeed, if T' < 1 then
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by Lemma 4.3 there is a g > 0 such that we can pass from 27_. to 274,
by a finite sequence of elementary strictly pseudoconvex extensions for every
€ < g9. Choose a real number € < gg such that T'—e € E. Then T + ¢ is also
in E, which contradicts the fact that T" is the supremum of E. It follows that
T = 1. Applying Lemma 4.3 to {2 = 2; with 8 =0 and o € E we get in fact
l1eFE.

We have therefore proved that there is a finite sequence 6, . .., 0y of open
sets in C™ such that

D=6,Cc---COy=1

and that each [f;_1,6;] is an elementary strictly pseudoconvex extension
for j = 1,...,N. Each of the sets #;, j = 0,...,N, is then a bounded
strictly pseudoconvex open set and by Lemma 4.2 all the restriction maps
Hg:f/2(5j) 2, Hg:f/Q(?j_l) are isomorphisms f 0 < p<nand 1 <g<n. It

follows that the restriction map ¢ = ¢y ooy : Hy ), (2) — HyY )y (D) is

an isomorphism. Moreover, all the restriction maps Z0 (;) i, Z9 (0;-1)
have dense image if 0 < psn and gg g < n and hence the restriction map
Y=1vno---oty:Z) (2) — Z) (D) has dense image. O

Theorem 4.6. Let 2 be a bounded strictly pseudoconver domain with C2
boundary in C™. For any pair (p,q) such that 0 < p < n and 1 < g < n the
restriction map

Hg”f/Z(ﬁ) — HPY((2)
s then an isomorphism.

Proof. Let U be a neighbourhood of 9{2. Choose D € (2 such that 2~\U € D
and {2 is a non-critical strictly pseudoconvex extension of D. We then have
restriction maps

a4 (0 : ¥ ;
H?Y y(2) = HP(0) = HYY

(D).

Indeed, by the Dolbeault isomorphism, HP9({2) can be identified
with 7Zg,q(ﬁ)/Z£’q(Qi) NaCY, 1(£2) and ¢ is therefore well defined since
E;,,/,f(()) C Z),(82)nacy , 1(£2). The restriction map 1 is also well defined
by the regularity of @ (cf. Chap. III, Remark 3.6). By Proposition 4.5, 1 o ¢
is an isomorphism so ¢ is injective and 1 is surjective. To prove the theorem
it is enough to show that ¢ is injective which follows from the following
lemma. ]

Lemma 4.7. Let D and {2 be two open sets in C™ such that D € 2. We
suppose there is a neighbourhood U of 2~D and a C? strictly plurisubharmonic
function p without critical points such that DNU = {z € U | p(z) < 0} and
DU{zeU|p(z) <C} & for any C > 0. The restriction map

HP(()) — Hg’f/Q(E)

is then injective for any (p,q) such that 0 <p<n and 1 < qg< n.
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Proof. We can construct a sequence
D=DycD;C---CD,C---

of bounded open sets in C™ such that 2 = U,@O Dy, and the set Dy4q is a
strictly pseudoconvex extension of Dy without critical points for any k£ € N.

Let f € Z) ,(£2) have the property that f = dwg on D, where wg € A;}{(}z_l(D).
1/2

By Proposition 4.5 i) there is a sequence wy € A,/ .";(Dy) such that f = Owy,
on Dy, since every Dy, is a non-critical strictly pseudoconvex extension of Dy.
We will construct a sequence (ug)ren of differential forms ug € Cy, 1 (Dx)
such that uy = f on Dy, and |ujyq — “k‘oﬁk < 2% The sequence (ug)gen
thus constructed then converges uniformly on any compact set in 2 to a
differential form u € CJ, ;(£2) such that du = f on D. Set ug = wo and
assume uq,...,u; already constructed. The differential form wyy; — ug is
then an element of Zg’qfl(ﬁk) and by Proposition 4.5 ii) there is an ag41 €
Z3 —1(Dr1) such that
|wi1 — ug, — ak+1|0’5k < 1/2k.

We therefore set up+1 = wi41 — g1 and we have 5uk+1 = f on D41 since
3 _ _ _ k
dagi1 =0 on Dyyr and |upi1 — uklg 5, < 1/2% O

Corollary 4.8. If 2 is a bounded strictly pseudoconvexr open set with C?
boundary in C™ then

dim H?4(§2) < +o0, for any (p,q) such that 0 < p<n and 1 < g < n.

Proof. This follows immediately from Corollary 3.2 and Theorem 4.6. ]

5 Vanishing theorems for Dolbeault cohomology of
strictly pseudoconvex domains in C"

We now present a result of Laufer’s [Lau] which will enable us to deduce a
vanishing theorem for Dolbeault cohomology from the finiteness theorems in
Section 4. This result says that if {2 is an open set in C" then the Dolbeault
cohomology groups HP9(£2), 0 < p < n and 1 < ¢ < n, are either 0 or
infinite-dimensional.

Theorem 5.1. Let {2 be an open set in C and let p and q be integers such
that 0 < p < nand1 < q<n—1. If E5(02) = 0C,_1(2) is a finite-
codimensional subspace in Z;5 (12) then

B (02) = Z7,(82).
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Proof. Consider an element f € Z7 (£2) \ EX, (§2). Since EJX (§2) has finite
codimension in Zp< ({2) there is an integer N € N* such that the subspace
of Z7%,(£2) generated by f,z1f,.. ., 2V f meets Epo,(£2). We can therefore

find complex numbers ay,...,ay, not all zero, and a differential form u €
oo —1(82) such that

aof Farzf+--+anzVf=0u on £

This can be written as P(z1)f € E;5,_1(§2) where P(z;) is the polynomial
ag + arz1 + 00+ aNz{V. Denote by N; the minimum of the degrees of
the non-zero polynomials P in the variable 2y such that P(z1)f € EJ,(£2)
and let Py be a polynomial of degree Ny such that Py(z1)f € EJ,(£2). Let
{f1,-- [} C Z)5,(2) be a basis for an algebraic complement of EJS (£2) in
Z3,(2) and set P = Py, --- Py,. The polynomial P then has the property
that
P(z1)f € B, (£2) for every f € Z,(£2).

Let Ny be the smallest integer such that there is a non-zero polynomial P
in the variable 21 of degree N such that P(z1)f € EJ5,(82) for every f €
Z5,(82). Assume that No > 1. Let Py be a polynomial of degree Ny in
the variable 21 such that Py(21)f € EJ5,(§2) for every f € Zp5(£2). Fix an
arbitrary differential form f € Z35 (§2): there is then a form u € C;5,_1(£2)
such that

(5.1) Py(z1)f =0u on 0.

Differentiating (5.1) with respect to z1, we get

0Py of

it} P 'l

9, G+ Polz) 5
where 0f/0z and Ou/0z are the differential forms obtained by differenti-
ating the coefficients of the differential forms f and u with respect to zj.
The differential form 0f/0z is again an element of Z><({2) and hence
Py(21)0f /021 € EJ,(£2). Tt follows that the polynomial Py = 8Py/9z has
the property that Py(z)f € B3, (£2) for any f € ZX,(92). As d°Py = Ny —1,
this contradicts the minimality of Ny and hence Ny = 0. This proves that
Ex,(£2) = Z3,(52). O

=, 0u
8(872;1) on .Q,

Corollary 5.2. If 2 is a bounded strictly pseudoconvexr open set with C?
boundary in C™ then

Hg:lq/Q(_Q) = HP9(2) =0, whenever 0 <p<nandl<q<n.
Proof. Since HP(2) = Z55,(2)/E,(82) it follows from Corollary 4.8 and
Theorem 5.1 that H?9(£2) = 0. The corollary then follows from Theorem
4.6. O
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Theorem 5.3. Let {2 be a bounded strictly pseudoconver open set with C?
boundary in C™ and let p and q be integers such that0 <K p<nandl < qg< n.

There is then a continuous linear map T' from Z3) (£2) to A;{;_l(ﬂ) such that
T(29,(2)) € )2 1(2) and Do T = 1.

p,q—1

Proof. Corollary 5.2 says that Z) (2) = E/2(£2). We then simply apply

Proposition 5 of Appendix C to prove the existence of the operator T. O
We end this section with a lemma which will be useful in Section 6.

Lemma 5.4. Let £2 be a bounded strictly pseudoconver open set with C2
boundary in C" and let Ug be a neighbourhood of £2. Then there is a contin-
uous linear operator T : Z§% (Ug) — C>®(£2) such that 9T f = f on 2 for any
fe Zb),ol(Uﬁ)-

Proof. We will prove that the operator T : Z{,(£2) — A'Y/2(£2) whose exis-
tence is established in Theorem 5.3 has the required properties. Consider an
element f € Z59(Ug). The form T'f is then defined and 9T f = f on {2 since

Z35(Ug) C Z{, 1)(82). By Theorem 3.5 of Chapter III on the regularity of &
we have T'f € C*°(£2). The operator T therefore defines a linear operator
from Z§9 (Ug) to C*°(£2). The continuity of 7" as a linear operator between
the Fréchet spaces Z§9 (Ug) and C>°(§2) then follows from the closed graph
theorem. Indeed, let (f,)nen be a sequence of elements of Zg9(Ug) such
that the sequence (f,,Tf,) converges to (f,g) in Z§9(Ug) x C*(£2). The

continuity of T on Z§ ,(£2) implies that T'f,, converges uniformly to T'f on £2
and as OTf = f on 2, the regularity of O implies that Tf € C>(£2). The
uniqueness of this limit then implies that (f,Tf) = (f,g), so (f,g) is in the
graph of T'. O

Remark. An alternative proof of this lemma, not using the operator T of
Theorem 5.3, is given in [He/Lel] (cf. Lemma 2.4.1).

6 Integral formulae for solving & with Holder estimates
in strictly pseudoconvex domains

Let {2 be a bounded strictly pseudoconvex open set with C? boundary in C”.
We will construct a global support function @(z,¢) for §2, i.e. a C* function
defined on U5 x Us g, where Upsg is a neighbourhood of 012 and U = UspUS2,
such that ¢ depends holomorphically on z in Ug and &(z,() # 0 if z € (2,
¢ € Usp and z # (. In the integral formulae below, this function will play

the role of the function (w(z,(),{ — z), where w is a Leray section for (2.
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Lemma 6.1. Let 6 be a bounded open set in C™ and let p be a strictly plurisub-
harmonic function defined on some neighbourhood of 6. Consider the function

(6.1) % Z Bck gjgk.

Let the functions ajj, be C' functions defined on some neighbourhood of 0 such
that

(6.2) max‘a Q) — Fp (g‘)‘ < 8 forj k=1 n
. ceo j 8CJ8<]<; ’I’LQ ) sy
and choose a real number € > 0 small enough that
&p &> p B
. - — k=1,...,2
©3) s |5 O - g <5 frik=1oom,
[¢—z|<e

where the coordinates x; = x;(§) are the real coordinates of & € C" such that
& =a;(8) +izjin(€). For any z,{ € 0 we set

—-|: Z% —6)+ Y a0 — )~ )|
k=1
The, for any z,( € 0 such that | —z| < ¢
(6.5) Re F(2,¢) > p(¢) — p(2) + BIC — 2.

Remark. Since p is C? and 3 > 0 (because p is strictly plurisubharmonic) we
can find functions a;j; and a real number ¢ such that (6.2) and (6.3) hold.

Proof. Consider points ¢ and z in @ such that |¢ — z| < e. It then follows
from Lemma 2.22 of Chapter VI and Taylor’s formula that if F), is the Levi
polynomial of p then

Re F,(z,¢) = p(¢) Z zj — ()@ — Cp) + R(2,0),

k=1
where |R(z,¢)| < B|¢ — 2|? by (6.3). By (6.1),
Re Fy(z,0) > p(¢) — pl(2) + 261 — =%

but then |ﬁp(z7C) — F(2,¢)] < BI¢ — 2|? by (6.2) and hence Re F(2,() >
p(Q) = p(2) + BIC — 2I*. O
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Theorem 6.2. Let 2 be a bounded strictly pseudoconver domain with C>
boundary in C", let 6 be a neighbourhood of 0f2 and let p be a C? strictly
plurisubharmonic function defined on a neighbourhood of 8 such that

NNno={zeb]p(z) <0}
Let e, B and F(z,() be chosen as in Lemma 6.1 with & small enough that
{zeC"| [(—2|<2}CO forall(edf

There is then a C* function ®(z,¢) defined on Uz x Upg, where Usg is a
neighbourhood of 012 contained in 0 and U = Usp U £2, such that

i) @(z,() depends holomorphically on z in Ug,

ii) @(2,¢) #0 for any z € U5 and ¢ € Upp such that | — z| > ¢,

iii) there is a C' function, M(z,(), which is defined and non-zero for any
z € Uy and ¢ € Usgq, such that |( — z| < €, and which has the property
that

@(Z, C) = F(Zv C)M(Zv C)

for any z € U and ¢ € Ugp such that |( — z| < e.

Proof. Tt follows from estimate (6.5) that Re F(z,¢) = p(¢) — p(z) + Be? for
any z,( € 6 such that ¢ < |[( — 2] < 2e. As p = 0 on 92 our choice of ¢
implies that we can find a neighbourhood Vjg, of 0f2 contained in 6 which
is small enough that |p| < £2/3 on Vg and for any ¢ € Vpp, the ball with
centre ¢ and radius 2¢ is contained in 0. Setting V7 = 2U Vp, we see that
for any (z,() € V7 x Vg such that |( —z| < 2¢, z and ¢ are in # and moreover
Re F(z,() = Be?/3 for any z € Vg7 and ¢ € Vo such that e < [( — 2] < 2e. Tt
follows that ¢n F(z,(), where ¢n is the principal branch of the logarithm, is
defined for all z € V5 and ¢ € Vpp such that ¢ < |[¢ — 2| < 2e. Choose a C*°
function x on C" such that x(§) = 1 if [{| < 5¢/4 and x(§) = 0 whenever
|£] > Te/4. For any z € V5 and ¢ € Vyo we define f by

0.[x(C —2)InF(2,0)] ife<|¢— 2| <2,
0 otherwise.

f(z:0) ={

The map ¢ — f(-,¢) is then C* on Vs and its image is contained in Z59 (V).
Choose a neighbourhood Us € Vg such that Ug = 2UUs; is bounded and
strictly pseudoconvex with C2 boundary. It follows from Lemma 5.4 that there
is a continuous linear operator T : Z§% (V) — C*°(Ug) such that 9T¢ = ¢
on Ug for any ¢ € Z§9 (Viz). For any z € Ug and ¢ € Upg we set

U(Z,C) = (T(f(,())(z), M(Z,C) = exp(fu(z,g))

and
| <e,
exp(x(¢ — 2) €n F(2,Q) —u(2, () if [¢ -z >e.

It is clear that @ satisfies conditions i)-iii) of the theorem. O

8(z.C) = {F(z, )M (2.0) if ¢ — 2
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Remarks.

1) Note that we have not used the fact that 942 is C2. Theorem 6.2 remains
true even if dp vanishes on 912 (cf. [He/Lel]).

2) We do not need the full force of Theorem 5.3 to prove Theorem 6.2 —
we only need to know that if a differential (0,1)-form is d-closed in a
neighbourhood of a strictly pseudoconvex domain then it is exact on this
domain and the solution of the Cauchy—Riemann equation is given by a
linear operator.

Theorem 6.2 solves the Levi problem for bounded strictly pseudoconvex
domains with C? boundary. (The general case will be studied in §7.)

Corollary 6.3. Let 2 be a bounded strictly pseudoconvex open set with C?
boundary in C™. The open set {2 is then a domain of holomorphy.

Proof. Consider the function @ which Theorem 6.2 associates to the domain (2
and fix a point & € 9f2. The function f(z) = 1/P(z, (o) is then holomorphic
on 2 and f(z) tends to infinity as z tends to {p in D, so the function f(z)
cannot be extended to a holomorphic function on any neighbourhood of (p.
O

In order to apply the Cauchy-Leray-Koppelman formula on a strictly
pseudoconvex domain {2 we will now construct a Leray section for {2 associ-
ated to the support function @ constructed in Theorem 6.2. Our aim is to
find a C! map w on Ug x Upg, holomorphic with respect to z on Ug, such

that (w(z,(),( — 2z) = &(z,().

Lemma 6.4. Let 2 be a bounded strictly pseudoconver open set with C?
boundary in C", set My = {z € C" | 21 = 0} and let Ug be a neighbourhood
of £2. For any holomorphic function f on My N Ug there is a holomorphic

function f defined on (2 such that f = f on My N 2.

Proof. If U, is a small enough neighbourhood of M; N 2 then on setting
F(z) = f(0,22,...,2,) we get a holomorphic extension of f to U;. Choose
neighbourhoods Uj and U;’ of M; N §2 such that U] € U{ € U; and let x be
a C function on C" such that y =1 on U] and supp x C U;. We then set

7F<Z)5X(Z) if zeU
p(z) = Z1 b

0 if z € C™ \Us.

The form ¢ is then a differential (0, 1)-form which is d-closed and C* on a
neighbourhood U of 2. By Corollary 5.2 applied to some strictly pseudo-
convex domain with C? boundary containing {2 and contained in U there is
a continuous function u on {2 such that~5u = ¢ on {2, which implies that
I(Fx — zu) = 0 on 2. Tt follows that f = Fx — zju is holomorphic on §2
andsinceXEIonQﬂMl,f:F:fon.QﬂMl. O
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Lemma 6.5. Let {2 be a bounded strictly pseudoconver open set with C2
boundary in C™ and set My, = {z € C" | 21 = -++ = 2z, = 0} for any k
such that 1 < k < n. Let Ug be a neighbourhood of 2. If f is a holomor-
phic function on Ug such that f =0 on M;, NUg then there are holomorphic

functions f1,..., fx on 2 such that f(z) = Zle zifi(z) for any z € £2.

Proof. If k = 1 then we can set f1(z) = f(2)/2z1. Arguing by induction, we
assume that the lemma is proved for Mj_; in C!, whenever k — 1 < £. Let f
be a holomorphic function on Uy such that f(z) = 0 whenever z € M, N U.
Choose a strictly pseudoconvex open set 2 such that 2 € 2 & Ug. The set
2n M; is then a bounded strictly pseudoconvex open set in M = Ccr1. By
the induction hypothesis there are functions f;(z2,...,2,) for j = 2,... k,
holomorphic on 2 N My, such that f(z) = Z?:z zjfj(zg,...,zn) for any
z € 2N M. Lenma 6.4 then says that there are holomorphic func-
tions f; on {2 for any j = 2,...,k such that f;(z) = f;(22,...,2,) for any
z = (0,29,...,2,) € 2N M;. To complete the proof we then simply set
fi(z) = L(f(2) = X5y 2 £5(2)) for any z € £2. 0

Theorem 6.6. Let 2 be a bounded strictly pseudoconvex open set with C2
boundary in C" and let Uy be a neighbourhood of . If f is a holomorphic
function on Ug then there are holomorphic functions h; defined on 2 x §2
such that, for any (z,¢) € 2 x {2,

n

FO = F(2) =D hi(z0(¢ — 2)-

j=1

Proof. Choose a bounded strictly pseudoconvex open set 2 contained in C2"
such that 2 x 2 € 2 € Uz x Ug and define new coordinates on C** by
setting u; = (; — 2z; and uj4n, = z; for any j = 1,...,n. If we now define
a function F' by F(z,{) = f(¢) — f(2) then F is holomorphic on Uy x Uy
and F =0 on Uz x UsN{u € C* |u; =--- = u, = 0}. We can therefore
apply Lemma 6.5 to F', which proves the theorem on returning to the system
of coordinates (z, (). O

To construct the Leray section w associated to @ we need a version of
Theorem 6.6 in which f depends once-continuously differentiably on some
parameter and the f; also depend once-continuously differentiably on this
parameter.

Theorem 6.7. Let X be a C¥ manifold, k > 1, let 2 be a bounded strictly
pseudoconver open set with C? boundary in C" and let Ug be a neighbourhood
of 2. If f is a C* function on X with image in C*°(Ug) such that f(-,z) is
holomorphic on Ug for any x € X then, for any j such that 1 < j < n, there
are C* functions h; defined on (£2 x £2) x X such that h;(-, z) is holomorphic
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on 2 x 2 for any v € X and that, for all x € X and (2,{) € 2 x 2,
f(¢, x) Zhﬂ (¢ 2,2) (¢ — 7).
j=1

The proof of Theorem 6.7 simply repeats the proof of Theorem 6.6. We
now give a detailed proof of the paramterised version of Lemma 6.4, which is
the only parameterised result we will prove in detail.

Lemma 6.8. Let X be a C* manifold, k > 1, let £2 be a bounded strictly
pseudoconver open set with C* boundary in C", set My = {z € C" | 2, = 0}
and let Ug be a neighbourhood of £2. If f is a C* function on X with im-
age in C(Ug N My) such that f(-,x) is holomorphic on Ug N My for any
z € X then there is a C* function f on X with image in C®(2) such that

f(,x) is holomorphic on (2 for any x € X and that, for any x € X and
(0,29,...,2,) € 2,

]?((0722, .. .,zn),m) = f((O,ZQ, .. .,zn),aj).

Proof. The proof is similar to that of Lemma 6.4: we use the same notations
as in the proof of this lemma. Set

F(z,2)0x(2)
@(zvx) = 21
0 ifre X and ze C*"\U;.

ifz € X and z € Uy,

The form ¢ is then a gz—closed~ck differential form on X x U;. Choose a
strictly pseudoconvex open set 2 with C2 boundary such that 2 C 2 € U;.
The map z — ¢(-, ) is C* on X and its image lies in Z§5 (U1). By Lemma 5.4,
there is therefore a continuous linear operator T' from Z§9 (Uy) to C>(£2) such
that o T = Id. Set u(-,z) = T(¢(-,2)). The function u is then a C* function
on X with image in C°°(£2) and the function f(z,z) = x(2)F(z,z) — z1u(z, )
is the function we seek. O

Corollary 6.9. Let {2 be a bounded strictly pseudoconver domain in C™ and
let @ be the support function associated to the domain 2 by Theorem 6.2. Sup-
pose that the function @ is defined on UgxUpp. There is then a neighbourhood
Voo of 012 such that Voo € Usp and a C' map w defined on Vg x Voo (here
Vg = Vap U 2) which is holomorphic with respect to z on Vg such that

ijzc z) = (w,( — 2)

for any z € V5 and ¢ € Vap. Moreover, w is a Leray section for (2.
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Proof. Applying Theorem 6.7 to ¢ we get

n

B(E,0) — D(2,0) = > _hi(6,2,0)(& — 2)

j=1

and since @({,¢) = 0 on taking £ = ¢ we get
B(z,0) =Y w;(2,)(G — %),
j=1

where w;(z,¢) = —h;(¢, z, () has the required properties. O

Remark. The Leray section w thus obtained can also be used for any strictly
pseudoconvex domain of the form

2 Voo U {Z € Von | p(Z) < —(5}
for small enough § > 0.

Using the global Leray section constructed above we can construct an
integral operator which enables us to solve 9 with order 1/2 Holder estimates.

Theorem 6.10. Let 2 be a bounded strictly pseudoconvex domain with C?
boundary in C"™ and let w be the Leray section associated to {2 by Corollary
6.9. There is then a constant C' such that

i) for any continuous differential form f on §2 the integral

RYof = FONE™T (¢ N)
(¢,\)€dNx[0,1]

has the property that
RS0 fl1/2,0 < Clflor

ii) for any continuous differential (p,q)-form f on §2 which is O-closed on 12
such that 0 < p < n and 1 < g < n the form

u= (=1)""(R5of + Baf)
is a solution of the equation Ou = f on (2 and has the property that
[ul1/2,0 < C|flo.0-

Moreover, u € Cy ,_1(£2) for any o € ]0,1[ and if f is C* on 2 for some

k=1,2,...,00 then u € Cﬁ;gl(ﬂ) for any a € 10, 1].
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Proof. By Theorem 3.3 of Chapter VI we only have to prove i). To do this
it will be enough to show that the Leray section w satisfies the hypotheses
of Lemma 1.3. As hypotheses i) and ii) follow from Corollary 6.9, it only
remains to prove iii).

Fix a point £ € 2. By definition of w and @,

<w(zv C)’ C - Z> = F(Zv C)M(Zv C)v

where F' and M have the properties given in Lemma 6.1 and Theorem 6.2.
We can then choose a neighbourhood Uy of { which is small enough that there
is a 1 > 0 such that

(6.6) [(w(z,€), ¢ = 2)| = 01|F(z,0)

for any z,{ € Ug. Set t1(z,¢) = Im F(z, () and let the coordinates x; = z;(()
be the real coordinates of ( € C" such that (; = x;(¢) + izj4n(¢). Then

= Z [655) Tjyn(C—2) — % (Q)z;(¢ — z)}

aijrn

j=1
—Im > an()(G — 2) (G — 2)
k=1
and it follows that

dct1 |C . Z [ap(Z) dinJrn(Z) - ap(z) dl‘j (Z)}

= Iz; OZjtn

In particular, n||d¢ti(z |C _Adp(2)|| = ldp(2)||? for every z € 012 because
the coefficient of dz;(z ) A dzjin(z) in the differential form on the left-hand

side of the above equation is — [(597’7(2))2 + ((%ain ())?]. Since dp(z) # 0 for

any z € 02 because (2 has C? boundary, on restricting Ug we can find C!
functlons tg, .. tgn 1 defined on Ug such that for any z € Ug the functions
t1(z,-), ta, ... tzn 1 are coordinates on UsNA2. We set t;(2,¢) = t;(¢) —t;(2)
for any z,{ € Ug and any j = 2,...,2n—1. Then for any z € Ug the functions
ti(z,),...,tan—1(2,-) are also coordinates on 92N U;. To complete the proof
of the theorem we must prove that (1.2) holds for these coordinates. As
tj(z,2z) = 0, on restricting Ug Taylor’s formula implies there is a d; > 0 such
that |¢ — z| > d02]t(z, ()| for every z,{ € Ue. It then follows from (6.5) of
Lemma 6.1 that after again restricting Us we can find a §3 > 0 such that, for
any z,¢ € Ug,

[F (2,0l = 3(t1(2, Ol + £(Q) = p(2) + [t(z, ).

As p(¢) = 0 for any ¢ € 02 and as there is a 04 > 0 such that —p(z) >
04 dist(z, 042) for any z € DN U,

F(2,0)| 3 8384 (|11 (2, )l + 12, O + dist(2, 02))
for any z € DN Ug and ¢ € 9D N Ug. The result now follows from (6.6). O
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Remark. The advantage of Theorem 6.10 over the results proved in Section 5
is that the integral operator is much more explicit, which enables us to prove,
amongst other things, that the constant C' depends continuously on the do-
main {2 in a certain sense.

7 The Levi problem in C™

We start this section by proving the Oka—Weil approximation theorem. This
theorem will enable us to solve the Levi problem and prove the vanishing of
Dolbeault cohomology groups for pseudoconvex open sets in C™ in bidegree
(pyg) for0<p<nand 1< g<n.

Theorem 7.1. Let 2 C C" be a pseudoconvex open set and let K € {2 be
a compact set such that K = K¥,. For any 0 < p < n any holomorphic
(p,0)-form on a neighbourhood of K can be uniformly approzimated on K by
holomorphic functions on {2.

Proof. Let h be a holomorphic (p, 0)-form on a neighbourhood Uk of K. By
Corollary 3.13 of Chapter VI, there is a C* strictly plurisubharmonic function
p: 2 — R such that

i) 2o ={2€ 2| p(2) <a} €N for any a € R,
ii) the set Crit(p) = {z € 2| d,(z) = 0} is discrete in 2,
ili) p<Oon K and p>0on 2\ Uk.

Let agp be the supremum of the set of & € R such that h can be uniformly
approximated on K by holomorphic (p,0)-forms on {2,. Since h € Cpo(Uk)
and Oh = 0 on Ui we have g > 0 because p > 0on 2\ Ug. To prove that
ap = oo and establish the theorem we simply copy the proof of Theorem
2.1, defining the function @ and the associated Leray section w as follows.
By Theorem 6.2, Corollary 6.9 and the estimate (6.5) there is a real number
§ >0, aC! function @(z,¢) and a C* map to C", w(z,(), defined for any z in
a neighbourhood of D, s and any ¢ in a neighbourhood of Dy, 15~ Dy s,
such that

a) @(z,¢) and w(z,() are holomorphic in z,

b) &(z,¢) = (w(z,¢), ¢ — 2),

c) P(z,() # 0 whenever ag — d < p(¢) < ap + 0 and p(z) < p(¢),
d) w(z,() is a Leray section for D,,_s

By property ii) of p, we can assume that dp(z) # 0 for any z € 90D,,_s and
then apply Leray’s formula to the domain D,,_s. O

Remark. Theorem 7.1 can be proved using Proposition 4.5 instead of § 6. This
is the method of proof that will be used for ii) of Theorem 8.11.
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Theorem 7.2. Let 2 C C" be a pseudoconvex open set. Then, for any com-
pact set K in 2 we have Kf? =Ko.

Proof. We already know that K P C Ko (cf. the remark following Definition

3.3 of Chapter VI). To prove the converse, choose a point £ € 2 \ K P and
construct a holomorphic function A on {2 such that

(7.1) [h(€)] > max |A(2)].

It follows from Corollary 3.13 and Lemma 2.24 of Chapter VI that there is
a strictly pseudoconvex open set G € {2 such that K € G, £ € 0G and

GY, = G since G is defined by {z € 2 | p(z) < 0} where p is some C>
plurisubharmonic function on 2. By Theorem 6.2 and estimate (6.5) there is
a C! function &(z, ¢) defined for any ¢ in some neighbourhood Uyg of G and
any z in some neighbourhood Ug of G such that @(z,() is holomorphic in z
on Ug, ¢(¢,¢) = 0 and &(z C)#OforanyCGUag\GandzeG For any
Co € Upg \ G, 1/®(z,(p) is holomorphic in z on some neighbourhood of G.
As K € G, £ € G and &(£,€) = 0 we can choose (o € Uspg \ G close enough
to £ so that

(7.2) ! ‘

1
LI PO |
‘Qs(f’Co) =K |P(z,Co)
AsG = é’(’l it follows from Theorem 7.1 that there is a holomorphic function
defined on §2 such that |h(z) — 1/®(z,()| < 1/2 for any z € G. By (7.2),
Condition (7.1) then holds. O

Corollary 7.3. An open set in C™ is a domain of holomorphy if and only if
it 1s pseudoconvex.

Proof. We saw in Chapter VI, Corollary 3.7 that any domain of holomorphy
is pseudoconvex. The converse follows immediately from Theorem 7.2, the
definition of pseudoconvex open sets (cf. Chap. VI, Def. 3.5) and the Cartan—
Thullen theorem (cf. Chap. VI, Th. 1.13). O

Theorem 7.4. Let D C C™ be a pseudoconver open set, let p and q be integers
such that 0 < p < n and 1 < q < n and consider an element k where
k € NU {+oo}. For any C* differential (p,q)-form f on D such that Of =0
on D there is a solution u of the equation Ou = f on D such thatu € C;;"q'al(D)
for any « €]0,1].

Proof. By Corollary 3.13 of Chapter VI there is a C* strictly plurisubhar-

monic function p on D such that

i) Do ={2€ D |p(z) <a} €D for any o € R,
ii) the set Crit(p) = {z € D | dp(z) = 0} is discrete in D.
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By property ii) we can find a sequence (a,,),en of real numbers tending
to infinity such that dp(z) # 0 for any z € 9D, the set D,, is a strictly
pseudoconvex domain with C* boundary and | J,cy Do, .- By Theorem 6.10,
for any v € N there are differential forms u, € Ck+o‘ 1(Da,); 0 < a < 1, such
that Ou, = f on D, . We will construct a solutlon u of Ou = f on D using
the forms u,.

Suppose first that ¢ > 2. We will construct a sequence (v, ), >3 of differen-

tial forms which are solutions of v, = f on D, such that v, € C}]fq'al( )
for any 0 < o < 1 and v, = vy,41 on D,,_,. The form v = lim, o v, w111
be the solution we seek. Set v3 = ug and assume that vs,...,v, have been

constructed for some ¢ > 3. The form v, — w4 is then d-closed on D,, and
Theorem 6.10 says there is a solution to ¢ = vy — upq; in D,,_, such that
p e C;f‘gal( oo, ) for any 0 < @ < 1. Choose a C* function x with compact
support on D,,_, which is equal to 1 on D, , and set vyy1 = ugr1 + O(xp)-
The differential form vyyq then has the required properties.

Now consider the case where ¢ = 1. We will construct a sequence (v, ),>2
of solutions of dv, = f on D,, such that v, C’HO‘( o,) and |v,(z) —
vy41(2)| < 27% for any z € D,, ,. Such a sequence converges uniformly on
all compact sets in D to a (p,0)-form u which has the required properties
since the differences u — v, are holomorphic on D,. Set vs = us and assume
that vg, ..., v, have been constructed for some ¢ > 2. The difference vy — up41
is then holomorphic on D,, and by Theorem 7.1 there is a J-closed form
v € Cpo(D) such that |vy(2) — ups1(2) — v(2)| < 27¢ for all z € Dy, ,. We
then simply set vpy1 = w1 — v. O

Corollary 7.5. Let D be an open pseudoconvex set in C™. The cohomology
group HP1(D) then vanishes for any (p,q) such that0 < p<nand1 < g < n.

Theorem 7.6. An open set D in C" is a domain of holomorphy if and only if
H(D)=0 for1<q<n-—1.

Proof. 1t follows from Corollaries 7.3 and 7.5 that the condition is necessary.

We will prove that the condition is sufficient by induction on the complex
dimension n. If n = 1 then the hypothesis is empty but the theorem holds
because every open set in C is a domain of holomorphy. Suppose that the
theorem holds for open sets in C*~! for some n > 2 and consider an open
set D in C" such that H%4(D) = 0 whenever 1 < ¢ <n — 1.

We start by showing that if L is an affine linear submanifold of C™ of
complex dimension n — 1 then any connected component of D N L, considered
as an open set in L ~ C*~! is a domain of holomorphy. By the induction
hypothesis, it is enough to prove that H>4(DNL) =0 for any 1 < ¢ < n — 2.
Without loss of generality we can assume that L = {z € C" | z, = 0}. Let ¢
be a C* and O-closed differential (0, ¢)-form on DN L such that 1 < ¢ < n—2;
the form ¢ can then be extended to a neighbourhood U of DN L in D as
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a C* and 0-closed differential form & of type (0, ¢) by considering ¢ as a form
independent of z,. Let x be a C* function on D which is equal to 1 on some
neighbourhood of D N L in D and which is supported on U. We set

L5 .
B(z) = z?(ax(z) AND(z)) ifzeU

0 ifze D\U.

This defines a C* and d-closed differential (0, ¢ + 1)-form on the whole of D.
Since H4t1(D) = 0 by hypothesis, there is a C*> differential (0, g)-form ¥
on D such that 0¥ = @. Then

O(xP — zn, ) OXND — 2,00 = zn(sﬁ 8![/) =0

on D and as H%9(D) = 0 there is a C* differential (0,q — 1)-form ¥ on D
such that x® — zn@ = OW. Restricting this identity to L and setting = &P‘L
we get a differential (0, ¢ — 1)-form 6§ on DN L such that 99 = ¢ which proves
that H*9(DN L) = 0.

Suppose now that D is not a domain of holomorphy. There are then two
open sets D1 and Dy such that @ # Dy C Dy N D, Dy is not contained in D
and for any holomorphic function on D there is a function g € O(D3) such
that g = g2 on D;. Consider £ € D; and let L be a linear affine submanifold
of C" of complex dimension n — 1 passing through £ such that there is a point
¢ € 9(DNL)NDy. Since we have just proved that the connected components
of DN L are domains of holomorphy in L ~ C"~! there is a holomorphic
function f on D N L which cannot be extended to a holomorphic function in
a neighbourhood of ¢. As H%1(D) = 0 it follows from Lemma 6.4 that f is
the restriction to D N L of a holomorphic function g on D. (In the above,
we proved Lemma 6.4 for a strictly pseudoconvex domain 2, but in fact the
proof only uses the fact that H%!(£2) = 0.) But this function g can now be
extended to a holomorphic function in a neighbourhood of ¢, which contradicts
the assumptions on f. It follows that D is a domain of holomorphy. O

We end this section with a result which gathers together Corollary 7.3,
Theorem 7.6 and Theorem 1.13 of Chapter VI.

Corollary 7.7. Let D be an open set in C™. The following are then equiva-
lent:

i) D is a domain of holomorphy,
it) D is holomorphically conver,
iii) D is pseudoconvet,
iv) H%4(D)=0if1<qg<n-—1.

8 The Levi problem for complex analytic manifolds

The aim of this section is to link holomorphic convexity to the existence of C2
plurisubharmonic exhaustion functions on complex analytic manifolds.
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A. Solving 8 on complex analytic manifolds

Throughout this section X denotes a complex analytic manifold of dimen-
sion n.

Definition 8.1. A relatively compact open set D in X is said to be strictly
pseudoconvez if there is a C? strictly plurisubharmonic function p defined on
a neighbourhood Upsp of the boundary of D such that DNUyp = {z € Uyp |
p(z) < 0} and dp(z) # 0 for any z € 9D.

Remark. The set of (strictly) plurisubharmonic functions is well defined on a
complex analytic manifold because (strict) plurisubharmonicity is preserved
by holomorphic coordinate changes.

The definition of a strictly pseudoconvex open set given here coincides
with that of Chapter VI when X = C™. Note further that any such domain
has C? boundary.

Unlike the C™ case, it is not always possible to solve 0 on strictly pseudo-
convex open sets in arbitrary complex analytic manifolds. However, Proposi-
tion 3.1 and its proof are still valid in this more general setting.

Theorem 8.2. Let D be a strictly pseudoconver open set with C? boundary,
relatively compact in X, and let p and q be integers such that 0 < p < n and
0< q<n. Then:

i) there are continuous linear operators TP from C) (D) to AL (D) such

q P,q—1
that, if f € Cg’q(ﬁ) has the property that Of € Cg’q(ﬁ), then
(8.1) f=0T f+T7,0f + KPf,

where K is a compact operator from Cg’q(ﬁ) to itself,

i) if ¢ = 1 then ng’ defines a continuous linear operator from Zg_’q(ﬁ) to
itself whose image is of finite codimension,

iii) the space E;,(f(D) is a closed subspace of Z) (D) of finite codimension.

We will now prove that if an open set D in X has a C? strictly plurisub-
harmonic defining function defined not only on a neighbourhood of D but
on a neighbourhood of D then we can solve d on D. Note that any strictly
pseudoconvex domain in C™ has this property (cf. Chap. VI, Th. 3.19), but in
general this does not hold for a strictly pseudoconvex domain in an arbitrary
complex analytic manifold.

Definition 8.3. A real-valued continuous function on X is said to be an
exhaustion function if for every a € R the set {z € X | p(z) < a} is relatively
compact in X.

We will study those complex analytic manifolds which have C? strictly
plurisubharmonic exhaustion functions.
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Proposition 8.4. If X has a C? strictly plurisubharmonic exhaustion func-
tion then it has a C? strictly plurisubharmonic exhaustion function whose set
of critical points is discrete.

This proposition follows immediately from the following Morse lemma.

Lemma 8.5. Let X be a complex analytic manifold and let p be a C? strictly
plurisubharmonic function on X. If K is a compact set in X such that
dp(z) # 0 for any z € K then for any & > 0 there is a C? strictly plurisubhar-
monic function p. on X such that

i) the function p — pe and its first and second derivatives are bounded by e
on X,
ii) the set Crit(p:) = {z € X | dp:(z) = 0} is discrete in X,
iii) pe. =p on K.

Proof. Let Uk be a neighbourhood of K such that dp # 0 on Ugk. There
are then two sequences of relatively compact open sets (U;) en+ and (V;)jen-
in X such that

a) X~NUg C U;ilUj,

b) for any j the open set V; is a chart domain and U; € V},

c) V;NK = @ for every j,

d) for any compact set L in X there are only a finite number of indices j
such that LNV; # @.

By the Lemmas 2.24 and 3.12 of Chapter VI, we can construct a sequence
(xj)jen of C* functions on X such that, for any j,

1) x; = 0 on some neighbourhood of X \ V; and hence x; =0 on K,

2) the function p + x1 + - - + x; is strictly plurisubharmonic on X and has
only a finite number of critical points on K UU; U---UUj,

3) the function x; and its first and second derivatives are bounded by &/27
on X.

The function p. = p + Z;’il X; is then the function we seek. O

In complex analytic manifolds we will have to replace elementary strictly
pseudoconvex extensions by the more general strictly pseudoconvex extension
elements in order to be able to cross critical points.

Definition 8.6. A strictly pseudoconvex extension element is an ordered pair
[61, 03] of open sets in X with C? boundary such that ; C 6y and the following
condition is satisfied: there is an open pseudoconvex set V' contained in a chart
domain of X containing 5 \ 6, there are strictly pseudoconvex domains D,
and Dy such that

Dy C Dy, 0 =0,UD5, 0N Dy = D1, (91\D2)ﬂ(92\91):@

and there is a biholomorphic map h defined on a neighbourhood of V with
image in C" such that h(D;), j = 1,2, is a bounded strictly pseudoconvex
domain with C? boundary in C”.
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Lemma 4.2 remains valid for strictly pseudoconvex extension elements:
simply replace Theorem 1.6 by Theorem 5.3, Theorem 2.2 by Theorem 7.1
and Proposition 3.1 by Proposition 8.2 in the proof of Lemma 4.2. We will
now extend Lemma 4.3 to the case where the function p has isolated critical
points.

Lemma 8.7. Let p: X — R be a C? strictly plurisubharmonic function such
that Crit(p) is discrete. We set Do, = {z € X | p(z) < a} for any o € R and
we assume that 0Dy is compact. There is an € > 0 such that for any o, 3
satisfying —e < a < 0 < (B < € there is a finite set of domains 01, ...,0N such
that Do =601 C --- C On C Dg and for any j =1,...,N —1, [0;,0;41] is a
strictly pseudoconvex extension element.

Proof. As Crit p is discrete there is a g > 0 such that Crit(p) N (Dey, ~ D—c,)
is finite and contained in 0Dy. Let &i,...,&n be the critical points of p
contained in 9Dy and choose pairwise disjoint open sets Vi,..., Vi in X
such that & € V; and Vj; is contained in a chart domain of X for every
j=1,...,M. As 0Dy is compact there are open sets Vp;i1,...,Vn, each
contained in a chart domain of X, such that Crit(p) N (U;-V:MJr1 Vi) =@
and 9Dy (UjMile) C U;-V:MHVJ'. Let €1 be such that 0 < e; < g¢ and
D., ~D_., C Uévlej Choose C* functions (x;);j=1,.,~ Wwith compact
support in C" such that suppx; C V; forall j =1,...,N and Z;v:1 x; =1
on D, ~ D_.,. Let € be such that 0 < &€ < 1. Given o and 3 such that
—e<a<0< B <e weset

b ={z€C" | p(z) —a < (B—a) i, x(2)}-

Then Dy =61 C --- C Oy C Dg. Let (21,,...,2n,) be holomorphic coordi-
nates on V; and set

oS, xi(2) |
- Z v, Z ‘st 0z,
=

As p is strictly plurisubharmonic there is a v > 0 such that, for every £ € C"
and j=1,..., N,

iﬁ§f32%5>%F
Zevjrvsvazsjazri o .
EERE] :

Take 6 > 0 such that |dp(z)| > 3(52 . |dX]( z)| for any z € D, ~ D_,.
If ¢ < min(d,v/3C) for every j = 1,...,N — 1 then [6;,60,1] is a strictly
pseudoconvex extension element. O

Remark. If 0DyNCrit(p) = & then we can take & = 0 or § = 0 in Lemma 8.7.

We can define strictly pseudoconvex extensions on complex analytic man-
ifolds as in C".
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Definition 8.8. Let D € {2 € X be open sets in X. We say that {2 is a
strictly pseudoconvex extension of D if there is a neighbourhood U of 2 \ D
and a C? strictly plurisubharmonic function p on U such that

DNU={z€U|p(z) <0} and dp(z)#0 ifz€ 0D
NNU={z2€U|p(z) <1} and dp(z)#0 if ze€ 9.

Remark. By Lemma 8.5 the function p can be chosen such that Crit(p) is
discrete. Using Lemma 8.7 instead of Lemma 4.3, the proof of Proposition 4.5
can then be extended to strictly pseudoconvex extensions in complex analytic
manifolds. This gives us the following proposition.

Proposition 8.9. Let D and 2 be open sets in X, D € 2 € X, such that 2
s a strictly pseudoconver extension of D. Then:

i) the restriction map

H{Y,(2) — HYY0(D), 0<p<n, 1<qg<n

is an isomorphism,
ii) for any pair (p,q) such that 0 < p < n and 0 < g < n the restriction map
Z) (2) — Z) (D) has dense image.

Likewise, Lemma 4.7 still holds in the following form.

Proposition 8.10. Let D and {2 be two open sets in X such that D € (2.
Suppose there is a neighbourhood U of 2~ D and a C? strictly plurisubhar-
monic function p such that DNU = {z € U | p(z) < 0}, dp(z) # 0 for any
2€ 9D and DU{z € U | p(z) < C} € 2 for any C > 0. The restriction map

HP9(2) — HY (D)

is then injective for any (p,q) such that 0 < p<n and 1 < g < n.

We can now prove the main result of this section.

Theorem 8.11. Let X be a compler analytic manifold with a C? strictly
plurisubharmonic exhaustion function p and let D be an open set in X defined
by D ={z € X | p(2) < a} such that dp(z) # 0 if z € ID. Then:

i) for any pair (p,q) such that 0 < p<nand1 <qg<n

Hg,’f/z(ﬁ) =0.

More precisely, there is a continuous linear map T from the Banach space
Zqu(ﬁ) to the Banach space A2 (D) such that

Pq—1

OTf = f on D for any f € Z) (D).
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ii) any continuous differential (p,0)-form on D, holomorphic on D, can be
uniformly approzimated on D by holomorphic (p,0)-forms on X.
iii) for any pair (p,q) such that 0 < p<n and1l < qg< n,

HP9(X) = 0.

Proof. By Lemma 8.5 applied to K = 9D we can assume that Crit(p) is
discrete. Set ap = min,exp(z). If z € X is such that p(z) = ag then z €
Crit(p). As this set is discrete there are only a finite number of such points z
in X. It follows that, for small enough € > 0, Dy4e = {z € X | p(2) < ap+e}
is biholomorphic to a finite union of bounded strictly pseudoconvex domains
with C? boundary in C" so by Corollary 5.2 if 0 < p <n and 1 < ¢ < n then

(82) HQ’l/Q(D(XOJFE) =0.

But as D is a strictly pseudoconvex extension of Dg,+e, Proposition 8.9 im-
plies that if 0 < p < n and 1 < g < n then

Hgf/z(ﬁ) =0.

The existence of the operator T then follows from Theorem 8.2 and Proposi-
tion 5 of Appendix C. We have therefore proved i). Since the pair (Dgg4e, X)
satisfies the hypotheses of Proposition 8.10, iii) follows from (8.2).

We now complete the proof of the theorem by proving ii). Since Crit p
is discrete, we can construct a sequence (;);en of real numbers fy = o <
f1 < P2 < --- tending to infinity such that Dg, = {z € X | p(2) < B;}
and dp(z) # 0 for any z € 0Dg,. The open set Dgs,, , is then a strictly
pseudoconvex extension of Ds, for any j € N. By ii) of Proposition 8.9,
for any ¢ > 0 and any f € Z) 4(D) we can construct a sequence (f;)jen of
differential forms such that f] € 200(Dg,), fo = [ and |fjz1 — filo, Ds, <
/271, The sequence (f;) jen then converges uniformly on all compact sets
to a holomorphic (p,0)-form f on X such that |f flo.p < e. |

B. The Levi problem
Throughout this section X will be a complex analytic manifold of dimension n.

Definition 8.12. For any compact set K in X we define
Ex ={ze X |VfeOX),|f(z) < Csug|f(0|}-
€
The set K x is called the holomorphically convez hull of K in X. If K = Kx
then K is said to be O(X)-convex.

Definition 8.13. A complex analytic manifold X is holomorphically convex
if for any compact set K in X the set Ky is compact.
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Definition 8.14. A complex analytic manifold X of dimension n is a Stein
manifold if

i) X is holomorphically convex,

ii) for any point z € X there are n functions f1,..., f, € O(X) which form a
local system of coordinates on a neighbourhood of z. (In other words there
is a neighbourhood U of z such that the map F : ¢ — (f1({),..., fn({))
is a biholomorphism between U and the open set F(U) in C™.)

Ezample. By Theorem 1.13 of Chapter VI, any domain of holomorphy in C™
is a Stein manifold.

Definition 8.15. A subset V' of a complex analytic manifold X of dimen-
sion n is an analytic submanifold of dimension m < n if

i) V is closed,
ii) for any z € V there is a neighbourhood w of z and local coordinates
(21,.-.,2n) on X such that

wNV ={Cew|zm1(¢) ="+ =2,(¢) =0}.

Note that if (f1,..., fn) is a local system of coordinates on X in a neigh-
bourhood of z € V then there are m of these functions which form a local
system of coordinates on V in a neighbourhood of z. From this it is easy to
deduce the following result.

Proposition 8.16. Any complex analytic submanifold of a Stein manifold is
a Stein manifold. In particular, any complex analytic submanifold of C" is a
Stein manifold.

Remark. Although it will not be proved in this book, it can be shown that
any Stein manifold is biholomorphic to a complex analytic submanifold of a
certain CV (cf. [Ho2, §5.3] for example).

Theorem 8.17. Let X be a Stein manifold, let K be a compact set in X and
let U be a neighbourhood of Kx. There is then a C* strictly plurisubharmonic
function ¢ on X such that

i) op<0on K and ¢ >0 on X \ U,
i) {z€ X |p(z) <c} €X for any c € R.

Proof. As K is O(X)-convex and X is holomorphically convex we can find a
sequence (K;)jen- of O(X)-convex compact sets such that Ky = K, K; C
Kj+1 and X = U;)il Kj. Set U1 = U and Uj = Kj+1 for anyj = 2. For
every j, choose functions fj; € O(X) for k = 1,...,k; such that |f;z] < 1
on K; and max<k<k, |fir(2)| > 1forany z € K; 5\ U. (Such functions exist
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because K ; = K;.) Moreover, by ii) of Definition 8.14, on adding functions
we can assume that the rank of the matrix

(OB

l=1,...,n

is n for all z € K;. Taking powers of f;; we can even assume that
(8.3) Z |fin(2)|> <277, forany z € K;

(8.4) Z |fix(2)]? > j, forany z € K12 \ Uj.

By (8.3), the series Zﬁk fix(2) fix(¢) converges uniformly on every compact
set in X x X and defines a function which is holomorphic in z and antiholo-
morphic in ¢: it follows that the function ¢ (2) = —1+3772 (Zl,?zl |fjk(z)|2)
is C* on X. It is clear that ¢(z) > j — 1 for any z € X \ U; by (8.4) and
hence ¢ > 0 on X \ U and ¢ < 0 on K which implies that ¢ < 0 on K by
(8.3). Moreover, ii) holds by (8.4), and ¢ is plurisubharmonic because it is the
supremum of a set of plurisubharmonic functions. It remains to show that ¢
is strictly plurisubharmonic. Consider a point ¢ € X and let (z1,...,2,) be
holomorphic local coordinates on some neighbourhood of {. Assume that, for

every £ € C™,
)y

r,s=1

fégr =0.

st 82,«

For every j we then have

z:l k

z
k=1 r= r

kj
=0

kj
02| fir( -
—\;Z_ a'k &,

which implies that £ = 0 because the matrix ( afzjk (z )) k=1,..k; has rank n if
l=1,....n
PAS Kj. O

To prove the converse of Theorem 8.17 we will need the following lemma.

Lemma 8.18. Let X be a complex analytic manifold with a C? strictly
plurisubharmonic exhaustion function p. The following then hold.

i) Consider a point £ € X, set o = p(§) and set Dy = {z € X | p(z) < a}.
Assume that dp(z) # 0 for any z € 0D,. There is then a sequence of
holomorphic functions (fr)ren+ on X and a constant C' such that
a) fr(&) =1 for any k € N*,
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b) |frlo.p., < C for any k € N*,
¢) limg_ oo | frlo.x = 0 for any compact set K C D, ~ {¢}.

ii) For any £ € X and any holomorphic function f on a neighbourhood
of € there is a sequence of holomorphic functions (fi)keny on X such that

limy, . 0f(§) = 9f ().
Proof.

i) Let A = (A1,...,A,) be holomorphic coordinates on a neighbourhood V¢
of £&. Set

3 Frar O = L) ~ M)

The function u is then holomorphic on Vg, u(§{) = 0 and by Lemma 2.22
of Chapter VI,
Reu(z) :p( ) = p(&)

-y () = X)) (2) = Ak(E)) + 0(IAE) — A(2)]?).

J,k=1

8/\ 8/\;c

As p is strictly plurisubharmonic, on restricting V; we can find § > 0 such
that

(8.5) Reu(z) < p(2) = p(€) = BIA(z) = M) for any = € V.

Then e“®) = 1 and [e“*)] < 1 for any z € D, N Ve ~ {¢}. Choose a
neighbourhood W, @ V¢ of £ and a C*° function x on X such that x =1
on W and supp x € Ve. The sequence (e*“Ox)ren- is then a sequence
of C* and O-closed differential (0, 1)-forms on X such that

lim |e*“dx|o.p, = 0.
k—o0

Since dp(z) # 0 if z € 0D, we can apply Theorem 8.11 i) to obtain a se-
quence (vg)gn+ of continuous functions on Da such that v, = eFoy

on D, and limy_ . |vglo,p, = 0. Setting fk = xe — v + vE(§),
we get holomorphic functions fe on D, such that fk(ﬁ) = 1 for any

k € N*, supyen-
limg o0 |ka|07K = 0. We then construct the required functions f; € O(X)
using the approximation theorem 8.11 ii).

ii) Assume that f(£) = 0. Set a = p(§) and consider Vg, W, u and x as in the
proof of i). Restricting V¢ if necessary, we can assume that f is holomor-
phic on V. Setting ¢ = fek*dx for any k = 1,2, ... we define a sequence
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of C* and d-closed (0, 1)-forms on X such that supp px € Ve ~ We. It
follows from (8.5) that there is a § > 0 such that limy .o |0&]0,p,,5 = 0.
By Lemma 8.5, we can assume that Crit(p) is discrete in X and hence
we can choose 0 < € < ¢ small enough that dp(z) # 0 if z € 9Dg4e.
We can then apply 8.11 i) and find continuous functions vy on D, such
that dvy = @r on Dgye and limy .o |Uk|0,Day. = 0. As ¢ = 0 on
We, the functions vy, are holomorphic on W¢ and by the Cauchy inequal-
ities limg_, oo Ovk(€) = 0. The functions fk defined by fk = yfe* —
are continuous on D, and holomorphic on D,.. and have the prop-
erty that /() = 0f(€) — Ouvg(€). Using Theorem 8.11 ii) we can find
functions fr € O(X) such that |fy — ﬁc\o,Da+5 < 1/k and it follows that
limg_, o |8fk(§)78fk (&)| = 0 by the Cauchy inequalities. The functions fj
thus constructed have the required properties.

Theorem 8.19. A complex analytic manifold X is Stein if and only if X has
a C? strictly plurisubharmonic exhaustion function p. For any o € R the sets
{z € X | p(2) < a} are then O(X)-conver.

Proof. Theorem 8.17 tells us that this condition is necessary.

Suppose that X has a C? strictly plurisubharmonic exhaustion function p.
Condition ii) of Definition 8.14 follows immediately from Lemma 8.18 ii) since
for any finite family of holomorphic functions in a neighbourhood of a point £
in X we can find holomorphic functions on X whose Jacobian at £ is arbitrarily
close to the Jacobian at ¢ of the initial family.

Set Do, = {z € X | p(2) < a},a € R. It is enough to prove that for any
a € R the sets D, are O(X)-convex. Consider a point £ € X\ D,. By Lemma
8.5, there is a C? strictly plurisubharmonic exhaustion function ¢ on X such
that Crit(¢) is discrete and which is close enough to p that D, € §2,(¢), where
25 ={z € X | ¢(z) < g} for any § € R. After adding a small constant to ¢
we can assume that dp(z) # 0 for any z € 9£2,). Applying Lemma 8.18 i)
to £2,(¢) we can then find a function f € O(X) such that f(§) = 1 and [f| <1
on D,. U

Corollary 8.20. Let X be a Stein manifold and let z and £ be two distinct
points of X. There is then a function f € O(X) such that f(z) # f(§).

Proof. By Theorem 8.19, X has a C? strictly plurisubharmonic exhaustion
function p. Lemma 8.5 implies there is a C? strictly plurisubharmonic ex-
haustion function ¢ on X such that Crit(yp) is discrete. Without loss of gen-
erality we can assume that ¢(z) < ¢(§). Set Dy = {¢ € X | 0(¢) < (§)}-
After adding a small constant to ¢, we can assume that dp(¢) # 0 for any
¢ € 082,(). Applying Lemma 8.18 i) to f2,() and K = {z} we can find a
function f € O(X) such that f(§) =1 and hence |f(2)] < 1 and f(z) # f(&).

(Il

Corollary 8.21. If X is a Stein manifold of dimension n then

HPY(X)=0 whenever0<p<nandl<qg<n.
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Proof. This follows immediately from Theorem 8.11 iii) and Theorem 8.19.
O

Remark. Unlike open sets in C™ (cf. Corollary 7.7), the vanishing of the coho-
mology groups H*(X), 1 < ¢ < n— 1, does not characterise Stein manifolds
amongst complex analytic manifolds; these groups also all vanish when X is
a projective space, for example. A cohomological characterisation of Stein
manifolds does exist, however (cf. [Gu], vol III).

Proposition 8.22. Let X be a Stein manifold. Any strictly pseudoconvex
open set D @ X is a Stein manifold.

Proof. Since D is strictly pseudoconvex there is a neighbourhood Uyp of the
boundary of D and a C? strictly plurisubharmonic function p on Usp such
that DN Upp = {2z € Usp | p(z) < 0}. By Theorem 8.19, X has a C2
strictly plurisubharmonic exhaustion function p;. Fix a small enough € > 0
that {z € Ugp | —¢ < p(z) < 0} € Upp and choose a C* function x on
[—00,0[ such that x(t) = 0 for any ¢t < —e, x(t) — +oc0 as t — 0 and x is
strictly convex on | — €,0[. By Proposition 2.8 of Chapter VI x o p is then
strictly plurisubharmonic on {z € Ugp | —e < p(z) < 0} and p; + xopisa
C? strictly plurisubharmonic exhaustion function for D. Theorem 8.19 then
implies that D is Stein. (]

C. Vanishing theorems for compactly supported cohomology and
applications

It follows from Sections 8.1 and 8.2 that if X is a Stein manifold of dimension n
then for any pair (p,q), where 0 < p < n and 1 < ¢ < n, we have

HP(X) = 0.

We will now study the vanishing of the cohomology groups with compact
support H?9(X) on a complex analytic manifold X.

Proposition 8.23. Let X be a complex analytic manifold of dimension n and

let p and q be integers such that 0 < p < n and 1 < g < n. We assume that

the set
EO

n—p,n—q+1

(X)={uecd (X) | u=0dv,vec (X)}

n—p,n—q+1 n—p,n—q

0
n—p,n—q+1

compact set. If f € ng(X) is a O-closed continuous differential form with

is closed in C (X)) for the topology of uniform convergence on every

compact support on X then the equation dg = f has a solution g € Cgﬁqfl(X)

with compact support in X if and only if fX f A =0 for any d-closed form
p el (X) on X.

n—p,n—q
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Proof. We start by proving the condition is necessary. Assume there is a com-
pactly supported g € Cp,_;(X) such that g = f on X. If o € C2, ., (X)
is a O-closed form on X then

/XfA<p=/X59MD=/X5(gMD)=O

by Stokes’ theorem because g has compact support.
Let us now prove that the condition is sufficient. Assume that | <[ A

¢ = 0 for any O-closed form ¢ € C3°,, ,(X). We define a linear form
on Ey . ,1(X) as follows: if u € E) . 1(X) then we choose v €
CY_pn_q(X) such that 9v = u and we set

F(u):/Xf/\v.

The map F' is well defined. Indeed, by the Dolbeault isomorphism if

v,w € Cy_,, ,(X) are such that v = dw = h then there is a d-closed
p el _y(X) such that v —w — ¢ = 06 for some 0 € C27p7n7q71(X). It

then follows by Stokes’ formula that
[ nw-w-g) =0
b'e

and by hypothesis [ f Av = [ f Aw. As the space Ep_, ..1(X) is
assumed closed, the open mapping theorem implies that there is a continuous

linear map & from E .1 (X) to C)_,, ,(X) such that 9§ = I. The
map F' is then equal to & o § where
. 0
D:Ch_pnqX)—C

is the continuous linear form v — [ [ Awv. Tt follows that F' is a continuous
linear form on Ej .1 (X). Applyingv the Hahn-Banach theorem we can
extend F to a continuous linear form F on C)_,, ..1(X). The form F
therefore defines a compactly supported current such that

(=1)P*t9=19F(h) = F(dh) = F(Oh) = / fAh= (T h),
X

for any form h € D,, ,,—4(X), i.e. L—l)p+q_15ﬁ = Tt where T} is the current
defined by f. The regularity of @ (cf. Chap.V, Cor.4.2) then implies that

there is a g € Cqu_l(X ) with compact support such that

(—=1)P*719g = f in X. O
Theorem 8.24. Let X be a Stein manifold of dimension n. Then

HPUX)=0 whenever0<p<nandd<qg<n—1.
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Proof. The principle of analytic continuation tells us that
HP(X) =0 foranyp, 0<p<n,

since a Stein manifold does not have any compact connected components.
Suppose that 1 < g < n. Since X is Stein the Dolbeault isomorphism tells
us that
HPM(X)~ H(X) = 0.
It follows that Z_, ., 1(X) =E)_,,_,1(X)is closed in C)_,,, 1 1(X)
for 0 < p < mand 1 < g < n We can therefore apply Proposition 8.23. If
fe Cg’q(X ) is a O-closed differential form with compact support on X we will

calculate [y f A ¢ for any d-closed ¢ € C°, . (X). If 1 < g <n—1 then
H"~P"=4(X) = 0 and hence ¢ = 0¥ for some ¥ € C°, ., 1(X). Applying

Stokes’ theorem we get

/XfMo:/Xngu'/:/X(fl)p“ﬁ(f/\W):0

since f has compact support. There is therefore a compactly supported g €
Cp ,—1(X) such that dg = f and by Dolbeault’s isomorphism this implies that
H?%(X) = 0 (cf. Chap. VI, Cor. 4.3). O

This vanishing theorem allows us to give sufficient geometric conditions
for the Hartogs—Bochner phenomenon and the extension of CR functions to
hold using the results of Chapter V.

We deduce a Hartogs—Bochner theorem for Stein manifolds from Corollar-
ies 1.4 and 5.2 of Chapter V.

Theorem 8.25. Let X be a Stein manifold of dimension n where n > 2.
Hartogs’ phenomenon then holds for X. More precisely, for any relatively
compact domain D with C* boundary (k > 1) in X such that X ~ D s
connected and for any CR function f of class C* on 0D where 0 < s < k there
is a C° function F on D which is holomorphic on D such that F|aD =f.

Theorem 8.26. Let X be a Stein manifold of dimension n, n > 2, and
let K be a O(X)-convex compact set in X. Then for any relatively compact
domain D in X such that

1) 0D\ K is a Cj submanifold, k > 1, of X \ K,
2) DN K =Int(D \ K),
3) X N~ (DUK) is connected,

and for any C* CR function f on 0D\ K there is a C* function F on D\ K
which is holomorphic on D . K such that F|8D\K =f.

Proof. By Theorem 5.1 of Chapter V, it is enough to prove that
Hy' (X N K) =0.
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If X is Stein and of dimension n > 2 then by Theorem 8.24 H>!(X) = 0.
If K is O(X)-convex then, by Theorem 8.17, K has a decreasing sequence
(Up)pen of Stein neighbourhoods such that (),.yU, = K. Moreover,
HY%(U,) = 0 for n > 3 and the hypotheses of Theorem 2.5 of Chapter V
hold. Tt follows that Hy' (X ~ K) = 0.

Consider now the case where n = 2. Let us prove that hypothesis ii) of
Theorem 2.5 of Chapter V is again satisfied for the neighbourhoods (Up)pen
of K given by Theorem 8.17. These neighbourhoods are of the form {p, < c}
where p, is a strictly plurisubharmonic exhaustion function on X. By Theo-
rem 8.11 ii), any holomorphic (r, 0)-form on U, is therefore a uniform limit on
any compact set in U, of holomorphic (r,0)-forms on X. Let f € C§%(U,) be
a O-closed form with compact support on U, which can be written as f = dg
where the form g € C5%(X) has compact support on X. By Stokes’ formula,
such a form has the property that

/Xf/\<p:0

for any holomorphic (2,0)-form ¢ on X. By Proposition 8.23, to prove that
J = 0go for some compactly supported go € C55(Uy) on Uy, it is enough to
check firstly that E3 ;(Up) is closed, which is the case because U, is Stein (and
hence Hg’l(Up) = 0) and secondly that

/Upf/\wO

for any holomorphic (2,0)-form ¢ on U,. But by definition of U,, ¢ =
lim,, o ¢n, where the ¢, are holomorphic (2,0)-forms on X and hence

fUpf/\z/J:limnﬁoofUpf/\gpn:hmnﬁoofo/\gonzo. O

Remark. For n > 3 we have not used the full force of the hypothesis that K
is O(X)-convex, we have simply used the fact that K has a decreasing se-
quence (Up)pen of Stein neighbourhoods such that K = ﬂ;ozo U,. A compact
set in a complex analytic manifold which has this property is called a Stein
compact. This notion will be useful in Chapter VIII. In particular, it follows
from Proposition 8.22 that if D is a relatively compact strictly pseudoconvex
domain in a complex analytic manifold then D is a Stein compact.

Comments

The Levi problem for domains in C™ was solved by Oka [Ok] in 1942 for n = 2,
and at the beginning of the 1950s for arbitrary n by Oka [Ok], H. Bremermann
[Brl] and F. Norguet [No]. In 1958, H. Grauert [Gr] solved the Levi problem
in Stein manifolds using the theory of coherent sheaves. The first proof of
the solvability of @ in pseudoconvex domains which does not use the solu-
tion of the Levi problem is due to L. Hérmander [Hol]. This proof which
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appeared in 1965 is based on L? bounds for the 0-Neumann problem. The
first integral operators for solving 0 in strictly pseudoconvex domains in C"
were constructed at the start of the 1970s by H. Grauert and I. Lieb [Gr/Li]
and G.M. Henkin [He2]. Their construction uses an integral formula proved
independently by G.M. Henkin [Hel] and E. Ramirez [Ram)].

The methods used in Sections 1 to 4 can be used to study 0 in g-convex do-
mains & la Andreotti-Grauert: for more information, we recommend [He/Le2]
to the interested. The proof of Theorem 5.1 is due to Laufer [Lau]. The reso-
lution of the Levi problem by the integral representation method can be found
in [He/Lel] and [Ra]: for more information on an alternative theory, namely
Hormander’s L? theory, see [Ho2]. The cohomological characterisation of do-
mains of holomorphy can be found in [Gu]. Theorem 8.26 is proved in [L-T2]
using a generalisation of the Bochner—Martinelli kernel to Stein manifolds.






VIII

Characterisation of removable singularities of
CR functions on a strictly pseudoconvex
boundary

We start this chapter by giving various characterisations of the compact sets K
in the boundary of a strictly pseudoconvex domain D in a Stein manifold of
dimension n which have the following property: any continuous CR function on
0D ~\ K can be extended holomorphically to the whole of D. We will obtain a
geometric characterisation of such sets for n = 2 and a cohomological character-
isation of such sets for n > 3. Amongst other things, we prove that the sufficient
cohomological condition given in Theorem 5.1 of Chapter V is necessary if the
ambient manifold is Stein and the domain D is assumed strictly pseudoconvex.
We end the section with a geometric characterisation of the compact sets K such
that any continuous CR function defined on 0D \ K which is orthogonal to the
set of -closed (n,n — 1)-forms whose support does not meet K can be extended
holomorphically to the whole of D. When K is empty this condition is just the
hypothesis of Theorem 3.2 of Chapter I'V.

1 Reduction to continuous functions

Let X be a complex analytic manifold of dimension n, let D be a relatively
compact domain in X and let K be a compact subset of 3D such that 0D\ K
is a C* submanifold of X \ K for some k > 1. The compact set K is said to be
a removable singularity for CR functions on 0D of class C® for some integer
0 < s < k if any CR function of class C* defined on 9D ~. K can be extended
to a holomorphic function on D which is C¥ on D \ K.

In previous chapters we gave cohomological conditions (cf. Chap.V,
Th.5.1 and Th.2.5 and 2.6) and geometric conditions (cf. Chap. VII,
Th.8.26) under which a compact set K in 9D is a removable singular-
ity for CR functions on 9D of class C*. In this chapter we will study the
special case where D is a strictly pseudoconvex domain with C¥ boundary
for some k > 2, and we will prove various characterisations of removable
singularities of CR functions in this case.

Note first that if D is a strictly pseudoconvex domain with C*¥ boundary
in X for some k£ > 2 and K is a compact set in dD then there is an open
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set 2 in D such that (0D~ K)U {2 is a neighbourhood of D \ K in D~ K
and for any integer 0 < s < k any CR function of class C* on D ~\. K can be
extended to a holomorphic function on {2 which is C* on (0D \ K) U £2. This
follows immediately from the following proposition.

Proposition 1.1. Let D be a strictly pseudoconvex domain with C* boundary
in X for some k > 2, and let x be a point of OD. There is then a neighbour-
hood V of x in X such that any CR function of class C* on V, NOD can be
extended to a holomorphic function on V, N D which is C* on V, N D.

Proof. By Theorem 3.23 of Chapter VI there is a neighbourhood U, of z and
a choice of holomorphic coordinates on this neighbourhood in which 9D is
convex. Suppose that these coordinates are chosen such that x = 0 and the
hyperplane tangent to 9D at x has equation Rez, = 0. For small enough
e # 0 we then have x € {z € U, | Rez, > e} ND C U,. We set I, =
0D N{z € U, | Rez, > €}. By the results of Section 6 of Chapter IV any
CR function of class C® on I}, can be extended to a holomorphic function on
DN{z €U, |Rez, > e} whichis C* on DN {z € U, | Rez, > }. It follows
that the open set V,, = {z € U, | Re z, > €} has the properties we seek. [

This remark implies that when studying removable singularities of CR
functions on a strictly pseudoconvex boundary we can restrict ourselves to
continuous CR functions.

2 The two-dimensional case

Let X be a complex analytic manifold and let D be a relatively compact
domain in X. Let O(D) be the vector space of holomorphic functions defined
on some neighbourhood of D.

Definition 2.1. A subset E in D is O(D)-convez if and only if
E=FEom) = {2€D| f(2) < swp|f(@)|.f € OD)}

Remark. If D is strictly pseudoconvex then the condition that a subset E
in D be O(D)-convex is equivalent to the condition that E be O(U)-convex
for some neighbourhood U of D, which can be chosen to be Stein if X is
Stein. This follows from ii) of Theorem 8.11 of Chapter VII, which in this
case implies that the holomorphic functions on some neighbourhood U of D
are dense in O(D). If X is Stein this neighbourhood can be chosen to be
Stein and to have the property that D is O(U)-convex. If D has a strictly
plurisubharmonic defining function p defined on a neighbourhood Vyp of 0D,
i.e. DNVap = {z € Vap | p(z) < 0} then we simply set U = DU {z € Vyp |
p(z) < e} for small enough € (cf. Chap. VII, Th. 8.19 and Prop. 8.22).
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Theorem 2.2. Let D be a relatively compact, strictly pseudoconvex domain
with C* boundary in a Stein manifold X of dimension 2 where k > 2. For
any compact set K contained in 0D the following are then equivalent.

i) Kisa removable singularity for CR functions on 0D,
i) K is O(D)-convez.

Proof. Let us prove that ii) implies i). Let U be a Stein neighbourhood of D
such that K is O(U)-convex: by the above remark, some such neighbourhood
exists because D is strictly pseudoconvex and X is Stein. Theorem 8.26
of Chapter VII applied to the triple (U, D, K) (which clearly satisfies the
hypotheses of this theorem) then implies that K is a removable singularity
for CR functions on dD.

We now prove the converse. Since D is strictly pseudoconvex, Lemma 8.18
of Chapter VII implies that K o N 0D = K. Let D’ be a strictly pseudo-
convex domain in X such that D ¢ D', DN&D’ = K and I?O(ﬁ') = IA(O@).
(To construct such a domain D’ it is enough to take a small C? perturba-
tion of AD leaving K pointwise fixed: we can then pass from D to D’ by
a countable sequence of strictly pseudoconvex extension elements, and this
proves that (’)(5/) is dense in O(D).) By a theorem of Slodkowski’s which
is proved below for X = C2 the set D’ \ K o) is pseudoconvex and this
set is therefore a domain of holomorphy. There is therefore a holomorphic
function f on D' \ K, oD which cannot be extended to any open set con-
taining D" \ K @) The function f is holomorphic on some neighbourhood
of 9D \ K and since K is a removable singularity for CR functions on 9D it
can be extended holomorphically to D. It follows that D € D' \ K o(D)’ and

hence 1?0(5) =K. O

Corollary 2.3. Let X be a Stein manifold of dimension 2 and let D € X be
a strictly pseudoconvex domain with C* boundary for some k > 2 such that D
is O(X)-convex. For any compact set K contained in 0D the following are
then equivalent.

i) K is a removable singularity for CR functions on 0D,
i) K is O(X)-convez.

Ezample. If X = C? and D = B is the unit ball in C? then a compact set K
in the unit sphere is a removable singularity for CR functions if and only if K
is polynomially convex.

We now prove the result of Z. Slodkowski’s [Sl] which is used in the proof
of Theorem 2.2.

Lemma 2.4. If K is a compact subset in C? and 12 is a pseudoconvex domain
in C2 such that K N2 = @ then 2~ K is pseudoconvex.

More generally, if D is a strictly pseudoconver domain and K is a compact
set in 0D then D ~ KO@) is pseudoconver.
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This lemma follows from the “Kontinuitétsatz” (cf. Chap. VI, Th. 3.4) and
Rossi’s local maximum principle.

The local maximum principle. Let X be a compact set in an open set U
in C™ and let S be a subset of Xy. Then S C (0SU (SN X))y, where 3S is
the boundary of S in Xy .

We will not prove this result. The interested reader will find more details
in [Ros], [Sto] or [St].

Proof of Lemma 2.4. We argue by contradiction. Assume that 2 \ K is not
pseudoconvex and let A be the unit disc in C. By the “Kontinuitatsatz”, on
changing holomorphic coordinates on C? we may assume that the bidisc A2
does not meet K and there is a sequence (¢;);jen of holomorphic functions
defined on a neighbourhood of A in C such that |p;| < 1/2 on A and if we

set @;(s) = (s,¢;(s)) then the map ®; maps A to 2\ K in such a way that

i) dist(®;(e?), K) > 6> 0 for all § € R and
ii) @,(0) tends to a point py € K as j tends to infinity.

Set fj(#1,22) = 1/(22 — ¢;(21)): the function f; thus defined is holomorphic
on some neighbourhood of Kn2A% By Theorem 7.1 of Chapter VII we can
approximate f; uniformly on EnA’ by holomorphic functions on C2. As
|fj] < max(1/0,2) on K N 9A? and the supremum of the functions |fj] on
K N2A? tends to infinity with j we can therefore construct a holomorphic
function f on §2 whose supremum on KENZA is strictly greater than its
supremum on K N AA?, which contradicts the local maximum principle.
The second part of the lemma is proved by simply replacing C? by a

pseudoconvex open set U in C? such that the holomorphic functions on U are
dense in O(D) and D is O(U)-convex in the above proof. O

3 A cohomological characterisation in dimension n > 3

When the dimension of the ambient manifold is greater than 3 we only get
a cohomological characterisation of removable singularities, not a geometric
characterisation.

Theorem 3.1. Let D be a relatively compact strictly pseudoconver domain
with C* boundary for some k > 2 in a Stein manifold X of dimension n > 3.
For any compact set K contained in 0D the following are then equivalent.

i) K is a removable singularity for CR functions on 0D,
ii) HOL(X < K) =0,
i) Hy' (X ~ K) = 0.
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Proof. The fact that iii) = i) follows from Theorem 5.1 of Chapter V: the
hypotheses 2) and 3) of this theorem are satisfied because D is strictly pseu-
doconvex and K C 0D. The fact that ii) implies iii) follows from Theorem
2.7 of Chapter V — since X is a Stein manifold we know that H>'(X) = 0
(cf. Chap. VII, Th. 8.24). It only remains to prove that i) implies ii). We will
use the following lemma.

Lemma 3.2. Let X be a Stein manifold of dimension n > 3 and let K be a
Stein compact in X. Then

HY"Y X N K)=0.

Proof. As K is a Stein compact by definition there is a decreasing sequence
(Up)pen of Stein neighbourhoods of K such that the closure of Upy is con-
tained in U, and K = () oy Up. Let f be a O-closed differential (0,1)-form
of class C*° on X ~ K. Choose a sequence (Xp)pen Of elements of D(X)
such that x, = 1 on some neighbourhood of U,y; and x, = 0 on some
neighbourhood of X \ U, and extend (1 — x,)f by 0 on U,41. The form
9(1 —x,)f = Oxp A f is then a d-closed (0, 2)-form with compact support on
Up. Since U, is a Stein open set and n > 3 there is a C* differential (0,1)-
form g, with compact support on U, such that 9(1 — x,,)f = 9g,. It follows
that 9(g, + (1 — xp)f) = 0 on X and as X is Stein there is a v, € C*(X)
such that g, + (1 — xp)f = 571, on X. Note that y,41 — 7, is holomorphic on
X\ U, and X \ U, is connected because U, is pseudoconvex. It then follows
from Hartogs’ phenomenon for Stein manifolds (cf. Chap. VII, Th. 8.25) that
there is a holomorphic function h, on X such that hp| XT, = Yo+l ~ M Set

h =y + Z;‘;l(')/j.l,_l —j — h;). This sum is locally finite on X \ K and
therefore defines a C* function h on X ~\ K. Moreover,

Oh=(L=x0)f +g1+ ) (= xj+1)f + i1 — g5 = f+ lim g, =f D
j=1

End of the proof of Theorem 3.1. As D is strictly pseudoconvex there are
strictly pseudoconvex domains D’ and D" such that D” ¢ D C D’ and
D'NoD = K = DNoD'. We will prove that for any O-closed differential
(0,1)-form f of class C* on X ~\ K there is a C*™ function g on X \ K such
that dg = f. Since D' is a Stein open set there is a function u; € C*(D’) such
that Qu; = f on D’ (cf. Chap. VII, Cor. 8.21 and Prop. 8.22). As D" is a Stein
compact because D" is strictly pseudoconvex it follows from Lemma 3.2 that
we can find a function ugy € C*°(X ~\ ﬁn) such that duy = f on X ~D". The
function v = uy — u» is then defined and holomorphic on D’ \ ﬁ“, which is a
neighbourhood of 0D \ K. As K is a removable singularity for CR functions
on 0D there is a function V' € O(D) extending v to D. Set

g=u; —V on D’
= Uo onX\EH.
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This defines a C* function on X ~ K such that dg = f on X \ K. O

Remark. It follows from Theorem 3.1 that for n > 3 the fact that K is or is
not a removable singularity for CR functions on the boundary of a strictly
pseudoconvex domain D does not depend on D but only on K itself and the
inclusion of K in the manifold X.

4 Characterisation of weakly removable singularities

Let X be a complex analytic manifold of dimension n, let D be a relatively
compact domain in X and let K be a compact subset of 9D such that I' =
dD < K is a C* submanifold of X ~ K for some k > 1. The compact set K
is a weakly removable singularity for CR functions on 9D if for any function
f € C(I') which is orthogonal to any d-closed C* form ¢ of bidegree (n,n—1)
defined in some neighbourhood of D with support disjoint from K, there is
a holomorphic function F on D which is continuous on D ~ K such that
F’ r=1r (Here, when we say that two forms are orthogonal we mean that
/ fB = 0). Note that any such function is CR because all O-exact forms
are O-closed. We proved in Section 3 of Chapter IV that if X = C" then
K = @ is a weakly removable singularity for CR functions on 0D and we
noted that CR functions are not always orthogonal to the set of J-closed
(n,n — 1)-forms, particularly if I" is not connected.

We start with cohomological characterisations of these weakly removable
singularities.

Theorem 4.1. Let D be a relatively compact strictly pseudoconvex domain
with C% boundary in a Stein manifold of dimension n > 2. For any compact
set K contained in 0D the following are then equivalent.

i) K is a weakly removable singularity for CR functions on 0D,
ii) HOY(X \ K) is Hausdorff,
iii) Hg’l(X ~ K) is Hausdorff.

Proof. We start by proving that ii) implies iii). Let f be a C*° differential
(0,1)-form on X \ K contained in the closure of 9y’ (X \ K') whose support
is contained in some compact set L in X. Since H%}(X \ K) is Hausdorff
there is a g € C>°(X \ K) such that f = dg. The function g is holomorphic on
X~ (LUK) and since X is a Stein manifold of dimension n > 2 it follows from
Hartogs’ phenomenon that there is a function g € O(X) equal to g outside a
compact set in X. If we set go = g — g then f = dgo and the support of gg is
relatively compact in X. It follows that Hy' (X ~ K) is Hausdorff.

Let us now prove that iii) implies i). Let f be a continuous CR function
on I" which is orthogonal to all 0-closed differential (n, n—1)-forms of class C>
whose support is disjoint from K. By Proposition 1.1, f has a holomorphic
extension f to a neighbourhood U of I' in D. Let x be a C*> function on
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X \ K equal to 1 on some neighbourhood of X \ (D U K) and equal to 0
on D ~ U. The support of dx is then relatively compact in D. Let E be
the closure of the set of d-exact differential (0,1)-forms in (C§% (X \ K))g.

We will prove that fgx € E. We argue by contradiction. If fgx ¢ E then
there is a continuous linear form 7" on (C§% (X \ K))g such that T!E =0and

(T, fOx) # 0. We can consider T as an (n,n—1)-current on X ~ K with closed
support in X, and (T, dg) = 0 for any function g € C>(X \ K ) with relatively
compact support in X, which implies that 7" is 0-closed. By Corollary 4.2 i)
of Chapter V, there is a d-closed differential form ¢ of class C> on X \ K and
a current S on X \ K, both with closed support in X, such that T' = 9S8+ .
As f@x is O-closed in X \. K we have

<T7f5X>:<557f5X>+A)¢Af5X:Af@=O

by Stokes’ formula and the hypothesis on f. This contradicts our choice of T,
SO fax € E. By hypothesis HO 1(X ~ K) is Hausdorff so f@x = dg, for
some C* function g on X \ K Wlth relatively compact support on X. The
function ¢ is then holomorphic on some neighbourhood of X ~ (D U K) and
since X is Stein of dimension n > 2 it follows from Hartogs’ phenomenon
that there is a function § € O(X) such that ¢ = ¢ on some neighbourhood
X~ (DUK). Setting F = Xf—g—i—ﬁ we get a holomorphic function on X \ K
which is continuous on D ~ K and equal to f~’ on some neighbourhood of I'
in D. This function is therefore equal to f on I

We end by proving that i) implies ii). Since D is strictly pseudoconvex
there are strictly pseudoconvex domains D’ and D” such that D” ¢ D c D’
and D' NOD = K = DN OD'. Let f be a O-closed differential (0, 1)-form
of class C* on X ~\ K such that f is the limit in C§5 (X \ K) of a sequence
(0g;)jen where each function g; is contained in C*°(X \ K). Since D’ is a
Stein open set there is a u; € C*°(D’) such that f = du; on D'.

Suppose initially that n > 3. As D" is a Stein compact, it follows from
Lemma 3.2 that H1(X ~ EN) = 0. There is then a uy € C*®(X ~\ EH) such
that f = Ougs on X \EH. The function v = uy — us is holomorphic on D’ \EN
which is a neighbourhood of I and if ¢ is a d-closed (n, n—1)-form of class C*°
with compact support in X \ K then

/w:/uupf/uw:/fAs0+/ IAhe
r r r D X~\D
:/f/\gpzhm/égj/\apzo
X J—7e Jx

by applying Stokes’ theorem twice.

Let ¢ now be an arbitrary d-closed differential (n,n — 1)-form of class C>
whose support does not meet K. Since D is strictly pseudoconvex D has a
basis of Stein neighbourhoods and there is therefore an (n,n — 2)-form v of
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class C* on some relatively compact neighbourhood V' of D such that ¢ = 91
on V. Let x be a C*® function on X which vanishes on some neighbourhood
of D and is equal to 1 on X N\ V and set oo = ¢ —d(x¥) = (1 —x)p — Ix A.
The form ¢ can be extended by 0 on X \ K to a d-closed form with compact
support in X \ K. Then

/Fva/FvwoJr/Fv?(xw):/Fvg(xw)=0

since y vanishes on some neighbourhood of D. Since K is a weakly removable
smgularlty there is a holomorphic function V on D’ such that V = v on
D'~ D". If we set
g=wu; —Von D
= Uy on X \ ﬁ”,

then we get a C> function g on X ~\ K such that dg = f, which proves that
H%'(X \ K) is Hausdorff.

The proof for n = 2 is similar but we need to prove that H%!(X \ 5/,) is
Hausdorff. (Of course, this group vanishes for n > 3.) We will now prove this
fact. (]

Proposition 4.2. Let X be a Stein manifold of dimension 2 and let K be a
Stein compact in X. For any p > 0 the group HPY (X \ K) is then a Hausdorff
topological vector space.

Proof. We start by proving that for any compact set L in X ~\ K the space
DX \ K) N dDP' (X \ K) is a closed subspace of DV*(X \ K). Tt is
enough to show that if a function f € DP3(X \ K) supported in a compact
set L is the limit of a sequence of elements (f;);en in DP?(X \ K) which are
supported on L such that f; = dg; for some g; € DP1(X \ K) then f = dg
for some g € DP'(X \ K). We extend f to X by zero. If p € C32, ((X) is

a O-closed form then, by Stokes’ theorem,

/f/\go:‘lim/ggj/\gpzo.
X j—oe Jx

As the manifold X is Stein Hy ?'(X) = 0 and it follows that E9_ p1(X)
is closed in C2_ p.1(X). Proposition 8.23 of Chapter VII and the regularity of &
then imply that f = Oh for some h € DP*}(X). Since K is a Stein compact
there is a Stein open set U in X such that K C U C X ~ L. The form h
is O-closed on U and h = Ju on U for some u € 0. Let x € D(X) be a
function which is identically equal to 1 in some neighbourhood of K and which
is supported in U. We set g = h — d(xu): the form g is then a C> differential
(p,1)-form on X with compact support on X . K such that dg = f.

The proposition then follows from the following general result. O
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Theorem 4.3. Let M be a complex analytic manifold of dimension n and

let p and q be integers such that p > 0 and 1 < g < n. We assume that
F,.o(M): For any compact set L in M, DY'Y(M)NdDP9~1(M) is a closed

subspace of DY (M).

The group H"~P"=9FY M) is then Hausdorff. In particular, H?9(M) is Haus-

dorff if and only if H"~P"~9 Y M) is Hausdorff.

Lemma 4.3.1. Let L be a compact subset of M such that D}*(M) N
oD~ (M) is a closed subspace of DYY(M). There is then a compact
subset Lqg in M such that L C Lo and

DY(M) N ODP4~H (M) = DY (M) N 9Dy~ (M)
Proof. Let (Kj)jen be an exhaustion of M by compact sets. Then
DP(M) N ODP* (M) = UjenDY (M) N ODRIH (M),

Since DP(M) N ODP4~1(M) is a Fréchet space by hypothesis there is an

index jo such that DY (M) OED’;(";A(M ) is of the second Baire category and
Jo

by the open mapping theorem Ly = Kj; is then the compact set we seek. [

A pair (L, Ly) satisfying the conclusion of Lemma 4.3.1 is called a (p, q)-
admissible pair.

Lemma 4.3.2. If M is such that F}, ;(M) holds, U is an open subset in M
and L is a compact subset of M such that (U, L) is (p,q)-admissible then

i) For any neighbourhood U, of L and any differential form f €

o pn—q+1(Uo) such that on fANp=0 for any v € D%q_l(M) N Kerod
there is a g € C;2,,,_,(U) such that g = fi,- B

ii) For any neighbourhood Uy of L the vector space C;° ., (M) NKerd is

dense in C;ﬁp’nfq(Uo) N Kerd for the Fréchet vector space topology on

e ().

n—p,n—q

Proof. Let us prove i). The hypotheses imply that the operator 9 from the set
{p € D21 (M) | supp(dp) C U} to DZA(M) N dDP9~1(M) is a continuous
surjective linear map between Fréchet spaces. It is therefore an open map. It
follows that the linear form I on D2?(M) NODP2~1(M) defined by F(dyp) =
on f A for any ¢ € Dz’q_l(M ) is continuous and therefore by the Hahn—
Banach theorem it has a continuous extension to Dp(M). Let G be the
(n — p,n — q)-current on U defined by this extension. Then G = fiv- The
Dolbeault isomorphism then completes the proof of i).

To prove ii), let us first prove that if Uy C Uy are two neighbourhoods of
L in M then the vector space CZ° (Up) NKer  is dense in C° (Uo)N

n—p,n—q n—p,n—q
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Kerd for the Fréchet space topology on Ci°,,, ,(U). We use the Hahn-
Banach theorem. Let T be a continuous linear form on C3° ., (U) — or
in other words, let T" be a (p,q)-current on M compactly supported in U
— such that T'(p) = 0 for any differential form ¢ € C3°, q(UO) N Ker 3.
The current T is then J-closed and by the Dolbeault isomorphism there is

a differential form f € D%Q(M) and a (p,q — 1)-current S on M supported

in U such that f =T+ 0S. We deduce that, for any differential form ¢ €
Cx (Uo) N Ker 0,

n—p,n—q

_FAe=T(p) £ 5(9p) = 0.

Ug
An argument similar to that used for i) then proves there is a differential
form g with compact support such that f = dg and since (U, L) is admissible
we can assume that g is supported in L. It remains to show that T(¢) = 0
for any differential form ¢ € C3° ., (Up) N Ker d. But

T(p)= [ fAeES@p)= [ dghep=0
Uo UO

by Stokes’ formula.

Set U_1 = U and K_; = L. It follows from Lemma 4.3.1 that we can
find an increasing sequence (U;);jen of open sets U; € M and an increasing
sequence (Kj;)jen of compact sets in M such that for any 7 > —1, U; C
K; C Uj;1 and the pair (U;, K;) is (p, q)-admissible. For every j > —1, fix
a metric p; on C;2, ,_ (U;) defining its Fréchet space topology. Consider a
form fo € 32, ,,_,(Uo)) NKer & and a real number ¢ > 0: we can recursively

construct a sequence (f;);en of elements in C2° (U;)) N Ker 0 such that

n—p,n—q
pe(fs fi+1) < ﬁ’ for any k such that — 1 < k < 7,

and it follows that

Jj—1

3 9
pi(fir f3) < Zpk i de) <D0 g < 5

=i =i

for any k such that —1 < k < i < j. The sequence (f;)52;, is therefore
Cauchy for any k > —1 and converges to a form Fy € C;° ., (Ux) N Ker d
such that py,(fer1, Fr) < /281 Tt follows that F), = Fk+1| for any k. We

can therefore define a form F € C°, (M) N Kerd by settlng Fy,, = Fi.
This form has the property that py(fri1, F) < /28! for any k > —1 and in

particular p_;(fo, F) < e. O

We can now prove Theorem 4.3. We will prove that under the hypothesis
of the theorem the space

Ezo—p,n—q-i-l( )_{uecn pn— q+1( )|U,—8U Uecgopn q(M)}
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is equal to the closed subspace Z2° * pn—gqi1(M) in Z2° .4 (M) consisting
of differential forms f such that fM fA@=0forall p € DP4~1(M) such
that Op = 0 in M. Stokes’ theorem implies that E2°

in Zn pn—qi1(M). We now consider the inverse inclusion. Fix a form f €

o pn—q+1(M) is contained

7 pn—gi1(M). It follows from Lemma 4.3.1 that we can find an increasing
sequence (U;) en of open subsets U; € M and an increasing sequence (K;) jen
of compact subsets of M such that U; C K; C Uj1; and the pair (U, K;)
s (p, g)-admissible for any j € N. Applying i) of Lemma 4.3.2 to each triple

Uj—1 C Kj_1 C U; we get a sequence (g;);jen of elements of C° (U;) such

U;)
n—p,n—q\-J
defining its Frechet space topology. Claim ii) of Lemma 4.3.2 enables us to
recursively construct a sequence (h;),en of elements of C2° (M) NKerd
such that, for any j > 2,

-~ n—p,n—q
that dg; = f‘U for all j. Now for any j > 0, fix a metric p; on C;°

n—p,n—q

1
pi(gj—1+hj—1,9; + hj) < % for any ¢ such that 0 <i < j — 2.

This proves that there is a differential form g € C
lim, 00 pj(9, g + hy) = 0 and dg = f.

For the second part of the theorem, the fact that the condition is sufficient
follows from Proposition 8.23 of Chapter VII and the Dolbeault isomorphism.
Conversely, if the cohomology group H??(M) is Hausdorff then for any com-
pact set L in M the subspace DY(M) N dDP4~1(M) is closed in Dy?(M),
so this condition is necessary by the first part of the theorem. O

M) such that

npnq(

We end this section with a geometric characterisation and an intrinsic
cohomological characterisation of weakly removable singularities.

If F'is a closed set in X then we let ;< (F) be the space of germs of
differential (p,q)-forms on F, i.e. the inductive limit over open sets U in X
containing F' of the family CJ%, (U), where the map iyy : C;%,(U) — €55, (V)
for any V C U is simply the restriction map. The operator O : Coo (F) —

oo +1(F) is well defined. It is also a continuous map such that o d = 0. We
can therefore consider the cohomology group

Hp7q(F) ( )/a D,q— 1( )

where Z2% (F) = {u € C3%(F) | du = 0}. The group HP(F) is equipped
with a natural quotient topology.

Theorem 4.4. Let D be a relatively compact strictly pseudoconver domain
with C% boundary in a Stein manifold of dimension n > 2. For any compact
set K contained in 0D the following are then equivalent.

i) K is a weakly removable smgulamty for CR functions on 0D,
ii) D C F o(p)> where FO(D) = U{EO(D | EC T compact }.
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iii) For any compact set L C D~ K there is a compact set I';, C I' such that
L C (FL)O(ﬁ)

iv) H»" Y K) =0.

Proof. We first prove that iv) implies i). By the equivalence between i) and ii)
of Theorem 4.1, it is enough to show that if the group H™" 1 (K) is zero then
H%(X \ K) is Hausdorff. We will prove that for any compact subset L in
XN K, DP"M(X N~ K)NaD™" (X \ K)is a closed subset of D}"(X \ K)
if iv) holds and by Theorem 4.3 this will prove this first implication. Let f
be a C*®-smooth, d-closed differential form of bidegree (n,n) with support
in L such that f = lim;_qdg;, where (g;);en is a sequence of C*°-smooth
differential forms of bidegree (n,n— 1) with compact support in X \ K. From
Stokes’ formula it follows that

[ gne=tim [ Fgne=0
X =0 Jx

for any C°°-smooth, holomorphic function ¢ on X. Since X is a Stein mani-
fold, Proposition 8.23 then implies that there exists a C*°-smooth differential
form g of bidegree (n,n — 1) with compact support in X such that dg = f. In
particular g is d-closed on a neighbourhood U of K and by iv) there exist a
neighbourhood V' C U of K and a C*°-smooth differential form h of bidegree
(n,m —2) on V such that Oh = g on V. Let x be a function of class C> with
compact support in V' identically equal to 1 in a neighbourhood of K, we
define xh on X by extending it by zero. The differential form u = g — d(xh)
is then of class C*° on X, vanishes in a neighbourhood of K and its restriction
to X \ K is a differential form of bidegree (n,n — 1) with compact support in
X \ K which satisfies Ou|, _, = f.

Let us now prove that i) implies ii). Suppose that K is a weakly remov-
able singularity for CR functions on 9D and let A(D U I') be the algebra of
continuous functions on I"'U D which are holomorphic on D. As K is a weakly
removable singularity, A(DUI")NC(I") is a closed subalgebra of C(I"). (In fact
it is the intersection of the closed subspaces F, = {f € C(I') | [ f¢ = 0},
where ¢ runs over the set of d-closed differential (n,n — 1)-forms of class C>®
defined on some neighbourhood of D whose support does not meet K.) It
follows that the restriction map p from A(DUT") to A(DUI')NC(I) is a topo-
logical isomorphism: we denote its inverse by x. If z is a point of D then the
Hahn-Banach theorem implies there is a continuous linear form ¢ : C(I') — C
equal to the map f |p— x(f |r)(z) = f(z) on A(DUI')NC(I"). By the Riesz
representation theorem there is therefore a measure p, of finite mass with
compact support on I such that

f(z)= / fdu, forany fe A(DUT).
r
Since A(D N I') is an algebra,

fk(Z)Z/fkduz for any f € A(DUT)
r
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and any k£ € N. It follows that, for any k € N,

F(2)] < sup{| (O] | ¢ € supp pe } s |-
If we let k tend to infinity we get

|f(2)] < sup{|f()| | €suppp.} forany fe A(DUT),
which proves that z € (Slﬁ\puz)o(ﬁ) and hence D C I o) Py definition of

o)

We now prove that ii) = iii). We will need two lemmas.
Lemma 4.5. Let D be a relatively compact strictly pseudoconver domain with
C? boundary in a Stein manifold X of dimensionn > 2 and let K be a compact
set contained in D. For any compact set E C 0D ~ K we can find a pair
(D', E’) such that

i) D' is a relatively compact strictly pseudoconvex domain with C* boundary
containing D such that 9D’ N D = K and 0(5/) |5 is dense in O(D)
il) E' is a compact subset of 0D’ \ K such that E C E o5y

Proof. We get D' by making a small C? perturbation of D leaving K point-
wise fixed. We can then pass from D to D’ by a sequence of pseudoconvex
extension elements, which implies that O(D') |5 is dense in O(D). For any
z € FE consider the neighbourhood V, of z in X constructed in Proposition
1.1. We can assume that V', does not meet K. As E is compact, E is covered
by a finite number Vi, ..., V, of such sets V, and we set E' = [J!_, (V;noD’).
If D’ is close enough to D then V; N D’ is a domain of the type studied in
Section 6 of Chapter V for any ¢ = 1,...,p and hence E C E’O@/). O

Lemma 4.6. Let Y be a Stein open set in a Stein manifold of dimension
n > 2 and let E be a compact set inY. We set E. = {z € X | dist(z,E) < ¢}
and we choose € > 0 small enough that E. is again a compact set in'Y . Then

(Ey)e = (E.)y.

Proof. Set K = (E.)y: thisis a O(Y)-convex compact set and it therefore has
a basis U of Stein neighbourhoods such that for any U € U the set O(Y) |y is
dense in O(U). (This follows immediately from Theorem 8.17 and Proposition
8.9 of Chapter VII.) Then

dist(Ey,0K) = inf dist(Ey,dU) = inf dist(Ey,dU)
veu veu

since By = Ey because O(Y) |y is dense in O(U). As any element U in U is
a domain of holomorphy because it is Stein it follows from Theorem 1.13 of
Chapter VI that R

dist(Ey,0K) = l}réfu dist(E, 9U).

But if U € U then U contains E. and hence dist(Ey, O0K) > ¢ from which it
follows that (Ey). C K. O
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End of the proof of Theorem 4.4. Suppose that D C fO(B)- For any a €

D \ K there is then a compact set E, in I" such that a € (Ea)o(ﬁ). By
Lemma 4.5 we can find a strictly pseudoconvex domain D’ containing D
such that 9D’ N D = K and O(ﬁ/) |5 is dense in O(D), and a compact set
E, C I'" = 9D’ \ K such that E, C (E'q) 5. Then
a € (Ea) o) = (Ea)o@y C (E'a) o5y

As mentioned in Section 1 of this chapter, we can find a Stein neighbour-
hood U of D’ such that O(’)(B’) = Cy for any compact set C' in D’. With the
notations of Lemma 4.6 we choose ¢ small enough that (E’). N D = & and
((E(’l)s)U N K = @, which is possible because E’, is a compact set in C" \ D
and the points of K are peak points of (’)(5,). Lemma 4.6 then implies that

Bla,e) € (E)y). © (B,

and by the local maximum principle D N B(a,e) C (I,)y, where I, =
(@)U NOD is a compact set in I'. If L is a compact set in 0D \ K then L
is covered by a finite number of open sets V, in D of the form DN B(a,¢) and
it follows that there is a compact set I';, C I" such that L C (fL)o(5)~

We end by proving that iii) implies iv). Consider a d-closed C* differential
(n,n—1)-form ¢ on a neighbourhood U of K and let A be a C* function with
compact support on U which is equal to 1 on some neighbourhood V of K.
The map f — [, fOX A ¢ is a continuous linear form on O(D). We set
L = DNsuppOX: the set L is a compact set disjoint from K and by iii) there
is a compact set I, C I such that

|| foxng| < csuplr) < € sw £
zel'yr,

It follows from the Hahn—Banach theorem and the Riesz representation theo-
rem that there is a measure py, on I, such that (ur, f) = fD FOXNA @ for any
f € O(D). If xp is the characteristic function of D then o = YpOA A ¢ — g,
is a measure on D U I" such that (o, f) = 0 for every f € O(D). As the open
set D 1is strictly pseudoconvex there is a strictly pseudoconvex domain G’
such that suppo C G', K NG = o and O(D) is dense in O(G") |g:n(pur)-
(To get G’, we simply push the boundary of D slightly towards the interior
of D in a neighbourhood of K and push it slightly towards the exterior of D
near the support of o.) The measure o then defines an (n,n)-current T, with
compact support in G’ such that (T, f) = 0 for any f € O(G’). As G’ is
Stein there is an (n,n — 1)-current S with compact support in G’ such that
T, = 0S. But now T, is a C*® differential form on D N G’, so it follows from
the regularity of @ (cf. Chap. VI, Corollary 4.2 ii)) that there is a C> differ-
ential form ¢ on D NG’ which vanishes on some neighbourhood of K such
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that g = T, on D NG’. Now consider a strictly pseudoconvex domain G”
such that K ¢ G ¢ D UV. Restricting the relation dpy = T, to G" we
get ON A @ = Ogg or alternatively d(A\p — o) = 0 on G” (here we implic-
itly define A¢ on the whole of G by extending it by 0). Since G” is Stein,
H™"=2(G") = 0 and there is therefore a C> differential (n,n — 2)-form
on G such that Ao — ¢y = 0Y on G”. As A\ =1 and ¢y = 0 on some neigh-
bourhood of K we have ) = ¢ on some neighbourhood of K, which proves
that H™" 1(K) = 0. O

Comments

The study of removable singularities for CR functions defined on the boundary
of a domain started with the work of G. Lupacciolu and G. Tomassini [Lu/To]
in 1984 and developed quickly in the following years. The most important
results on the subject were proved by G. Lupacciolu [Lul, Lu2]. A panorama
of all known results on the subject is presented in [Ci/St].
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Differentiable manifolds and differential forms

This appendix contains some of the basic tools of differential geometry used in
this book. After introducing the concept of a differentiable manifold we define
the algebra of differential forms and prove Stokes’ theorem, which is the main
result of this appendix.

1 Differentiable manifolds

Definition 1.1. A chart h on a topological space X is a homeomorphism
from an open set U of X to an open set of R™ for some integer n. The open
set U is the domain of the chart h. We sometimes denote the chart h by the
pair (U, h).

If V is an open set in X and V C U then h v is a chart whose domain
is V.

Definition 1.2.

a) Two charts on X, h and h', which have the same domain U are said
to be g-compatible for some integer ¢ € N* U {oco} if the two inverse
homeomorphisms

B oh™t: h(U) — K (U)
hoh = :W(U) — h(U)

are C? as maps from an open set in RP to an open set in R?'.
b) Two charts (U, h) and (U’, h') are said to be g-compatible if UNU' = &
or h|UmU, and h”UnU, are g-compatible as in a).

Remark. If n and n’ are the integers associated to compatible charts h and A’
then n = n/. Indeed as ¢ > 1 the differential map d(h' o h=1)(x) is a linear
bijection from R™ to R™ for any « € h(U) so n =n'.
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Definition 1.3. A C? atlas on X is a set of charts which are pairwise g-
compatible and whose domains form an open cover of X. Two CY atlases are
said to be compatible if their union is a C? atlas.

Remark. Compatibility is an equivalence relation on the set of C? atlases on X.

Definition 1.4. A C? differentiable manifold is a Hausdorff topological space
which is a countable union of compact subsets equipped with an equivalence
class of C? atlases.

Ezamples.

1) Any non-empty open set D in R™ has a natural C* manifold structure.
The chart {(D,Idp)} is an atlas for this structure.

2) The sphere in R? is a C° manifold with an atlas containing two charts.

3) Suppose that D is a relatively compact open set in R™ such that for any
P € 0D there is a neighbourhood W), of P such that 0D N W, can be
written in the form 0D N W, = {z € W, | rp(x) = 0} where 7, is a C*
function (1 < k < 00) on W), and dr, # 0 on 0D N W,. The set 9D is
then a C* manifold. (This follows from the implicit function theorem.)

If X is a differentiable manifold then for any x € X there is a chart (U, h)
such that x € U and h is a map from U to R™. This integer n only depends
on x: we call it the dimension of X at x. It is clear that n is constant on any
connected component of X.

Definition 1.5. A differentiable manifold all of whose connected components
are of dimension n is said to be of dimension n.

Definition 1.6. Let X and Y be two C? differentiable manifolds. A map
f X — Y is said to be CP for some integer p < ¢ if it is continuous and the
following condition holds: for any pair of charts (U, h) and (V, k) of X and YV
such that f(U) C V the map

ko (f|U) oh ' h(U) — E(V)
is CP as a map from an open set of R™ to an open set of R™.

We note that it is enough to check these properties on every chart in some
atlas.
If Y =R or C then a C” map from X to Y is called a CP function on X.

Definition 1.7. Let (U, h) be a C? chart on a differentiable manifold X of
class C1. The map h is then a C? map from U to R”

U — h(U) C R
Xr — h(l‘) = (331(33)7 s 7a:n(x))a

where each z; : U — R (j = 1,...n) is a C? function on U. The functions
Z1,...,x, are called the local coordinates on U defined by the chart (U, h).
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2 Partitions of unity

In this section, we construct a tool — the partition of unity — which enables
us to localise problems on a manifold. In particular, it enables us to restrict
to chart domains.

Lemma 2.1. Let A be a compact set in R™ and let U be an open set contain-
ing A. There is a real C* function with compact support in U whose image
is contained in [0,1] and which is equal to 1 on A.

Proof. Consider the function defined on R by

1/ il < 1
o) = <° il <1,
0 if [t] > 1,

where C' is a constant such that fR 0(t) dt = 1. This function is C** on R and
is supported on the interval [—1,1]. For any real number ¢ > 0 the function
x v 0.(x) = 0(|z|/e) (where || = (234 --422)1/2) is C* on R™. Its support
is the closed ball of centre 0 and radius ¢ and its image is contained in [0, 1].

Let B be a relatively compact open set in R™ such that A € B € U. Set

¢:XB*987

where xp is the characteristic function of B. The function v is C*° on R and
its image is contained in [0,1]. If ¢ < 1 min (dist(B,CU),dist(A,CB)) then
the support of ¢ is a compact set contained in U and v is constant and equal
to 1 on A. O

Lemma 2.2. Let U be a locally finite open cover of a differentiable mani-
fold X. We can choose open sets U’ for every U € U such that U cU and
the family of open sets U’ is again an open cover of X.

Proof. We assume without loss of generality that X is connected. Passing
to a subsequence if necessary, we may assume that U is countable since X
is a countable union of compact sets. (We take U’ = @ for any U we have
suppressed.) We write U = {Uy,Us, Us, .. .}.

Set C1 = Uy (Uk>2 Uy): C1 is a closed subset of Uy and X = C; UUy U
UsU---. Let U] be an open set such that C; C U] C ﬁll C Us.

Set C2 = Uz \ (U U (U3 Uk)): C2 is a closed subset of U and X =
Uy UCyUU;zU---. Let Uj be an open set such that Cy C U} C U; C Us.

Iterating this construction we get a family (UJ.)ken of open sets in X such

that U; C Uj. It remains to prove that this family is an open cover of X.
For any x € X, there is a largest integer n such that x € U, since U is
locally finite. By construction of the sets U},

er{u-uU;u( U Uk).
E>n4l
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It follows that x € U,@1 Uj, because x cannot disappear when we replace Uy
by Uy, for any k > n + 1 - by definition of n we know that = ¢ (Uys,, 41 Uk)-
O

Theorem 2.3. Let X be a differentiable manifold. For any open covering
(2:)ier of X we can find functions (a;)ier such that

1) «; is C* and has compact support in (2;,

2) only a finite number of the functions a; are not identically zero on any
compact set in X,

3) ai(x) =20 and ) ;. ai(x) =1 for any x € X.

Definition 2.4. A family of functions («;);c; satisfying the conditions of
Theorem 2.3 is called a locally finite partition of unity subordinate to the open
cover (£2;)icr-

Proof (of Theorem 2.3). Suppose initially that the open cover (§2;);cr is lo-
cally finite (i.e. every compact set only meets a finite number of sets £2;), all
the sets §2; are relatively compact in X and the closure of each {2; is con-
tained in a chart domain. Applying Lemma 2.2, we can find a new open cover
(£2))ier indexed by the same set such that ﬁ; C (2;. By Lemma 2.1, there
are C* functions (p;);e; with image contained in [0, 1] such that the support
of ; is contained in £2; and ¢; is equal to 1 on {2{. The sum ¢ = > . _; @
is well defined on X since for any = € X only a finite number of the values
vi(z) are non-zero. This function is everywhere > 1. The functions a; = %
satisfy the conditions of the theorem.

Suppose now that the open cover ({2;);cs is arbitrary. As X is a count-
able union of compact sets we can find a locally finite refinement of (£2;);er,
(Gj)jes, indexed by a set J and a map from J to I, j — i(j) such that
each G; is relatively compact in X, the set G; is contained in a chart domain
and Gj C §2;(;) for any j € J. By the first part of the proof there is a partition
of unity (7;);e subordinate to the cover (G;)jes. Set o =3, _;7; for ev-

ery ¢ € I. The family («;);cs then satisfies the conditions of the theorem. O

3 Cotangent space at a point and differential forms of
degree 1

Let X be a C? differentiable manifold of dimension n and consider a point
x € X. We consider the set of pairs (U, f) such that U is an open set in X
containing x and f is a function such that f € CP(U) for some p < q. We
define an equivalence relation on this set by setting (U, f) ~ (U’, f/) if and
only if there is an open set W C U N U’ such that x € W and f|W = f”W,.
A germ of a CP function at x is an equivalence class for the above relation;
when there is no risk of confusion we will often identify a germ with one of
its representatives.
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Definition 3.1. For any p > 1 a CP function f defined on a neighbourhood W
of a point « € X is said to be stationary at x if there is a chart (U, h) such
that 2 € U C W and all the first-order partial derivatives of f o h~! vanish
at h(z). A germ of a CP function (p > 1) at x is stationary if and only if any
of its representatives is stationary at x. (Note that if one representative is
stationary then all the others are as well.)

Let C2(X) be the set of germs of CP functions at x and let SP(X) be the
subset of C2(X) consisting of stationary germs. The set CE(X) is an R-vector
space and SP(X) is a subspace of C2(X). We note that C2(X)/SE(X) ~
CL(X)/SL(X) for any p > 1.

Definition 3.2. Let X be a C? manifold for some ¢ > 1. The vector space
T3 (X) =CL(X)/SL(X) is called the cotangent space to X at x. If f € CL(X)
then we denote its image in T(X) by (df),. Elements of T(X) are called
differentials at x.

Let (U, h) be a chart such that z € U and consider the map

Onz: Ty (X) — LR™,R)

(df)o = d(f o h™")(h(2)).

The map 6, , is linear and injective. If (x1,...,x,) are the local coordinates
at z defined by the chart (U,h) then the family of forms d(z; o h™1)(h(z))
is a basis for L(R™,R). This means that 6, , is also surjective, so it is an
isomorphism. The vector space T (X) has dimension n and (dz1)z, . . ., (dzp)
is a basis of T (X).

We now express an element (df), of T (X) in terms of this basis:

n o b1
a(f o b~V (h() = Y %(h(x»d(% o h =) (h(x),

50 (df) = 7=y 25 (h()) (day),.

Definition 3.3. We define T*(X) to be the disjoint union of the spaces
Tx(X) for all x € X. This union is called the cotangent space of X. We
denote the natural projection from 7% (X) to X by p.

Definition 3.4. Let X be a C? differentiable manifold for some ¢ > 1. Let A
be an open set in X. A differential form of degree 1 on A is a map w : A —
T*(X) such that po A = 1d.

Let (U,h) be a chart on X and let (z1,...,x,) be the associated local
coordinates. If w is a differential form of degree 1 on A then, for any z € ANU,

w|AﬁU Z a;j(z)(dz;).
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Let dz; be the differential form of degree 1 defined on U by z +— (dz;),.
We can then write

n
Ol gy = D ajda;,
j=1

where the functions a; are defined on ANU.

The form w is said to be C* for some ¢ < g if the functions a; are C* on
ANU. A straightforward calculation shows that this is independent of the
choice of coordinates.

Example 3.5. If f is a C! function on an open set A in X then the map
x — (df), defines a differential form of degree 1 which is continuous on A.
This form is called the differential of the function f. If A is an open set in R™
then the differential df thus defined is simply the differential map of f. (Here
we have identified T X with L(R™,R) for all z € A.)

4 The tangent space at a point and vector fields

Let X be a C? differentiable manifold of dimension n for some ¢ > 1 and let x
be a point in X.

A curve in X passing through z € X is a C! map « from an open interval I
in R to X such that 0 € I and «a(0) = . We define an equivalence relation
on the set of curves in X passing through x by a ~ § if and only if for any
C! function f defined in a neighbourhood of x,

d d

2 0a)(0) = S(f 0 )(0).

We leave it to the reader to check that if X is an open set in R™ then o ~ 3
if and only if o/(0) = 5'(0).

Definition 4.1. The set of equivalence classes of curves in X passing
through x for the above relationship is called the tangent space to X at x.
We denote it by T, (X).

If v € T,(X) and f is a C* function defined in a neighbourhood of x then
we set

U(f) = (0 )(0),

for any representative a: of v. This can be interpreted as a directional deriva-
tive. When X = R", it is easy to check that

() — tim T 10(0) = (&)

t—0 t
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Note that v(f) = v(g) if f and g are functions in C1(X) and f—g € SL(X).
If v € T,(X) we can therefore define a map, also denoted by v, from T, (X)
to R by

2 (df)e S (f 0 0)(0),

where f represents the element (df), in T;(X) and « represents v. Let us
check that if 11 and v give rise to the same map from T(X) to R then they
are equal in T, (X). Let «; be a representative of v; for i = 1,2. If 14 and vy
are equal as maps from 77 (X) to R then, for any C' function f defined in a
neighbourhood of z,

d d
S oa)(0) = 2(f 0 a2)(0)

but this implies that oy and as are in the same class and hence v1 = v in
T, X. A tangent vector to X at x can therefore be thought of as a linear form
on TX(X).

Proposition 4.2. Consider a tangent vector v € T,(X) and let f and g be
C! functions defined in a neighbourhood of x. Then, for any a,b € R,

v(af +bg) = av(f) + bv(g)
v(fg) = v(f)g(x) + f(x)v(g).

(A map with these properties is called a derivation at x.)
Proof. This is a straightforward application of the definitions. O

Ezample. Let (U,h) be a chart at € X such that h(z) = 0 and let
(z1,...,2,) be the local coordinates defined by this chart. Let (8%)96 be

J

the class of the curve t — h=1(0,...,0, ¢t ,0,...,0) for all j = 1,...,h. If f
rgj

is a C! function on some neighbourhood of z then, for any j =1,...,n,
0 0]
— = — h=1)(0).
(5:),(0 = g on HO

Proposition 4.3. The vectors (6%1)93, .. ,(%)1 form a basis for (Tx(X))*,
the dual of T} (X).

Proof. Tt is enough to check that the vectors (8%1)35, e ,(%)z are dual to
the basis ((dz;)z)j=1,....n of T;(X). To do this we calculate (52-),(2):

(;;)w(xk) —0ifj#k and (aij)wm) —1ifj=k

which proves the proposition. O
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Theorem 4.4. The tangent space to X at x can be identified with the dual
of the cotangent space to X at x. In other words, T, X = (T} (X))*.

Proof. By the remark following Definition 4.1 and the first part of Proposition
4.2 we know that T, (X) injects into (7.5(X))*. It remains to prove the oppo-
site inclusion. Let (U, h) be a chart of X such that x € U, h(z) = 0 and h(U)
is the open set {x € R" [ sup;_; _,|z;| < 1}. By Proposition 4.3, for any
L € (T} (X))* there are real numbers ay, .. ., a, such that L = Z;L:1 aj(%)w.
Consider a set of functions 7;, 7 = 1,...,n, defined on an open interval I of R
containing 0 such that |y;(¢)] < 1 for any ¢t € I and 7;(t) = a;t in some
neighbourhood of 0. Let I" be the curve in X passing through = defined by
I'=h"tor, where v(t) = (y1(t),...,Vn(t)). The form L is then equal to the
class of I and it follows that (T(X))* C T,(X). O

Remark. The space Tx(X) is therefore the dual of T,(X) and the bases
((dxj)z)j=1,..n and ((%)l)jzln are dual bases.

It follows that, for any (df), € Tx(X),

@ =3 () (@elde)a =3 () Sl

j=1

We can define the C-vector space of complex differential 1-forms at the
point € X by considering complex-valued functions. We denote this space
by CT; X: it can be identified with the space of R-linear maps from 7, X to C.
The vector space CT; X is in fact the complexification C ® g Ty X of the real
vector space T X. It is a vector space of complex dimension n. We can also
consider the complexification CT, X of the real vector space T, X. An element
v € CT, X can be uniquely written in the form v = vy + ivy where vy,1v5 €
T,X. A complex-valued differential 1-form w can be naturally extended to a
C-linear map w® : CT, X — C on setting w®(vy +ivn) = w(vy) +iw(va). It is
easy to show that CT; X and CT,X are naturally dual as C-vector spaces.

Definition 4.5. We define T'(X) to be the disjoint union of the spaces T, (X)
for all z € X. It is called the tangent space of X and we denote the natural
projection from T'(X) to X by p.

Definition 4.6. Let X be a C? differentiable manifold for some ¢ > 1, and
let A be an open set in X. A wvector field on A is amap V : A — T(X) such
that po V =1d.

Let (U,h) be a chart on X and let (z1,...,2,) be the associated local
coordinates. If V' is a vector field on A and x is a point in AN U then

V|0 (@) = iaj(x)(a‘;)x.
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Let 52 be the vector field defined on U by x +— (%)x We can then write

- 0
V}AHU = Zai O
j=1 J

where the functions a; are defined on ANU.
The vector field V is said to be C* for some ¢ < ¢ if the functions a; are
all C* on ANU.

5 The algebra of differential forms

Let X be a C? differentiable manifold for some ¢ > 1, and let = be a point
of X.

We consider the rth exterior product over R of the cotangent space T (X)
to X at z, which we denote by A"T(X). The reader will find the definitions
and main properties of the rth exterior product of a vector space in [Lan]. In
our setting we will use the following interpretation of the rth exterior power,
which is the most concrete one.

By definition A°T(X) = R and for any r > 1 we identify A"T;(X) with
the R-vector space of r-linear alternating forms on 7T, (X). This is possible
because T (X) is dual to T,(X). By an r-linear alternating form on 7T, (X)
we mean an r-linear map

w:Ty(X)x - xTp(X)—R

T times
such that, for any vy, ..., . € T,,(X) and any permutation o of {1,...,r},
WV (1), - - Vo(r)) = sign(o)w(vy, ..., vy),

where sign(o) is the signature of the permutation o. In particular,
w(vi,...,vp) =0 if v; = v; for some pair (¢, j) such that i # j.

Remark. We have A'T#(X) = T;(X) and A"T}(X) = {0} for any r >
dim 7T} (X) = dim X.

The ezterior algebra of T;(X) is the sum AT (X) = P, A T; (X).

A. Exterior product

The exterior product of an r-form w in A"T;(X) and an s-form n in AT (X)
is an (r + s)-form denoted by w A 1 and defined by

W/\U(Vlv-- V7"+9 - T' |ngn 0'(1)7--~7V0(r))77(l/0'(r+1)7-'~7V0(r+s))7
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where the sum is taken over all permutations o of the set {1,...,r 4+ s}. If r
or s is zero — if r = 0, for example — then w is a real number and we set
wAN=wn.

The above equation, together with the distributivity law for addition, al-
lows us to define the exterior product of any two elements in A*T(X). This
produces an internal composition law on A*T;(X) which we denote by A. It
is easy to check that A is associative but not commutative. However, we do
have

wAn=(-1)"nAw ifweATHX)andnec AT} (X).

Let (U, h) be a chart of X in a neighbourhood of = and let (x1,...,2,) be
the associated local coordinates. For any r € {1,...,n} the family of elements
of the form

{(dzj)e N A (dj)e, 1 < j1 < -2 < jp <}

is a basis of A"T(X). In particular, dim A"T;(X) = (7) and any r-form w
in A"T}(X) can be written in the form

w= Zaj(dxj)a;,
J
where the sum is taken over all strictly increasing r-tuplets (j1,...,5,) of
{1,...,n}". Here, we set
(dxj)w = (d.i?jl)$ VANCERIVAN (dij)gc if J= (jl, R ,j,-).

We note that the coordinates a; of w in this basis are given by

ar=w((G2) e (2

6$j1 ﬁxjr
Definition 5.1. Let X be a C? differentiable manifold for some ¢ > 1 and
let A be an open set in X. A differential r-form or a differential form of
degree v on Ais a map w : A — AT*(X) = U,cx A°T;(X) such that
pow = Id, where p is the natural projection from A*T*(X) to X.

)z) where J = (j1,...,jr).

Let (U,h) be a chart of X and let (z1,...,2,) be the associated local
coordinates. If w is a differential r-form on A then for any point x € ANU

W@ = > as(@)(dry).

J:(Jl)y.]r)
J1< <

Let dx; be the differential form of degree r defined by = — (dz),. Then

Wl gy = 2: ajdvy,

'J:(jlava)
J1<<Jgr
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where the functions a; are defined on A N U. The differential form w is said
to be C! for some ¢ < ¢ if and only if the functions ay are C* on ANU. Let
CL(A) be the vector space of differential forms of degree » which are C* on A.

If w € C5A) and 1 € C(A) then the differential form w A 1 defined by
wAn(z) = w(x) An(z) for any x € A is contained in Cf, ;(A). The differential
form dx;, where J = (j1, ..., ), is the exterior product dz;, A--- Adz;,.

Consider the vector space €, Cf(A). The exterior product A de-
fined above is an internal composition law on €P, C/(A) and the space
D, >0 CL(A) is therefore an algebra called the algebra of C* differential forms
on A. This algebra is denoted by C¢(A).

B. Exterior derivative

As seen in example 3.5, the differential df of a C* function f on an open set A
in X defines a continuous 1-form on A; there is therefore a map d : C'(A) —
CY(A) which satisfies the Leibniz rule

d(fg) = gdf + fdg.

(This can be easily checked using the definition.)
We want to extend d to the whole of the algebra C/(A) for any £ > 1.

Theorem 5.2. Let X be a C? differentiable manifold for some q > 2 and
let ¢ be an integer such that 0 < £ < q. There is then a unique linear map
d:CHX) — CO(X) such that

) df is the differential of f for any f € C*(X)
ii) if 1<l<qandr >0 then dw € Cf:_}(X) for any w € CL(X),
i) if f € CY(X) and 2 < £ < q then d(df) =0,
iv) if w; € CH(X) and wy € CL(X) then

1v

1

=

d(w1 A LUQ) = dwi N\ wy + (—l)rw1 A dws.
The map d thus defined is called the exterior derivative on X.

Proof. We note first that if d exists then it is a local operator. In other
words, if wi; and wy are two differential forms of degree » on X which are
equal on an open set U in X then dw; and dws are equal on U.We prove this
by showing that if w € C!(X) vanishes on U then dw = 0 on U. Consider
a point x € U and a function f € C'(X) such that f(z) = 0 and f =1 on
some neighbourhood of X \ U: if w € C}(X) vanishes on U then we can write
w = fw. By property 4) of d,

dw =d(fw) =df Nw+ fdw

and since f(z) =0 and w(x) =0, we get dw(z) = 0.
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To prove the uniqueness of any operator d satisfying 1), 2), 3) and 4) it
is therefore enough to consider the case where X is a chart domain U of X.
If (U, h) is a chart of X and (x1,...,2z,) are the associated local coordinates
then w € C!(U) can be written in the form

w= E aydxy,
J

where for any J = (ji,...,jr) € N” such that j; < --- < j,, doy = dzj, A
-+ Adxj, and ay € CL(U).
Since d is linear and d(dz;) = 0 on applying 4) we get

dw:ZdaJ/\de
J

and d is therefore entirely determined by its value on functions.

As the operator d, if it exists, is local and unique, it is enough to show
that it exists on any chart domain U. Moreover, by linearity it is enough to
define d on C1(U). Let (U,h) be a chart of X and let (z1,...,2,) be the
associated local coordinates. If w € C}(U),

w= Z aydry onU

J:(J177.77‘)
J1<<UJr

then we set

dw = Z dajyNdxy = Z i%dxj/\day on U.

J

T=(irreeerfir) T=(it o) 3=1
J1<<Jr J1<<Jgr
Tt is easy to check that the map d satisfies 1), 2), 3) and 4). O

Corollary 5.3. If 2 < £ < q then d(dw) = 0 for any w € C4(X).
Proof. It will be enough to prove the result in a chart domain. Let (U, h) be

a chart and let (z1,...,,) be the associated local coordinates. If w € C5(X)
then
w|U = Z aydxy
J=(j1,4r)
J1<-<Jr
and dw|U: Z day Ndzxy.
J%(jl,...,jr)
J1<<Jr
Then
d(dw|,) =Y (d(day)Adzy—day Ad(dz,))
J?(jlu-u,j’r’)
J1<--<Jr

using 4) and the linearity of d. By property 3) of d, d(day) = 0 and as
d(dzy) = d(dzj, A--- ANdzj,) it follows from 4) and 3) that d(dx;) = 0. We
finally get d(dw’U) =0. O
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C. Pullback

Let X and Y be two differentiable manifolds and let p: X — Y be a C* map.
For any x € X the map p induces a map du, from T, X to T,,)Y, defined as
follows: dpy(v) is the class of the curve p o a, where o represents v € T, X.
Transposing, we get a map pu}, : A’“T:(I)Y — AT X, defined by

wrwv, ... vp) = w(d,ug,;(ul)7...,d,uI(V,a))7 for any vy,...,v. € T, X.

If w is a differential form on an open set W in Y then we define a differential
form p*w on p~ (W) by setting (u*w)(z) = pi(w(p(z))) for any z in p=H(W).
This is the pullback of w under pu. We check that p* f = f o for any function
f € CHY) and, since the operator d is just the usual derivative in this case,

d(p” f)(x) = d(f o p)(x) = df (u(x)) o dp(x) = p* (df)(z).

Let (U, h) and (V, k) be two charts of X and Y respectively defining local
coordinates (z1,...,2,) and (y1,...,ym). We assume that p(U) C V. Let w
be a differential form on an open set W in Y whose restriction to V. N'W can
be written in the form

w’VﬁW: Z bydyj, A+ Adyj,.
J=(j1,-,5r)
<<y
Then
o= Y bropd(y; op A Ad(y;, op).
J=(j1,---,5r)
<<y

Proposition 5.4. Let X and Y be two C? differentiable manifolds and let p
be a C? map from X to Y.

i) The pullback pu* is a homomorphism of algebras from C2(Y') to CO(X) such
that
p*(CHY)) c CHX)  for any 0 < £ < q and r > 0.

i) p* commutes with the exterior derivatives dx and dy on X andY. More
precisely, if w is a C* differential form on'Y for some 1 < { < q then

dx (p'w) = p*(dyw).
iii) If Z is a C? differentiable manifold and A :Y — Z is a C? map then
(Nop)* = " o X",

Proof. 1) follows from the explicit expression in local coordinates.
We get ii) by taking a chart domain V on Y. Writing w € C5(Y) in the
form
w = Z bydy; onV

J?(j1,..<,j7~)
J1<-<Jr
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we see that

ww = Z byopd(ys, op) A Ad(yj, o p)
J=(j1,--,5r)
J1<-<Jr
dx(ww)= Y d(byop)Ad(y; op) A+ Ad(y;, o p)

']:(Jha]r)
J1<<Jr

= > p(dby) Apt(dy;) A A pt(dy;,)

J=(j1,-4r)
J1<--<Jr

(X dbsady)
J_:(jl,...,jr)
J1<--<Jr

= p*(dyw)

since p* is an algebra homomorphism and ii) holds for functions.
We prove iii) by simply applying the definition of the pullback map. O

6 Integration of differential forms

In this section we will show how to integrate differential n-forms on an oriented
differentiable manifold of dimension n.

A. Orientable manifolds

Definition 6.1. A C? manifold X of dimension n is said to be orientable if
there is a continuous differential form {2 of degree n on X which does not
vanish on X. Two differential forms 2; and {29 define the same orientation
on X if there is a continuous positive function f on X such that 2, = f{2.
An orientable manifold on which we have chosen an orientation is said to be
oriented.

Remark. The vector space A"T:(X) has dimension 1 for any x € X, so any
continuous non-vanishing n-forms 2, and (2 on X differ by a continuous
non-vanishing function on X. This function therefore has constant sign on
any connected component of X. If X is orientable and connected there are
therefore exactly two possible orientations on X.

If X is oriented by (2 then the system of local coordinates (x1,...,%,)
associated to the chart (U, h) is said to be positively oriented if the differential
form dxq1 A - -+ A dx,, defines the same orientation as {2,

Let p: (X1, 1) — (X2, 82) be a C! diffeomorphism between two oriented
differentiable manifolds X; and Xo. We say that p is orientation preserving
if p*§29 = f(2; for some positive function f on Xj.



6 Integration of differential forms 227

Ezamples.

1) If (t1,...,tn) are the usual coordinates on R™ then the differential n-form
dt1 A - -+ A dt,, defines an orientation on R™.

2) A non-empty open set D in R™ is an oriented manifold with the orientation
induced by the orientation on R".

3) If D C R” is an open set with C*¥ boundary for some k > 1 then the
usual orientation on D induces an orientation on bD in the following way.
Consider a point = € bD and let r be a C* defining function for D in a
neighbourhood U of z. In other words,

UND={yeU]|r(y) <0} and dr(y)+#0for any y € UNbD.

Restricting U, we can assume there is a positively oriented system of
coordinates defined by a chart (U, h) such that h = (r,za,...,2,). The
(n—1) last coordinates then form a system of local coordinates on bDNU.
We orient bD NU using the (n —1)-form i*(dxa A - - - Adxy,), where ¢ is the
inclusion of bD NU in U. This orientation is independent of the choice of
defining function » on D and can be extended to the whole of bD using a
partition of unity (cf. Chap.II, §8).

If X is a C? manifold of dimension n for some ¢ > 1 and if (U;, h;) and
(Uj, hj;) are two charts in X then

hioh ' :hj(UiNU;) — R"
is a C? map. We set
d”(l‘) = det[J(hl o h;l)(h](x))] for any x € U, N Uj,
where J is the Jacobian matrix.

Proposition 6.2. The manifold X is orientable if and only if X has an atlas
{(Ui, hi)}ier such that d;;(z) > 0 for every i,j € I and any x € U; N Uj;.

Proof. We can assume that X is connected. Let {2 be a continuous differential
form of degree n on X which does not vanish on X. If (U,, h,) is a chart whose
associated local coordinates are (1, ...,x,) then we set 2, = dx1 A--- Adx,.
This is a continuous n-form without zeros on U,. For any a € X there is
a chart (U,, hy) such that a € U, and {2 = g,2,, where g, is a continuous
strictly positive function on U,. (We simply replace h,(x) = (21,...,2,) by
(z1,...,Tn—1,—xy) if necessary.) Moreover, 2, = dugp§2 on U, N Uy, and it
follows that dg, = g—z >0on U, NU,.

Conversely, suppose that {(U;, h;)}ier is an atlas of X such that d;; > 0
on U; NU; for any 4,5 € I. As above, we set 2; = dxy A --- A dzp, where
the (x1,...,x,) are the local coordinates associated to the chart (U;, h;). Let
(x:)ier be a C? partition of unity subordinate to the open cover (U;);cr and



228 A Differentiable manifolds and differential forms

set £2=3,.; Xif2. The differential form 2 is C*~! and has degree n on X.
Moreover, for any a € X, if I, denotes the set of indices ¢ € I such that
a € supp X;, then

a) = Z xi(a)$2i( ( Z Xi(a)dii, ( )QZO (a)

i€l i€l,

for any ig € I,. Since D ;c; xi(a) =1, dij,(a) > 0 for any i € I and yx; > 0,
we have (2(a) # 0. O

B. Integration of differential forms

We start by defining integration of differential forms on open sets in R™ and
then extend it to differentiable manifolds.

1) Open sets in R™. Let U be an open set in R™ and let n € C2(U) be a
continuous differential form of degree n with compact support in U. There is
then a unique continuous function f with compact support on U such that

n=fdri A--- Ndx,.

/n=/fdx1~--d:vm
U U

where the right-hand side is the integral of f on U with respect to Lebesgue
measure on R"™.

If W is an open set in R and F : W — F(W) = U is a C! diffeomorphism
then the change of variable formula for the Lebesgue integral on R™ says that

We set

/ fl@)dxy - / F(E(t))| det(dF(t))|dty - - dt
F(W)

If F is orientation-preserving then
det(dF'(t)) >0 forallte W

and therefore

/f )| det(dE (1))]dt - dtn_/ foFdFy A+ AdF,
:/ F*(fdxy A - Ndxy,)
w

and hence fF(W) n= [ F*(n)
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2) Manifolds. Let X be an oriented C? differentiable manifold of dimension n
and let (U, h) be a chart on X whose local system of coordinates (z1,...,z,) is
positively oriented. If w € C2(U) is a continuous differential form of degree n
with compact support on U then we set

where the right-hand side is the integral of the form (h~!)*w on the open set
h(U) in R™ defined in 1).

We now check that this definition is independent of the choice of chart
(U,h). Let (U, k) be another chart whose local system of coordinates is posi-
tively oriented. The map F = ho k™! : k(U) — h(U) is then an orientation-
preserving C! diffeomorphism and by 1)

/ (hil)*w = / F*(hil)*w = / (h*1 o F)'w = / (kfl)*w
R(U) k() k(U) E(U)

which proves that our definition of the integral is independent of the choice
of chart.

We now consider the problem of integrating differential forms whose sup-
port is not contained in a chart domain.

Let X be an orientable C? differentiable manifold of dimension n. By
Proposition 6.2 there is then an atlas ¢ of X whose chart domains are con-
nected and have the property that for any two charts (U, k) and (U’, ') in U
we have det J(h' o h=1)(y) > 0 whenever y = h(x) for some z € UNU’,
where J denotes the Jacobian matrix. Suppose that X is connected and ori-
ented and consider an atlas U = (U;, h;);er corresponding to the orientation
on X. Let (xi)icr be a partition of unity subordinate to the atlas (U;)e;.
If w is a continuous differential form of degree n with compact support in X

then we set
w = XiWi-
Joo=X [

i€l
It is easy to show that this definition is independent of the choice of the
partition of unity and the atlas. If X is not connected then we set [ W=
Ziel fX w, where the sets X; are the connected components of X.
The expression f  w defined above is called the integral of the differen-
tial n-form w on the oriented manifold X. We note that if we change the
orientation on X then the integral is multiplied by —1.

Remark. We have only defined the integral of continuous differential forms
with compact support: it is clear that this definition can be extended to other
classes of forms, such as forms with L' coefficients, as in the case of R™.
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7 Stokes’ theorem

We will not prove the most general version of Stokes’ theorem in this section,
but only the special case used in this book.

Theorem 7.1. Let X be an oriented C? differentiable manifold of dimen-
sion n for some q = 2, and let D € X be a relatively compact open set in X

with C* boundary. If w € CL_,(D) then

/ w:/dw.
bD D

1) The regularity hypothesis on w means that w is defined and continuous on
D and the coefficients of w in the local system of coordinates associated
to a chart (U, h) are C! on U N D. In other words, the partial derivatives
of the coefficients of w defined on U N D can be extended continuously to
UnD.

2) The orientation of bD is assumed to be the orientation induced by the

orientation of D. We set
/ w= / 7w,
bD bD

where ¢ is the inclusion of bD in X.

Remarks.

Proof (of Theorem 7.1). As the set D is compact, we can find a finite number
of charts (Uj, hi)1<i<e of X such that DC Ule U; and if U; N bD#2 for
some i then h; = (r,h’), where b/ : U; — R"~! is defined by restricting the
local coordinates on bD to U; NbD and DNU; = {x € U; | -1 < r(z) < 0}.
Let (x;) be a C? partition of unity subordinate to the open cover (U;)i<i<e-
By linearity it is enough to prove that

/ Xiw = / d(xiw) for any 1 <i <.
bDNU; DNU;

We start by considering the case where bD NU; # &. The chart (U; N
bD,h; = h2|meUi) is then a positively oriented chart of bD. For ease of
notation we write U instead of U, h instead of h; and x instead of x;.

We set (h=1)*(yw) = E?Zl gi()dty A--- ANdtj_1 ANdtjtq A+ Adty,, where
the functions g; € C1(U N D) have compact support. Then

(W) i (xw) = g1(0, tas .. tn)dty A -+ Adty,
and  (h~Y)*d(Oxw) = d((h~1)*xw) = Z(—l)f‘la—ijdtl Ao A dt.

Jj=1
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As h(DNU) Cc {t e R" | —1 < t; < 0}, we have

n

. ag
d(xw) = —1) 1/ Lty - dt,
/DﬂU Ow) Z( ) {teRn|—1<t, <0} dt; b

j=1

As the functions g; have compact support, we have

0 09
/ gjdt =0, j=2,...,n and 8gidt1:g(0,t2,...,tn),

from which it follows that

/ d(xw) = / 91(0,ta, ... ty)dty - - - dt,
DNU Rn—1
[ Eyire) = [ e
h(bDNU) bDOU

Assume now that U; NbD = &. We can assume that U; C D and since
fbDﬂUi xiw = 0 it is enough to prove that fU'i d(xsw) = 0. Repeating the
above calculations, we are led to integrate differentials of C! functions with
compact support in R"™, where the index j = 1 now has the same behaviour
as the others. It follows that fUi d(xw) = 0. O

Remarks 7.2.

1) If X is a compact manifold and X = D then bD = @ and [, dw = 0 for
any form w € C}_,(X).

2) It is easy to extend Stokes’ theorem to domains with piecewise C! bound-
aries in the following way. There is a finite cover {Uq,...,Us} of bD by
open sets in X and there are functions r; € C1(U;) such that

14
Dm(HUi) {erUm <OVzeUp¥i=1,....(}

and dril A---Adry, #0on Uy, A--- AU, for every subset {i1,...,i,} in
{1 0} Weset X = {xz € U; | ri(x) =0} and S; = X; NbD: the sets

S are then manifolds and bD = [J'_, S;. If we set Jipw = S fg w
then Stokes’ formula still holds. '
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Sheaf theory

This appendix contains the sheaf theoretic results needed to understand the
proof of the Dolbeault isomorphism in Chapter V.

Definition 1. Let X be a topological space. A presheaf F on X is given by
the following data:

i) a non-empty set F(U) for every open set U in X,
ii) a restriction map
puv : F(V) — F(U)

for every pair (U, V) of open sets in X such that U C V which has the
properties that

a) for any open set U in X pyy =1,

b) whenever U C V C W we have pyw = puv © pvw.

If s € F(V) we will often simply write s|V for pyvs.

If the sets F(U) are abelian groups (resp. rings) and the maps pyy are
group (resp. ring) homomorphisms, then the presheaf F is a presheaf of
abelian groups (resp. of rings). In this case F (&) = {0}.

If 7 and G are presheaves of abelian groups (or rings) then a morphism
of presheaves ¢ : F — G is a collection of homomorphisms ¢y : F(U) —
G(U) which commute with restriction maps, i.e. which have the property that

_ F
Py © PV = YU ° Pyy-

Definition 2. A presheaf F is a sheaf if and only if it satisfies the following
gluing axioms.

(R1) Consider elements s1,s2 € F(U). If the set U can be written in the form
U= Uiel U, and py,us1 = pu,use for any i € I then s1 = so.

(R2) If U = U;¢; Ui and for any i € I there is an s; € F(U;) such that the
compatibility conditions

PU;nU;)U;Si = P(U;NU;)U; S5

hold then there is an s € F(U) such that py,ys = s;.
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Ezamples. 1f X is a complex analytic manifold then O, C7/, 0 < a < oo and
D,, , are all sheaves on X.

A. Cech cohomology of a sheaf F

Let X be a topological space, let F be a sheaf of abelian groups on X and
let U = (U;)ier be an open cover of X. For any p € N we denote elements
of IP™ by a = (ay, ..., a,) and for any such a we set Uy = Uy, N -+ N Ua,-
A p-cochain c of the open cover U with values in F is a map associating an
element ¢, € F(U,) to any a € IP™! which is an alternating function of a.
The set CP(U,F) of p-cochains of U with values in F is equipped with an
abelian group structure induced by the abelian group structure on F.

We define a coboundary operation &7 : CP(U, F) — CPTH(U, F) by

p+1

(0P¢)q = Z(—l)jc%...aj...%Jrl |U(,’

Jj=0

where the notation &; means the index «; has been suppressed. We set
CP(U,F) =0 and §? = 0 whenever p < 0. In degrees 0 and 1 for example,

P = 0, Cc = (Ca)a (600)Qﬁ = (Cﬁ - CQ)‘UQQ

p=1 c=(cay); (0" )apr = (cgv = Cay + cap)|yy_ .-

It is an easy exercise for the reader that 67! o §? = 0.
Let ZP(U,F) = {c € CP(U,F) | 6Pc = 0} be the group of p-cocycles of F
and let
EP(U,F)={6""tc|ce CP (U, F)}

be the group of p-coboundaries of F. EP(U,F) is then a subgroup of ZP(U, F).
We introduce the quotient group

HP(U,F)=Z°(U,F)/EP(U,F)

which we call the pth Cech cohomology group of F with respect to . We
note that if ¢ is a 0-cocycle then ¢, —cg = 0 in U, NUg for any a and 5. The
family (cq)aer then defines an element s € F(X) such that s’UQ = ¢, and
hence

HU,F) = F(X).

Let V = (V}),es now be another cover of X which is a refinement of ¢ —
or in other words, such that there is a map p : J — I such that V; C U, for
every j € J. We can then define a map p* : C*(U, F) — C*(V,F) by setting

(P"ag-a, = cp(Oéo)“'P(ay)’Vao...Qp'

It is clear that this map commutes with § and therefore defines a map p* :
HP(U,F) — HP(V,F). Note that the map p* is independent of the choice of p.
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Indeed, if p’ is another map with the same properties as p then the maps p*
and p’* are homotopic. We define a map h? : CP(U, F) — CP~1(V,F) by

(B agap s = D (=1 ptap)play)o (as)o'apn) |y,

0<j<p-1 e
A straightforward calculation gives us the homotopy formula
Pl o hP 4 pPTLEP = P — pP.

It follows that if ¢ is a cocycle then p’*c — p*c = dh*c is a coboundary and
hence p* is equal to p'*.

We can think of an open cover of X as being a subset of P(X). The family
of all open covers of X is then a set and we can consider the inductive limit
of the groups H? (U, F) with respect to the maps p*.

The pth Cech cohomology group of F on X, HP(X,F), is the inductive
limit

HP(X,F)=lm H?(U,F),

—

u
where U runs over the set of open covers of X. More precisely, this means
that the elements of HP(X,F) are equivalence classes in the disjoint union
of the groups HP(U,F), where an element in H?(U,F) and an element in
HP(V, F) are identified if their images are equal in some H?(W, F), where W
is an open cover of X which is a refinement of both &/ and V.

Proposition 3. Let X be a C™ differentiable manifold and let £ be the sheaf
of C* germs of functions on X. If F is a sheaf of £-modules on X then

HP(U,F) = 0 for any p > 0 and any open cover U on X. In particular,
HP(X,F) =0 for any p > 0.

Proof. Consider a cocycle ¢ € ZP(U,F) and let (p;);cr be a C* partition of
unity subordinate to Y. For any a € IP we set

= Z PiCia-

iel

It is clear that ¢’ € CP~}(U,F) because F is a sheaf of £-modules, and, for
any a € I[Pt

(67 1¢) Z%Z ) Ciag-dyay Z@l ca — (07C)iag--a)

iel 7=0 el
- E PiCa = Cq
icl

because c is a cocycle. This completes the proof of the proposition. O
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B. The long exact cohomology sequence

Let F,G and H be three sheaves of abelian groups on X and let ¢ and ¥ be
sheaf morphisms such that the sequence

is exact. In other words, ¢ is injective, 1 is surjective and the image of ¢ is
equal to the kernel of .
This exact sequence defines an exact sequence

0—CPU,F)— CP(U,G) — CP(U,H)
but the last map is not surjective in general. Let C§(U,H) be the image of
CP(U,G) in CP(U, H). It is easy to see that § sends C5(U, H) to C5H (U, H).

We have therefore defined a complex of liftable cochains and we let Hf (U, H)
be the associated cohomology groups. We therefore have an exact sequence

0 — CPU, F) — C*U,G) — CL(U, H) — 0.

The following theorem then follows immediately from the snake lemma, which
is presented at the end of this appendix.

Theorem 4. There is a connecting morphism
& HE(U, H) — H"' (U, F)

and a long exact sequence

0 — HOWU, F) £ HOWU,G) = BYUH) > H' U, F)
LN U,G) s HYUH) S HUF) —
where * and ¥* are the natural maps induced by ¢ and 1.

If V = (Vj)jes is a refinement of U and p : J — I is a map such that
Vj C U, for any j € J then we can define as above a map

p* HEU, H) — HG(V, H)
which is independent of the choice of p.

Theorem 5. If X is paracompact (i.e. if X is Hausdorff and any open cover
of X has a locally finite refinement) and

s an exact sequence of sheaves then there is a long exact sequence
0— HO(X7]:) I HO(Xag) - HO(XaH) - Hl(Xa]:) B
— H'(X,G) — HY(X,H) — H*(X,F) — -+

which is the inductive limit over open covers U of X of the exact sequences of
Theorem 4.
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Proof. 1t is enough to prove that the natural map

%n HE U, H) — %n HP(U,H)

is an isomorphism. To do this we will show that any cochain of H can be
lifted to G upon passing to a refinement.

Lemma 6. For any c € CP?(U,H) there is an open cover V = (V;)jes which
s a refinement of U and a map p: J — I such that pPc € C’g(V,’H).

Proof. Since X is paracompact we can assume that ¢ is locally finite. We can
choose an open cover (W;);cr such that W; C U; for any i. For any z € X
we choose an open neighbourhood V,, of x such that

i) V, C W; for any z € W,
ii) ifx € U; or V, "W, # & then V,, C U,
iii) if x € U, for some o € IP*! then ¢, € CP(U,,H) can be lifted to G(V5).

Such a neighbourhood V. exists since by definition of sheaf morphisms H can
be lifted locally to a section of G and since z is only contained in a finite
number of the sets W; (resp. U;) we only need to lift a finite number of
sections and hence i) and ii) only represent a finite number of conditions.

Now choose p : X — I such that x € W, for any z. Condition i) then
implies that V, C W, so the open cover V = (V,)zcx is a refinement of .
If Vig...x, # @ then

Vo "W,y D Vao NV, #@ forany 0<j <p

and hence Vi, CU,(zg)...p(z,) by ii). Condition iii) implies that the section
Cp(zo)--p(z,) can be lifted to G(Vy,) and in particular it can be lifted to
G(Vig.-.z,)- It follows that pPc can be lifted to G. O

C. The snake lemma

A complex of abelian groups (K*,d) is a sequence

KO g g g A et
where the terms K9 are abelian groups and the mappings d? are group ho-
momorphisms such that d9t! o d? = 0. The cohomology groups associated to
the complex (K*,d) are defined by HY(K*) = kerd?/Imd?1.

A morphism ¢ from the complex (K* d) to the complex (L*,¢) is a se-
quence (@q)qen of group homomorphisms ¢? : K7 — L9 satisfying the com-
mutation relations

(pq+1 od? = %0

It follows that ¢?(kerd?) C kerd? and ¢9(Imd9~') C Imd?~!, and hence ¢
induces a homomorphism ¢? : H4(K*) — HY9(L*) for every gq.
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Lemma 7. Let
0— K* 20 2 —0
be a short exact sequence of complexes of abelian groups. There is then a

connecting homomorphism
99 HY(M*) — HITHK*)

such that the long cohomology sequence

0 fre 0(7e 0/agey 9. 171 pre
1
— H'(L*) — H'(M*) "= HY(K*) — -
15 exact.
Moreover, for any commutative diagram of short exact sequences of com-

plexes of abelian groups

0 K L M* >0
0 K I M 0,

the associated diagram of long exact cohomology sequences
—— HI(K*) — HY(L*) —— HI(M*) —2— HI+1(K*) ——
—— HU(R®) —— HO(L*) —— HI(M*) " HoH (R*) ——
18 commutative.

Proof. We start by constructing the connecting homomorphism . Consider
the following commutative diagram whose lines are exact:

q q
0 K1 —2 g 0
d? 64 'Yq
(PQ+1 wq+1
Katl Lat+1 Mat1 0
ga+1 sa+1 S+l
qu+2 wq+2
Kat+2 Lat? Mat? 0
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If m € ker~? represents the element {m} in H?(M*) then 9{m} = {k} €
H9"1(K) is the class obtained by the following construction:

’ll)q
fe Li——m e M1

I(sq Iryq
q+1 qurl

ke K9+ H—s 510 ¢ Lot ——— 0 e Mat!

The element ¢ is chosen such that 1%(¢) = m, which is possible since )7
is surjective. As ¥971(§9¢) = 49(m) = 0 there is a unique element k € K9+!
such that ¢?t1(k) = 6% by the exactness of the line ¢ + 1. In fact, k is
contained in ker d?t! because 912 is injective. Indeed,

QI3 (d9T k) = 591 (paT k) = 591 (590) = 0 = d 1k = 0.

To prove that 97 is well defined it will be enough to show that the cohomology
class of {k} only depends on {m} and not on the chosen representative m.
Let m be another representative of m. Then m = m + ¢ !u. By the sur-
jectivity of 197! there is a A € L9~! such that ¥~ *(\) = p. Consider
an clement ¢ € L7 such that ¥9(f) = m + dpu = ¥9(£ + 691 )). Since the
line ¢ is exact we have £ = £ + 67 '\ + ¢%(k) for some x € K9 and hence
590 = 590 + 0% (k) = goq"’l(E), where k = k + d%x has the same cohomology
class as k.

Let us now prove that this long cohomology sequence is exact. We prove
first that ker 99 = Im 7. If {m} € Im)? then we can choose m such that m =
() and 6724 = 0. Tt then follows from the definition of ¥ that ¥4{m} = 0.
Conversely, if 99{m} = {k} = 0 then k = d% and hence §9¢ = pIT1(k) =
1T (dk) = §9(p9(k)) if m = ¥9(¢). Tt follows that £ — ¢9(k) € ker §9 and
m = 2( — (k) and hence {m} € Im 7.

Let us now prove that Im ¢ = ker $9*1. Let {k} be an element of ker p4*1.
Then 971 (k) € Im §9 and there is therefore an £ such that 9Tt (k) = §9¢. If
m = 9(¢), then {k} = 99{m} by definition of ¥?. The opposite inclusion is
obvious by definition of 9. B

The proof of the fact that Im@? = ker? and the commutativity of the
last diagram are left to the reader. ([l
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Functional analysis

Throughout this section, £ and F' will be Banach spaces over C.

Definition 1. A linear map T from E to F is a compact operator if for any
bounded subset U in E the set T(U) is relatively compact in F'.

Remark. Tt follows immediately from the definition that any compact linear
map is continuous.

We recall the classical properties of compact operators.

Theorem 2. Let E be a Banach space and let T be a compact linear map
from E to itself. Then

i) dimker(I +T) < +o0.
ii) Im(I +T) is a closed subspace of E.
iti) dimker(I +T) = dim(E/Im(I +T)).

The interested reader will find the proofs of these results in [Ru].

Definition 3. An operator from E to F is a linear map T defined on a
subspace D(T) of E with image in F. The space D(T) is the domain of
definition of T.

The graph G(T) of the operator T is the subspace of E x F counsisting of
pairs (z,T(z)), where x runs over the elements of D(T)).

An operator T from F to F is said to be closed if the graph G(T') of T is
a closed subspace of E x F.

Remark. By the closed graph theorem an operator T' from E to F' is a con-
tinuous linear map from E to F' if and only if D(T") = E and T is closed.

The following propositions are proved in Appendix 2 of [He/Lel]. We
reprove them here for the reader’s convenience.
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Proposition 4. Let T be a closed operator from E to F whose domain of
definition is D(T). If T(D(T)) has finite codimension in F then T(D(T)) is
a closed subspace of F.

Proof. Let n be the codimension of the subspace T(D(T)) in F. Choose a
linear map S : C* — F such that Im S+T(D(T)) = F. Let T' be the operator
from E®C™ to F whose domain of definition is D(1T") = D(T)®C™ and which
is defined by T"(z) = T'(z) for any = € D(T) + {0} and T'(z) = S(x) for any
x € {0} @ C™. The operator T" is closed and T"(D(T")) = F.

We equip D(T") with the graph norm associated to T”, i.e. for any z €
D(T") weset ||z||r,, = ||=||+]|T"(x)|]. The space D(T") is then a Banach space.
Indeed, if (2, )nen is a Cauchy sequence in (D(T"),|| ||r,,) then (2y)nen and
(T"(zy,))nen are Cauchy sequences in the Banach spaces E@C™ and F. There
are therefore points © € E @ C" and y € F such that lim, .., x, = x and
lim, oo T'(zn) = y. As the operator T” is closed z € D(T') and y = T'(x)
and it follows that x,, tends to z in (D(T"), || |1, )

Set kerT' = {z € D(T") | T'(x) = 0}: this is a closed subspace of
(D(T"), || ||, ) because T" is a closed operator. The vector space D(T")/ ker T"
is therefore a Banach space. Let 7' be the operator from D(T")/ker T’ to F
induced by T”: this is a bijection from D(T")/ker T’ to F which is continuous
because T" is a closed operator. The open mapping theorem then implies that
its inverse (7”)~! is a continuous linear operator from F to D'(T")/kerT".
Then R

T(D(T)) = ((T')) " (D(T) + {0}/ ker T")
and D(T) 4 {0}/ ker T" is a closed subspace of D(T")/ker T”; the continuity
of (T’)’1 then implies that T(D(T")) is a closed subspace of F. O

Proposition 5. Let T be a closed operator from E to F with domain of
definition D(T). Assume that

i) T(D(T))=F.
il) There is a continuous linear map S from F to E such that Im S C D(T)
and I — TS is a compact linear operator from F' to itself.

There is then a continuous linear map T from F to E such that ImT C D(T)
and TT = 1.

Proof. Set K = TS — I: by hypothesis K is a compact linear map from F
to F and TS = I + K. By Theorem 2, i), ker T'S is finite dimensional, so it
has a topological complement G in F. In other words, G is a closed subspace
of F and F = G @ kerTS. By Theorem 2 ii) and iii), ImT'S is a closed
subspace of finite codimension in F', so it also has a topological complement
H in F', where H is a closed vector space in F' and F' = H®ImTS. Moreover,
dim H = dimker T'S.

Since T(D(T')) = F, we can construct a linear map R : ker T'S — D(T)
such that TR(kerT'S) = H and TR(x) # 0 for any x # 0 in kerT'S. (If
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(e1,...,ex) is a basis for kerT'S, (hy,...,hx) is a basis for H and ¢;, i =
1,...,k, is an element of D(T) such that T'(¢;) = h; then we simply set
R(e;) = £;.)) We then define a continuous linear map S from F to E by
setting

S(z)=S(x) fzred

S(z) = R(z) if x € ker TS.

The map T'S is then invertible and T = S(T'S)~! is the map we seek. O
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Index of notation

Spaces of functions or differential forms

space of continuous functions on D

space of k times continuously differentiable functions
onD
space of infinitely differentiable functions on D

space of functions which are locally Holder continuous
of order aw on D
space of C* functions on D

space of (p,q) differential forms with coefficients in
Ck+a ( D)

space of C* forms of degree p with compact support
in X

space of p-dimensional currents on X

space of currents of degree ¢ on X

space of currents on X

space of C* differential forms with compact support
in X

space of J-exact differential (p,q)-forms with coeffi-
cients in C*(X)

space of O-exact currents on X

space of C*° functions on X

space of degree p differential forms of class C*° on X
space of C* differential (p, ¢)-forms on X

space of C* differential forms on X

space of C* differential (p,q)-forms whose support is
contained in the family ©

O-cohomology of C* forms
O-cohomology of currents

Dolbeault cohomology group of bidegree (p, q) on X

L1
I1

I.1
II1.2

I11.2
I11.2

IT.1

I1.1
I1.1
I1.2
I1.2

V.4

V.4
II.1
I1.1
I1.7
I1.2
I1.7

V.4
V4
I1.7



250 Index of notation

HE(X)
Hg (D)
HY(X, F')
A%(D)
O(D)
o(D,C™)
(024
PSH(D)
Z3 (X)
Zy g (X)

p.q

ZP(X)

Zg"(X)

T*X
TLO(X)
O (X)

Norms

I fllx.p
If1lp
|f|o¢,D

||

Dolbeault cohomology group with support in the fam-
ily ©

Dolbeault, cohomology group 2} (D)/ Ep/2(D)

Cech cohomology group of the sheaf F

space of Holder continuous functions of order o« on D
space of holomorphic functions on D

space of holomorphic functions from D to C™

sheaf of germs of holomorphic p-forms

space of plurisubharmonic functions on D

space of O-closed differential (p,q) forms with coeffi-
cients in C*(\)

space of O-closed currents on X

space of C* differential (p, q)-forms which are d-closed
on X

space of C* differential (p, ¢)-forms which are 0-closed
and whose support is contained in the family @

ball of centre £ and radius r in C"

holomorphically convex hull of K with respect to {2
psh-convex hull of K with respect to {2

polydisc of centre ¢ and radius r

special boundary of the polydisc P

singular support of the current T'

tangent space to X at z

cotangent space to X at x

holomorphic tangent space to X at x
antiholomorphic tangent space to X at x

the C* norm on D
the uniform norm on D
the Holder norm of order o on D

the norm on C"

Other symbols

K(T, S)
[Y]

the Kronecker index of the currents 7" and S
the integration current on Y

I1.7

VIL.3

V.4
II1.2
I1
L5
V.4
VI.2
V.4

V4
I1.7

I1.7

II.1
VI1
VI3
1.2
1.2
I1.3
A4
A3
IL.5
I1.5

I1
I.1
I11.2
I1

I1.3
I1.1



Index

analytic
analytic disc, 134
analytic set, 13
complex analytic manifold, 44
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Morse lemma, 138
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polydisc, 3
presheaf, 233
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pullback, 225

regularisations, 30
regularising kernel, 30
removable singularity, 195

Schwarz’s Lemma, 9
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Stokes

Stokes’ formula for the Kronecker

index, 42

Stokes’ theorem, 230
subharmonic, 122
submean property, 123
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singular support, 39

support of a current, 25
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complex tangent space, 54
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theorem
Bochner’s theorem, 83
Montel’s theorem, 10
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